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Foreword

Charles de La Vallée Poussin’s (VP for short) profound contributions encom-
passed several areas of mathematics, thus number theory, the subject of Volume
1, integration theory, ordinary differential equations, and probability, the topics
under consideration in Volume II, but also the broad areas of approximation and
interpolation theory, Fourier analysis and quasi-analytic functions, the subjects
of the present Volume III. Volume IV will include conformal representation,
potential theory and complex function theory.

The papers are organized by coherence of subject matter rather than by
chronology, so that VP’s intellectual evolution may stand out. Volume [ also
included several papers on the life and work of de La Vallée Poussin by differ-
ent authors, together with articles on the mathematical environment of VP at
his home university, the University of Louvain (Leuven), his connections with
the Société Scientifique de Bruzelles, founded in 1875, the Académie Royale
de Belgique, founded in 1769/72, as well as with four scientific and academic
institutions in Italy, including the renowned Circolo Matematico di Palermo,
founded by G.B. Guccia together with 27 colleagues in 1884.

As indicated, the present volume covers VP’s work in approximation, Fourier
analysis and quasi-analytic functions. In fact, VP’s first paper ever written, his
paper of 1891 (recall the List, Vol. I, p. 81), deals with Fourier series, likewise
does his 11th paper of 1893. We are indebted to Professor Jean-Pierre Kahane
for comments on these papers as well as further ones in the area, including NS
basic articles of 1912/1913 on the uniqueness of trigonometric series. These
comments emphasize that whereas Fejér is highly acclaimed for his famous result
of 1900 on the uniform convergence of the arithmetic means of Fourier series
for any continuous, 2-periodic function, the first two papers by VP, precursors
in the matter for the years 1885-1900, have remained unnoticed, especially
the article of 1893 concerned with Abel-Poisson summability of Fourier series
(instead of their arithmetic means).

The almost periodic functions, which are more difficult to handle than purely
periodic functions, are generally said to have been created by Harald Bohr
in 1923/1924. In his very informative analysis Professor Hans Giinzler comes
to the conclusion that VP introduced and used methods and results from the
theory of almost periodic functions 28 years before Bohr and 10 years before
Piers Bohl’s work on “quasi-periodic” functions. They in fact occur in VP’s
epoch-making proof of the prime number theorem of 1895. We are also very
thankful to Professor Giinzler for his commentary to VP’s work on quasi-analytic
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functions, introduced and studied by Borel, Denjoy and Carleman. VP gave the
first complete proof of the results of these authors, together with several basic
simplifications; VP was the first to have used Fourier series in the study of
quasi-analytic functions, and his results show that Fourier series are the natural
tool in treating such questions.

VP’s second research monograph is devoted to approximation theory, a field
" in which he worked from 1908 to circa 1925. It is his masterpiece “Legons sur
’approzimation des fonctions d’une variable réelle (1919), the first book in the
subject. It dominated the field for the next 40 years and covered practically ev-
ery area of the subject at the time, a good part of VP’s major own contributions
of 10 papers as well as the resolution of his famous conjectures of 1908, 1911
and 1912 by S.N. Bernstein of Kharkow and D. Jackson of Harvard (doctorate
at Gottingen), which were crowned by the Académie Royale.

In the first half of this volume one finds all of VP’s articles in the area, three
different themes being followed by three commentaries, written by Professors
Rolf Nessel, Jean Meinguet and Rudolf Stens, the first and third being in col-
laboration with an editor. The first commentary covers approximation theory
in general, the second the Chebyshev problem for linear equations, keywords be-
ing minimax criterion, second method of Remez, linear programming - it was
the advent of high speed computing machines. The third commentary deals
with VP’s long article of 1908 on the convergence with rates of interpolation
formulae, the root to modern sampling theory for duration limited signals.

Recalling the commentary to VP’s three articles on differential equations
in Volume II (pp. 301-401), there exist at least 200 papers following up the
matter; of these 150 even have the name of VP in the title of their papers. The
impact of some of VP’s results in this volume are just as spectacular: Checking
the computer under MathSciNet it will be observed that there are a couple of
thousand papers mentioning VP in their bibliography, and some 250 papers
in which VP’s name is to be found in the titles of these papers. This refers
especially to VP’s papers on the singular integral of (Landau)-de La Vallée
Poussin, his delayed means, as well as his extension of the alternation theorem.

All in all, this is indeed a “heavy” volume. It again shows de La Vallée
Poussin at his very best. He was a “lone-ranger” in mathematics without a real
school, apparently without a “lobby” behind him, his homeland being a small
country?.

What a pity for mathematics!

In our biography? of VP we listed some of the foreign mathematicians at-
tending the celebrations on the occasion of VP’s 35 years in office at Louvain
University on May 13, 1928. In the area of approximation theory there were

" 1The “golden age” of mathematics in Belgium was the period c. 1540-1685, the time of de
Sluse. See the Actes du Colloque International “René-Frangois de Sluse”, Amay-Liege-Vise,
March 1985 (edited by R. Halleux and F. Jongmans) in: Bull. Soc. Roy. Sci. de Liege 55
(1986), pp. 1-269, in particular the contributions by R. Taton, La vie mathématique ala
mort de Sluse (1985), and Butzer-A.Schaffrath, Mathematics in Belgium from the time of
Charlemagne to the seventeenth century.

28ee the biography in Vol. I, p. 6.




present the chief actors, Sergej Bernstein (who is listed there — surprisingly - as
professor at Nancy University), Dunham Jackson from Minnesota, Leopold Fejér
from Budapest, as well as many other representatives in the area. In the area
of interpolation and sampling theory there are the renowned experts Edmund
Whittaker from Edinburgh and Nils Nérlund from Copenhagen, in Fourier anal-
ysis there are Geoffrey Hardy from Oxford, and Michel Plancherel from Zurich,
in almost periodic functions there is Harald Bohr from Copenhagen, in quasi-
analytic functions® it is Arnaud Denjoy and Jacques Hadamard. The fields
represented by these mathematicians — known to all of us — are a part of the
present volume. .

The short biographies attached as footnotes to the commentaries have been
prepared by the editors, so they are thus also responsible for their contents.
Since these have caught the pleasant attention of several readers of Vol. I, a
list of all the mathematicians covered in the biographical notes will be added
to Vol. IV; the volume where they are to be found will be noted. The math-
ematicians covered were either cited by VP, somehow connected with him, or
followed up his work in his time.

The editors of these Collected Works would indeed like to thank Rudolf
Stens, Aachen, for his invaluable help in preparing the six commentaries of the
present volume together with the associated biographical notes for print. The
editors again wish the readers of this volume to have as much pleasure in study-
ing them as had the authors of the commentaries and the editors in their work
and preparations.

P. L. Butzer (Aachen) J. Mawhin (Louvain-la-Neuve)
P. Vetro (Palermo)

3 Apart from these great names, many further non-Belgians participated in this illustri-
ous celebration. Since not all of them were listed in Vol. I, p. 6, let us add them here:
Bliss, Blichfeldt, G. D. Birkhoff, Coolidge, de Lury, de Toledo, Dickson, Evans, Fine, Fréchet,
Gianfranceschi, Goursat, Hedrick, Julia, Kasner, Levi-Civita, Montel, Petrovitch, Picard,
Pincherle, Plans Freye, Saltikov, Severi, Skinner, Sierpinski, Veblen, Villat and Volterra.
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Abbreviations used

DSB = Dictionary of Scientific Biography, Scribner, New York, 1970~ .
Gottwald = S. Gottwald et al. (eds.), Lezxikon bedeutender Mathematiker, Ver-
lag Harri Deutsch, Thun, Frankfurt (M.), 1990.

JB = Jahresbericht der Deutschen Mathematiker-Vereinigung. Teubner, Stutt-
gart.

MacTutor = The MacTutor History of Mathematics archive, School of Mathe-
matics and Statistics, University of St Andrews, Scotland,
http://www-history.mcs.st-andrews.ac. uk/history/index.html.

MGP = The Mathematics Genealogy Project, Minnesota State University,
Mankato, MN, http://hcoonce .math.mankato.msus .edu.

Poggendorff = J.C. Poggendorff, Biographisch-literarisches Handworterbuch der
ezakten Naturwissenschaften, Verlag Chemie, Leipzig and Berlin.

Prokhorov = A.M. Prokhorov (Ed.), Great Soviet Encyclopedia, Macmillan,
New York, and Collier Macmillan, London, 1976.
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