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The Small Ball Property in Banach
Spaces - Quantitative Results

Ehrhard Behrends

Abstract. A metric space (M, d) is said to have the small ball prop-
erty (sbp) if for every £y > 0 there exists a sequence (r,,) of positive
numbers with 7, < ¢g for every n and limr, = 0 such that M is the
union of the closed balls B(z,,r,),n = 1,2,... for suitable elements
., of M.

In joint work with V. Kadets this property has been investigated
systematically, some facts will be reviewed at the beginning of the
present note.

The main results here concern two quantitative versions of this
notion. We assign to M the infimum of the €y with the above property.
Surprisingly, for many natural subsets of Banach spaces this infimum
is either zero (which corresponds to the sbp-case) or one. We also
investigate the positive sequences (r,) for which sequences (z,,) exist
such that the union of the B(z,, r,) covers M. The special case when
this collection consists of all positive (1) is of particular interest since
a long time. It is known that results into this direction can depend
on the underlying set theory.
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4 The small ball property

1 Introduction

In many parts of mathematics one needs a notion to express the fact that
some subset is “small” or “negligible”. It depends, of course, on the particu-
lar structure of the sets under consideration which approach is appropriate.
“Small” can mean that the measure is zero, that the set is of first category,
that the Hausdorff dimension is zero or something else. Interesting con-
nections between the classical notions of smallness are discussed in [8], for
more recent results we refer the reader to chapter 6 of [2].

In a joint paper ([1]) of Vladimir Kadets and the author another notion
of smallness has been studied. The definition can be found in the abstract, it
applies to arbitrary metric spaces. The main results of [1] are the following:

1. The unit ball of an infinite dimensional Banach space does never have
the sbp. However, there are incomplete spaces with an sbp unit ball.

2. If X is the bidual of an infinite dimensional Banach space then the
collection of extreme points of the unit ball of X fails to have sbp.

3. o-precompactness implies sbp, but the converse doesn’t hold.
4. If K has sbp then this is not necessarily true for K x K.

In this note we provide quantitative refinements of this approach. Here are
the relevant definitions:

Definition 1.1 Let (M,d) be a metric space and A a subset of M.

(i) Consider the collection of alleg > 0 such that there exist a sequence
(rn) of positive numbers with r,, < ey and limr, = 0 and suitable
zn, € M such that A C \J, B(zn,r); here B(x,r) denotes the
closed ball with center x and radius r.
We denote by sbpy;(A) the infimum of these eg.

(i1) Let Sar(A) be the collection of decreasing sequences (ry,) of strictly
positive numbers such that A C |J,, B(xn,rn) for suitable x, € M.
If Spr(A) contains all positive decreasing sequences, then A is said
to have the Borel property.

Borel has asked in [3] whether only the countable subsets of [0,1] can satisfy the
previous condition. This question has attracted the attention of many mathemati-
cians, a final answer has been given in Laver’s paper [6] where one also finds a
sketch of the history of the subject: The assertion “Borel’s conjecture is true” is
consistent, i.e., the answer depends on the underlying set theory.

The sbp-function will be discussed in section 2, in section 8 we investi-
gate the sets Syr(A) and the Borel property.
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2 Properties of the function sbp;,(-)

General properties

The collection of the admissible £¢ in the definition of sbp,;(A) is always
nonempty since we deal only with bounded sets A. (This boundedness
condition will also be tacitly assumed in the sequel.) The function sbp,,(-)
is obviously monotone, also it is clear that sbp,;(A) < r if A is contained
in a ball with radius r. Note that it might happen that sbp,;(A) = r when
A is a ball B(x,r): see proposition 2.3 below.

Here are some further properties:

Lemma 2.1 Let (M,d) be a metric space.
(i) For A C M andr > 0 one has sbpy;(A) < r iff one finds for any
sequence €1 > g9 > + -+ with r > 1 and €, — 0 suitable finite sets
A, C M such that

AC U U B(x,ep).

n relA,

(ii) If Ay,..., A are contained in M, then

sbp s (| Ai) = sup sbpy (As).

2

(iii) The preceding formula also holds for countably many A;’s contained
in M if there is a kg such that the A; with i > ko have the small
ball property. It is, however, not true in general.

(iv) Suppose that A C M' C M. Then

sbppr(A) < sbpyy(A) < 2sbp s (A).
It is not true in general that sbp,;(A) = sbp i (A).

Proof: (i) This is obvious.

(ii) By monotonicity we have sbpy,(Aq,) < sbpy; (U; Ai) for every ig which
proves that

sbp s (U Ai) > sup sbp s (A4).
i (]

Conversely, let g9 > sup; sbp,;(4;) be given. By assumption one finds
positive sequences (r7,) tending to zero and bounded by ey and centers
x}, such that A; C |J,, B(x,,r;,) for every i. Any mixture of the r}, with

n n'n
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associated centers z¢, gives rise to sequences (r,,) and (x,,) such that r, — 0,
rn < €0, U; Ai CU,, B(xpn, 7). This proves the other inequality.

(iii) The inequality “>” is again obvious, for the reverse inequality one has
to argue a little bit more subtly. Choose, for given €y > sup, sbp,,;(4;),
sequences (%) and (z%) for i = 1,..., ko as in the preceding proof and also,
for i > ko, sequences (r%,) and centers (z%,) such that lim, r}, = 0, rf, < &o/i
and A; C U,, B(x%,r%). Then again any mixture of the r% (i,n =1,2,...)

will tend to zero, it will be bounded by ey and UmB(azﬁl,r,@) will cover
U A;.

In order to prove that equality does not hold in general consider any
infinite dimensional separable Banach space X. If B denotes the unit ball,
then — as will be shown later in proposition 2.3 — one has sbpy(B) = 1.
Therefore sbp x(C) = 2, if C stands for the ball with radius 2.

Since the space is separable C' can be covered by a sequence (B,) of
translates of B. Each of these translates satisfies sbp x(By,) = 1, and this
proves our claim.

(iv) The first inequality is obvious. For the proof of the second suppose that
A c UB(xn, ), with r, < &g, r, — 0 and z,, € M. We may assume that
all B(xy,r,) meet M’ (otherwise they are not necessary for the covering
of A), and therefore we can choose y, € M’ with d(zy,yn) < r,. Then
it follows from the triangle inequality that A C J,, B(yn,2ry), and this
proves the second part.

For an example where equality does not hold we consider a metric space
where there exists an uncountable set A consistig of elements of mutual
distance two such that A lies in a ball of radius one. (One could choose M
as the Banach space [1(S) over an uncountable index set S and A as the
collection of unit vectors.) Then sbp,,(A) < 1 but sbp,(A) = 2. (For a
more natural example see proposition 2.4.) U

Products

As it has been already noted, the product of two sbp-spaces needs not
be sbp. The counterexample K C X := [*°(I*°) in theorem 5.3 of [1] can
be used to show that also the function sbpx(-) behaves “badly” if products
are considered.

Proposition 2.2 The space K of [1], theorem 5.3, has the following prop-
erties:

(i) K lies in a ball with radius 1/2.
(ii) sbpx(K) =0, i.e., K has the small ball property.
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(iii) If X x X is provided with the mazimum distance, then
sbpxxx (K x K) =1/2,
i.e., this number is as large as possible.
Proof: (i) K lies in the ball B(z,1/2), where
= ((1/2,1/2,1/2,...),(0,0,0,...),(0,0,0,...),...).

(ii) This has been shown in [1], theorem 5.2.

(iii) It is clear that sbp(K x K) < 1/2 since K x K lies in a ball with
radius 1/2. Let g9 < 1/2 be given. We have to prove that K x K cannot
be covered by a sequence of balls in X x X for which the radii (r,,) tend to
zero and are bounded by &g.

Let such a sequence (r,) and centers c1,co,... € X x X be given, we
argue as in [1]. With the notation of this paper we have K x K = |, ; K; X
K, where the K; x K; have mutual distance one. Thus every ball B,, :=
B(cp,rn) will meet at most one K; x K;. Choose m; such that r, < /2
for n > mq and then an aq with the property (Ka1 X Kl) N (UZL;1 Bn) = 0.

We write K,, x K; as the disjoint union of the sets K,, x Ki,. The
mutual distance of these buildung blocks is 1/2 so that every B, with
n > mq meets at most one of these. Select an ms > mq so that r, < gq/2%
for n > mg and then a K,, x Ki,, which is disjoint to the By, ..., Bp,.

If this construction is continued, one gets an

T = (q)(alagag) ..), ®(agaqap . . ))

such that x € K x K but ¢ (J,, Bn. O

Balls and spheres in Banach spaces

Unit balls in Banach spaces are always “big”:

Proposition 2.3 Let X be an infinite dimensional Banach space and Bx
the closed unit ball of X. Then sbpx(Bx) = 1, i.e. sbpx(Bx) is as large
as possible.

Remark: It has been kindly pointed out to us by the referee that this result
is also an immediate consequence of theorem 1 in [4].

Proof: It is clear that all ¢g > 1 are admissible so that sbpy(B) < 1.
Now let a number g9 < 1 be given. We have to show that, whenever (r,)
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is a sequences of positive numbers tending to zero and bounded by &g, it is
impossible to find centers z1, s, ... in X such that Bx C |J,, B(zn, ).
Let such a sequence (r,) and any x1,x2,... € X be given. We choose
a positive § such that €p + 20 < 1 and then an index n; with the property
that r, < 0/10 for n > n;.
The Riesz lemma allows us to find a y; in Bx such that ||y; —z,|| > 1—0
for every n < nq; in particular we have

B(y1,0) N B(xp,rn) =0

for these n.
Now we need the following consequence of the Riesz lemma: Whenever
K is a ball with radius r there are z1, zo, ... in K such that

e B(z,,r/10) C B for all n, and
o ||z, — zm|| > 3r/10 for n # m.
We apply this to the ball By := B(y1,d). Since r, < 6/10 for n > ng

we know that B(x,,r,) will meet at most one ball B(z;,0/10), i = i(n),
for these n. Choose ny > nq such that r, < 6/102 for n > no. By the
preceding observation there must be a balll By := B(z;,5/10) which has
an empty intersection with the B(xy,,r,) for n =n; +1,...,n2. One even
has By N\ B(xy, 1) = 0 for all n < ng since B(zp,r,) N By = 0 and By C By
hold.

It should be clear how to continue. We repeat the construction with Bs
instead of Bj to get a Bs of radius §/102 in By such that

Bsn <Cj B(xn,rn)> =10,

n=1
where n3 is such that r, < §/10% for n > ng.

In this way we obtain a sequence Bx D Bi1 D By D --- of closed balls
the radii of which tend to zero such that

BiN <© B(:L‘n,rn)> =0,

n=1
where ny < ng < ---. By completeness there exists an x in (| By C By,
and this z cannot be contained in | J,, B(xy, ). This completes the proof.
g

With a similar proof one can provide a more natural example to the asser-
tion made in lemma 2.1:

!There are even infinitely many such balls.
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Proposition 2.4 Let X be the Banach space I* and S the unit sphere of
X. Then sbpx(S) =1 and sbpg(S) = 2.

Proof: Let 9 < 2 be given, (r,) a sequence tending to zero with r, <
g0 and x1,x9,... any points in S. One has to find an z € S with = ¢
U,, B(@n, 7). Choose first a 6 > 0 with g9 + 2§ < 2 and then an n; such
that r, < 6/10 for n > n;. The special structure of ' allows us to find
y1 in the unit sphere such that ||y3 — 2| > 2 — § for n < ny; the vector
y1 could be chosen as a unit vector associated with a “large” index. Then
continue as in the preceding proof, this time working in the sphere. O

Remark: More generally it can similarly be shown that sbpg(S) = 2'/? for
the unit sphere S in [P, where 1 < p < oo.

Boundaries

We recall that a boundary of a Banach space X is a subset B of the
dual unit ball such that for every # € X there exists 2’ € B such that
x'(x) = ||z]|. Tt is an elementary exercise to show that the collection of
extreme functionals is a boundary.

It depends on the geometry of X how large boundaries must be. Con-
sider first the space X = ¢g. Then X’ = [!, a space with countably many
extreme points: this shows that boundaries can have the small ball prop-
erty. On the other hand it is known ([7]) that the collection of extreme
points in infinite dimensional reflexive Banach spaces is always uncount-
able. Theorem 4.2 of [1] explains this different behaviour: boundaries for
infinite dimensional reflexive Banach spaces never have the small ball prop-
erty, in particular they have to be uncountable.

Here we will show more: boundaries in infinite dimensional reflexive spaces
are always “as big as possible”:

Proposition 2.5 Let X be an infinite dimensional reflexive Banach space
and B C X' a boundary. Then sbpx/(B) = 1.

The proof will depend on the following lemma which is a refinement of
lemma 4.1 in [1]. (In [1] it was only necessary to deal with centers in Bx,
now they might be anywhere in X'.)

Lemma 2.6 Let X be a Banach space and Y C X an infinite dimensional
closed affine subspace. Further let A be a finite subset of X' and a and &
numbers in |0,1[ such that there exists yo € Y with ||yo|| < a. Then there
is an infinite dimensional closed affine subspace W of Y such that
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(i) there exists wy € W with ||wol|| < a + 2¢;
(i) for everyy' € Uyen B(2',e) with ||y|| <1 and everyy € Bx "W
one has y'(y) < ||y||, i-e. none of these y' recognizes ||y||.

Proof: Define Z as
Z:={ylyeY, 2 (y) =12'(yo) for every 2’ € A}.

This is a closed infinite dimensional affine subspace of Y which contains .
The next steps are to select any wy € Z such that

llyoll + 2 < |lwol| < a+ 2¢

and an z € X’ with ||z{]| = 1 and z{(wo) = ||wo||. Then we define

W={y|yeZ xy(y) = zo(wo)};

we claim that W has the desired properties.

W is obviously a closed infinite dimensional affine subspace of Y, and
wo € W has the claimed property. Now let 2/ € A and 2’ with ||| < e
and ||z’ + 2’| < 1 be given. We have to show that z’ + 2’ does not assume
its norm at any y € W N By.

Select any such y. Then, on the one hand, we have

lyll = 2o ()| = |=o(wo)l = llwoll > llyoll + 2¢.

On the other hand we can obtain the following inequality:

(' +2)() = 2'(y)+7(y)

2’ (yo) + 2 (y)

(@' +2") (o) + 2'(y) — 2’ (vo)
< lyoll + 2e.

This completes the proof of the lemma. O

We now turn to the proof of proposition 2.5. Let B C Bx: be a bound-
ary for X. In order to show that sbp y,(B) = 1 we will use lemma 2.1(i): for
given g9 < 1 we have to provide a sequence (gy,) with &, — 0 and ¢ > &,
such that for no choice of finite subsets A,, C X’ one can have

BCU U B(x,ep).

n x'ecA,
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Choose for such an gy a sequence (g,) with g9 + 261 + 22 + -+ < 1.
Suppose that Ay, As, ... are any finite subsets of X’. First we apply the
preceding lemma with Y = Y] := X, a = ¢y, € = 1 and A := A;. Let
Y5 C Y7 be the space W of this lemma, we note that Y5 N Bx # () since
|lwoll < 0+ 2e1 < 1.

We continue with another application of the lemma, this time with
Y (=Y a := g9+ 21 and € := £9. In this way we get a sequence
Y1 DYy D -+ of closed infinite dimensional affine subspaces of X with the
following properties:

e The sets Y, N Bx are nonempty and decreasing.
e Noy € By'n (Ux'eAn B(x’,sn)) assumes its norm on Y, N Bx.

Now the reflexivity of X comes into play. Since the Y,, N Bx are weakly
compact one finds a y in the intersection of these sets. Since no ¢ in

Bxn(J U B )

n x'ecA,

assumes its norm at y, the set J,, U, ea, B(2',€,) cannot cover a boundary.
This completes the proof of proposition 2.5. O

Remark: With a similar proof as in in the discussion of the small ball
property in section 4 of [1] even more can be shown: boundaries B in infinite
dimensional biduals satisfy sbp(B) = 1. The main technical difficulty is to
guarantee that the space W of lemma 2.6 can be chosen to be weak*-closed
if X is a dual space. This enables one to use the Alaoglu-Bourbaki theorem
in order to show that the intersection of the Y,, N Bx is nonempty.

3 The sets Sy/(A) and the Borel property

General properties
To illustrate the definition we start with two simple ezamples.

1) First we consider A = [0, 1] as a subset of the metric space M = R. Let
(rn) be in Spr(A), ie. [0,1] C U, [2n — rn, xn + 1y ] for suitable zq, z9, . ..
in R. It follows that

1=XA4) < Z)\([asn—rmxn+rn]) :QZrn.

On the other hand, if positive r, satisfy 1 =25 r,, we may put

r1:=1—ry,op:=7r9+---+1r for k> 2;
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then [0,1] =, [®n — Tn, @n + 70 ], and it follows that
Sm(A) = {(rn) | (rp) is decreasing, and Y r, > 1/2}.

2) Let C := {0,1}" be the Cantor set. As usual C is provided with the
following product metric: d((y), (yn)) is zero if the sequences (z,,) and
(yn) are identical and 2!~ otherwise, where k is the first index n with

On this metric space we consider the product measure p associated with
the uniform distribution on {0,1}. This u is a probability measure on C
for which a ball B = B(x,27F) satisfies u(B) = 27% (k = 0,1,...). More
generally pu(B(xz,7)) <7 is true, and this implies that 3_, 7, > 1 whenever
C C U B(zp,y) for suitable x1, zg, .. ..

We denote, for r > 0, by a(r) the largest number 27% with k € Ny and
27 <'r; this is a useful definition here since one has B(z,r) = B(z,a(r))
for all x and » > 0. With this notation we may rephrase the preceding
observation as

Sc(C) € {(ra) | Y alra) = 1.

Suppose that Y a(ry,) > 1. Then there exists an m such that > " | o(ry,) >

1 and it is easy to find centers 21, ..., 2, such that
m m
CcC U B(zn,oz(rn)) C U B(zp, ).
n=1 n=1

If, e.g., 71 = 1/2, ro = r3 = 1/4 one could work with z; = (0,0,0,...),
2o =(1,1,1,...) and 23 = (1,0,0,...).

So far we have proved that S¢(C') contains the positive decreasing (r,) with
> a(ry,) > 1 and is contained in the collection of the (r,) with > a(r,) > 1.

Even more can be said. If Y " | a(ry,) < 1 for every m and z1, 22, . .. are
abitrary, then (Unm:1 B(zp, a(rn)))m=172,..- is an increasing sequence of open
proper subsets of C' so that — by compactness — |J,, B(zn, o(ry,)) cannot
be all of C. In this way we arrive at a characterization of S¢(C): A
decreasing sequence (r,,) of strictly positive numbers belongs to this set iff

doa(ry,) > 1.

In the definition of Sjs(A) we have restricted our attention to decreasing
strictly positive sequences. This is a reasonable restriction since positive
sequences tending to zero have a decreasing rearrangemant. The following
statements are obviously true:
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Lemma 3.1 Let (M,d) be a metric space and A, B bounded subsets of M
such that A C B .
(ii) The collection Spr(A) has, as a subset of the space s of all se-
quences, the following properties:

o Let (xy,) € s be strictly positive and decreasing. If (z,) con-
tains a subsequence which is in Spr(A), then (x,) € Sp(A)
also holds.

o (x,) € Sm(A) and y, > xy, (all n) imply that (y,) € Sap(A).

Remark: It would be interesting to know which properties characterize
the sets Spr(A). More precisely: Suppose A C s is a collection of positive
decreasing sequences with the properties described in (ii). Is it true — and
if not, which additional properties are necessary — that there exist (M, d)
and A C M such that Sp(A4) = A?

The Borel property

In order to study the “size” of a set A by means of the collection Sys(A)
it is necessary to know that it contains some nontrivial information. Clearly
one can decide whether A has the small ball property and one can also
calculate sbp, (A) if Sapr(A) is known. In this subsection we deal with
a very modest question: Does Sys(A) recognize whether A is countable?
This is the Borel conjecture, the answer is rather complicated. Note that
Snr(A) is the collection S of all decreasing strictly positive sequences if A is
countable so that the problem can be rephrased by asking whether Sy, (A)
is a proper subset of S for uncountable A.

A canonical generalization of the ideas which have been used in the
discussion of [0,1] and the Cantor set {0,1}" immediately leads to the
following

Lemma 3.2 Suppose that there exists a probability measure p on M with
the following properties:
() u(4) > 0.
(ii) There is a function K :]0,+o00[ — |0, +oo [ with lim, o K(r) =0
such that pu(B(z,r)) < K(r) for arbitrary « and r.
Then Spr(A) is a proper subset of S.

Proof: This is easy: A C |JB(xy,rn) implies 0 < u(A) <>, K(rn), and
since lim K (r)=0 this cannot be true for all positive sequences (ry,). O

There remain many cases where this idea cannot be applied directly.
For example, what about the Cantor set when considered as a subset of
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[0,1] with the usual metric? Since the Lebesgue measure is zero one has
to argue differently. In fact, the preceding idea can be used to treat the
case of arbitrary uncountable compact sets:

Proposition 3.3 Let K be an uncountable compact metric space. Then
Sm(K) cannot be all of S.

Proof: First we will prove the following

Claim: If L is an uncountable compact metric space then there exist an
€ > 0 and subsets L1, Lo of L with the following properties:

e Both Li and Ly are uncountable and compact and the diameter is
bounded by e.

o d(z,y) >cforx € L1 and y € Lo.

Proof of the claim: Suppose that the assertion is false. We will prove that
L is countable.

Given £ > 0 we may cover L with compact subsets L1, ..., L of diame-
ter at most €. Suppose the first [ of these sets are uncountable. Then they
must lie in some ball with center in L1 and radius 3¢ since otherwise the
claim were true. This shows that for every € our space is countable up to a
possible subset of diameter 3¢. Iterating this this procedure we know that
L is a countable union of countable sets plus the intersection of possibly
uncountable subsets the diameters of which tend to zero. Then L must be
countable.

We now are ready for the proof of the proposition. By the claim one
finds positive €1 > €2 > --- and uncountable compact subsets L;,;,. i, of
K for k=1,2,... and i, € {0,1} with the following properties:

e The mutual distance of Ly and L is at least €1, and the mutual

distance of L;,,..i, 0 and L; 4, 4, .1 is at least ¢y for arbitrary k > 2
and il, . ,ik_l.

e The diameter of L; i, i, is at most €5 (all £ and iy).
e lime, = 0.

The proof can now be completed easily. We note that for any (i,,) € C
the intersection of the decreasing family (L;,4,..4; )k=1,2,... contains precisely
one point which we will call x;,;,.; here it is again essential that K is
compact.

Define ¢ : C — K by (iy) +— iyi,.... It is then routine to show that ¢ is
one-to-one and continuous. Denote by v the image measure of the measure
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i on C' which we have defined above. By construction, a ball of radius e,
has measure 27". Therefore the assertion follows from lemma 3.2. g

The Borel property obviously passes to subsets. Thus it follows from
the preceding proposition that Sy;(A) will be different from S whenever
A contains an uncountable compact subset. This happens for “nearly all”
uncountable sets. To make this precise it is necessary to repeat some notions
from set theory.

Denote by A the space of sequences in N, i.e. N := NY; we provide
N with the product topology. Call a subset A of a Polish space analytic
if it is the continuous image of . This is a very general class of sets, it
contains not only all Borel sets in arbitrary Polish spaces but even contin-
uous images of such sets (Lemma 39.2 in [5]). It can be shown that every
uncountable analytic set contains a homeomorphic image of the Cantor set
C: cf. theorem 94 and lemma 4.2 in [5]. Therefore, by proposition 3.3,
there are only countable sets which have the Borel property and are at the
same time analytic.

To phrase it differently: For all analytic sets A one may hope to find
essential properties of A encoded in Sps(A). Recall, however, that we have
already noted that for sets which are not necessarily analytic this can not
be guaranteed since the assertion

“Kvery set with the Borel property is countable” might be true or false
depending on the model of set theory under consideration (see [6]).
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The Questions of Haar and Mairhuber
for Five Possible Properties of a Metric
Projection in a Space of Continuous
Functions

Aldric L. Brown
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1 Introduction

Throughout the paper T' denotes a locally compact Hausdorff space, Co(7T")
the space of real continuous functions on 7" which vanish at infinity, G
a finite dimensional subspace of Cy(T) and Pg : Co(T) — P(G) the set
valued metric projection of Co(T") onto G, that is Pg(f) denotes the set of
best uniform approximations from G to f € Cy(T).

The purpose of the paper is to tell a story, to add something to it and
to demonstrate that it is unfinished. It begins with P. L. Chebyshev, from
whose work the concept of a Chebyshev subspace G of Cy(T') is derived, A.
Haar, who characterised those G which are Chebyshev, and J. C. Mairhuber
who determined for which spaces T' there do exist non-trivial Chebyshev
subspaces G of Cy(T'). Precise statements are given in Section 4.

The first of the five properties of the title is Chebyshevity, the others
are the property of being almost Chebyshev, and the properties of having
a metric projection which is lower semi-continuous, which has a unique
continuous selection and which does have a continuous selection. Of each
of these properties the Haar and Mairhuber questions can be asked: which
G have the property 7 and for which T' do there exist non-trivial subspaces
G of Cy(T') with the property ? The five properties are introduced in
Section 3. Section 4 presents most of what is in print concerning these
properties and the two questions.

In 1987 Thomas Fischer, working in a more general optimisation con-
text, defined a submapping of Pg; which here is denoted Pg and is called
the Fischer submapping. He established remarkable properties of Pg and
related them to the existence of a continuous selection for Pg. In Section 5
a summary account of Fischer’s work (retricted to the approximation the-
oretic context) is given and it is shown that it provides a new approach to
the last three of the five properties. For the existence of a unique continu-
ous selection for the metric projection and for the existence of a continuous
selection the results will be described (the latter will appear elsewhere).
Section 6 presents a new characterisation of those GG for which the metric
projection is lower semi-continuous and obtains from it a structure the-
orem for T and G which provides an answer to the Mairhuber question;
the theorem is surprisingly and satisfyingly expressed in terms of the Haar
condition.
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2 Preliminaries

First we must establish our context and notation. Consider a real normed
linear space (X, || - ||) and a non-empty subset G of X. If f € X then

d(f,G) = if{||f —gll : g € G}

is the distance of f from G and the set of best approximations to f from

G is

Po(f) = {9e€G:|f —gll=d(f,G)}
= B'(f,d(f,G))nG

< S(f,d(f,G))

(where B'(f,d) and S(f,d) denote the closed ball and the sphere in X of
centre f and radius d). The set-valued mapping

Pg: X — P(G),

which in general may have empty values, is the metric projection of X onto
G.

Our concern is with G which are finite dimensional linear subspaces of
X. In this case for each f € X the set Pg(f)is a non-empty closed convex
subset of G and the metric projection is upper semicontinuous.

Let T be a locally compact Hausdorff space and let X = Cy(T), the
space of those continuous real functions on 7" which vanish at infinity; let
Co(T') be equipped with the uniform norm, that is || f|| = maxier |f(2)].
Throughout the paper GG will denote a finite dimensional subspace of a
space Co(T') and we are concerned with properties of the metric projection
Pg and their relations with properties of G and properties of 7.

Later there will be a need for a natural mapping

e: T — G*

which will now be defined.

If X is a normed linear space let X* denote its normed adjoint space
and let J : X — X™* be the canonical embedding. If dim X < oo then J is
an isomorphism.

For any finite dimensional space G of real continuous functions on 7',
equipped with a norm topology, we introduce the mapping

e=eqg: T — G*
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defined by e(t)(g) = g(t) for each g € G and each t € T that is, e(t) is
the restriction to G of evaluation at t. The mapping is continuous and
spe(T) = G*, where sp S denotes the linear span of S. The space G can
be recaptured from the mapping:

G={goe:pec G"}.

The space G is a subspace of Cy(T) if and only if e(t) — 0 as t — oo.

More generally if F' is a finite dimensional real linear space, equipped
with a norm topology, and e : T' — F is a continuous mapping such that
spe(T) = F, then G defined by

G={¢oe:pc F*}

and eg : T — G* are such that e : T' — F is a copy of eg : T — G*; if
J : I' — F** is the canonical isomorphism and ¢ : G* — F** is the adjoint
of the isomorphism F™* 929 G then J o e = Yo eq.

Thus there is a correspondence between spaces G and mappings e : T —
F', and a property of G can be regarded as, or is equivalent to, a property
of e : T'— G*. In Section 6 the development will be largely in terms of
e: T — G*.

Given a mapping e: T'— F and A C T we will write

E(A) = E(A) = spe(4),
and
EY(A)=FE*(A)={E.(U): ACintU,U CT}.

By the finite dimensionality of F, if dim E(U) is minimal subject to the
condition A C int U then E(U) = E*(A).

3 Five possible properties of a metric projection

P. L. Chebyshev in the 1850s discovered the phenomenon of uniqueness
of best uniform approximation from the space of polynomial functions of
degree < n to continuous funtions on an interval [a, b]. This was the origin
of the first and strongest of the five properties with which we are concerned:

(P1) card Pg(f) =1 for all f € X.

It is a classical result that for each non-negative integer n and each interval
[a,b], with a < b, the space of real polynomial functions of degree < n has
the property (P1) - it is now said to be a Chebyshev subspace of C([a, b]).
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The set Pg(f) is a convex set and so is a single point if and only if
its dimension is zero. G. Sh. Rubinshtein ([27], see also [29]) generalised
property (P1):

(P1lg) dim Pg(f) < k for all f € X.

The next property was introduced and studied by A. L. Garkavi [16,
17, 15].

(P2) X \ {f:card Ps(f) =1} is a meagre subset of X.

If G has the property (P2) it is said to be almost Chebyshev. If X is a
Banach space, G is proximinal and Pg is upper semi-continuous then (P2)
is equivalent to the formally weaker property:

(P2’) {f : card Pg(f) =1} is a dense subset of X.

A mapping s : X — G is a selection for Pg if s(f) € Pg(F) for each
f € X. The questions whether, and when, there exists a continuous selec-
tion for a metric projection arose naturally c. 1960 (v. [7, 8]). Sufficient
conditions for the existence of a continuous selection for a set-valued map-
ping are provided by a celebrated theorem of Michael, of which one principal
hypothesis is the lower semi-continuity of the set-valued mapping. Let X
and Y be topological spaces and P : X — P(Y) a set-valued mapping of
X into Y.

Definition P: X — P(Y) is lower semi-continuous (Isc) if P(f) # 0 for
all f € X and {f € X : P(f) NV # (0} is an open subset of X for each
open subset V of Y.

In our considerations Y is a metric (in fact Banach) space and in this
case lower semi-continuity can be visualised as meaning that, for each x €
X7

d(y, P(2")) — 0 as 2’ — x for each y € P(z).

Michael’s Selection Theorem If X is a paracompact Hausdorff (e.g.
metric) space, Y is a Banach space and P : X — P(Y) is a lower semi-
continuous set-valued mapping such that P(f) is a closed convex set for
each f € X then there exists a continuous selection for P.

There is a simple corollary to the theorem from which it follows that,
under the hypotheses of the theorem, there is a unique continuous selection
for P if and only if P is single point valued.
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Corollary 3.1 If the hypotheses of the theorem are satisfied, f € X and
g € P(f) then there exists a continuous selection s for P such that g = s(f).

In the case of G C Cy(T') all but one of the hypotheses of Michael’s
theorem are automatically satisfied by X = Cy(T"),Y = G and P = Pg
and the existence of a continuous selection for Pg is implied by the third
of the properties we consider:

(P3) Pg is lower semi-continuous.

Relatively recently J. Blatter [3, 5, 4] investigated in detail a fourth
property:
(P4) There exists a unique continuous selection for Pg.

Blatter, partly in colloboration with Fischer, has extended the classical
theory of finite dimensional Chebyshev subspaces G of C(T), where T is a
compact space, to subspaces G of C(T') which have property (P4). Bian-
chini [1] has further extended much of the theory to the case of locally
compact T

The last of the five properties to be formally listed is:

(P5) There exists a continuous selection for Pg.

If G is Chebyshev then the single point valued metric projection Pg is
continuous. So (P1) implies each of (P2), (P3), (P4) and P(5). It is easily
seen that P(2’) and (P5) imply (P4). It has been noted that (P3) implies
(P5).

4 The questions of Haar and Mairhuber
Haar’s theorem [18] answered, for a compact subset T of a Euclidean space,
the question ‘What subspaces G of Cy(T') have property (P1) 7” The result

was extended to locally compact Hausdorff spaces by Phelps [26]. We state
the result as:

(P1H) A subspace G of Co(T) is Chebyshev if and only if
card g~ 1(0) < dim G — 1 for each g € G \ {0}
or, equivalently,

carde (M) < dim G — 1 for each hyperplane M of G*.
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Either of these two conditions can be referred to as the ‘Haar condition’.

The trivial cases of the theorem will be significant for us in Section 6.
If dim G = 0 then G = {0} and G is by definition Chebyshev. If dimG =1
and G = sp{go} then G is Chebyshev if and only if g5 '(0) = (. Note that
there exists such a G € Cy(T) if and only if T is o-compact.

If, for example, T = [0,1]? and dim G > 2 then there exists a ¢ € G
which changes sign and then g has a continuum of zeros, so that, by Haar’s
theorem, G cannot be Chebyshev. Mairhuber [25] answered, for compact
T, the question ‘For which spaces T" does there exist a subspace G of Cy(T),
of finite dimension > 2, with the property (P1) 7’ His result was extended
to locally compact T' by Lutts [24]. We state the result as:

(P1M) There exists a Chebyshev subspace G of Co(T) of finite
dimension > 2 if and only if T is homeomorphic to a subspace
of the circle S*.

One can in these two questions, originating with Haar and Mairhuber,
substitute for (P1) any possible property of a metric projection Pg of Cy(T)
onto a subspace G. The rest of this section summarises most of what is
known and in print about these two questions applied to (P1g), for k > 0,
(P2), (P3), (P4) and (P5).

For T' compact and for (P1;) the Haar question is answered [27, 29].

(P1H) If T is compact a subspace G has the property (P1ly) if
and only if

dim G|y, . 4.,y = n—k whenever ty, ..., t, pare distinct points of T,
or, equivalently,

dim F(A) = card A whenever card A <n — k.

The Mairhuber question for (P1;) has been considered by Shashkin et al
[6, 28]. The results are elegant but partial and the question might perhaps
be reconsidered.

Garkavi obtained the following characterisation, in the case of compact
metric T', of almost Chebyshev subspaces.

(P2H) If T is compact a subspace G of Co(T) is almost Cheby-
shev if and only if, for each open subset U of T

dim{g € G : g|lv = 0} < max{n — card U, 0}, (4.1)
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or, equivalently, if, for each hyperplane M of G*,
cardint e (M) = dim E(int e~ (M)).

A proof of the characterisation for compact 7', and further equivalent
conditions, are given by Blatter in [4]. The author does not know whether
the characterisation remains valid for locally compact T

It is convenient to recall here the definition of a Z-space: G is a Z-space
if for each g € G\ {0}, intg~1(0) = 0. A Z-space G satisfies Garkavi’s
condition.

The Haar question for lower semi-continuity has been considered by
Wu Li [21] in greater generality than here. His results contain the following
characterisation.

(P3H) The metric projection Pg is lower semi-continuous if and
only if, for every g € G\ {0},

cardbdy g~ 1(0) < dim{p € G : int g71(0) C p~1(0)} — 1, (4.2)
or, equivalently, for each hyperplane M of G*
cardbdy e ' (M) 4+ dim E(inte ' (M)) < dimG — 1. (4.3)
This and a related condition are considered in detail in Section 6.

Li gives, as a corollary to the preceding result, the following partial
answer to the Mairhuber question.

(pP3M) If T is connected and Pg is lower semi-continuous then
G satisfies the Haar condition. Consequently, if dim G > 2, then
by Mairhuber’s theorem itself, T is either an interval or a circle.

In Section 6 a more comprehensive result is obtained.

The following result appears to have been obtained independently by
Li [22], for compact metric T, and Blatter [3], for compact T'.

(P4H) If T is compact and G satisfies (P4) then it satisfies
(P2).
There follows immediately the following equivalence.

If T is compact then a subspace G satisfies (P4) if and only if it
satisfies both (P2) and (P5).
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The Mairhuber question applied to (P4) is answered by a theorem of
Blatter [3, p. 205]. We state here an abbreviation of Blatter’s theorem;
his theorem contains more detail - for example in the case that T is non-
metrisable necessarily dim G = 2.

(P4M) If T is compact and there exists a subspace G of Cy(T),
of dimension at least two, with property (P4) then either T is
homeomorphic to a subspace of a circle or T is non-metrisable
and is homeomorphic to a subspace of an ‘interval with split
points’. (If A C[0,1] then [0,1] x {0} U A x {1}, equipped with
the lexicographic order toplogy, is said to be an interval with split
points).

The conclusion of the theorem, as stated here, was obtained in [10]
under the stronger assumptions that G is a Z-space with property (P5).
Bianchini [2] has considered the extension of this result to locally compact
T but his results are not complete.

Finally in this section the situation concerning property (P5) - there
exists a continuous selection for Py - will be described.

In 1971 an example was given in [9] of a subspace G of C([—1,1]), of
dimension 5, which is not Chebyshev but has a metric projection for which
there exists a unique continuous selection. The example was considered by
G. Niirnberger and M. Sommer who, in the nineteen seventies, together
and separately, investigated subspaces G of C([a,b]) with property (P5);
they paid particular attention to spline spaces. Their work culminated
in a paper by Sommer [30] which completed a characterisation of such
subspaces. The result is complicated and the full account extends over
several papers. For some, the work cried out for extension to spaces of
functions on more general topolgical spaces. Wu Li, starting in part from
the work and ideas of Niirnberger and Sommer, identified a condition on
G which is necessary and sufficient for the metric projection to have a
continuous selection.

(P5H) There exists a contivous selection for Pg if and only if
G is a regularly weakly interpolating (RWI) space.

Li’s account in his monograph [23] is long, complicated and fascinating,
but difficult to read. It is also rather technical and not amenable to brief
summary. A condition equivalent to ‘not regularly weakly interpolating’,
equivalent to Li’s definition and derivable in a straightforward way from it,
though somewhat different in spirit, is stated in the next section.
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The preceding results yield the following characterisation of those G
with property (P4).

(P4H) A subspace G has property (P4) if and only if it satisfies
Garkavi’s condition (4.1) and is regularly weakly interpolating.

Blatter [3, 4] gives an alternative, equivalent, set of conditions char-
acterising those G with (P5) which he names the weak Haar conditions.
The conditions, obtained by Niirnberger and Sommer, which characterise
those G C C([a,b]) with the property (P5) are not visible in the (RWT)
condition. Li [23] discusses the relation between his (RWI) condition and
those of Niirberger and Sommer for C([a,b]). Li proves, in particular, the
following theorem which has an important position in his work.

If G is regularly weakly interpolating then for each g € G\ {0},
cardbdy g71(0) < dim{p € G :int g71(0) C p~1(0)}  (4.4)
or, equivalently, for each hyperplane M of G*,
cardbdy e 1 (M) + dim E(inte 1 (M)) < dim G. (4.5)
The latter inequality should be compared with (4.3).

Li says that G is a Quasi-Haar space if it satisfies two conditions, both
consequences of (RWI), of which (4.4) is the first. He gives an example
which shows that in general a Quasi-Haar space need not be (RWI). How-
ever the second of Li’s conditions is the first of a sequence of conditions,
dim G in number, and all can be shown to be consequences of the (RWI)
condition.

The theory so far has generated a small forest of conditions: the Haar
condition, weak Chebyshevity (see, for example [30, 23], Blatter’s weak
Haar conditions, Li’s Quasi-Haar conditions and their extension, the weakly
interpolating condition [13] the disjoint leaves condition of Section 6 below
(v. [12]) and others. It does not yet appear possible to give an efficient
tour of all these conditions and the relations between them.

5 The Fischer submapping of Py
Definition If f € Cy(T") and g € Pg(f) then, for n =1 and n = —1,

crity (f, {g}) ={t € T': f(t) —g(t) = nllf —gll}-
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If feCy(T)and ) # H C Pg(f) then, for n=1and n=—1,
crity(f, H) = Nger crity(f, {9)).
If f & G then crit, (f, H) is compact, for n = 1 and n = —1. Write
crit(f, H) = crity (f, H) U crit_;(f, H).

If g € Pg(f) then crit(f, {g}) is non-empty for each f € Cy(T).
If H is convex and g € relint H then, for n =1 and n = —1,

crity (f, {g}) = crit,(f, H)

so that crit(f, H) # (. It is easily shown that the restriction of H to
crit(f, H) is a single function.
It is convenient to add here a new definition which is used in Section 6.

Definition If (Cy,C_1) is a pair of compact subsets of T" it will be said to
be a critical pair if there exists f € Cy(T') such that C, = crit,(f, Pa(f))
forn=1and —1.

The critical sets crit(f, H) play a fundamental role in the development
which follows.

The rest of this section is a summary account of work of Thomas Fischer
[14]. Tt differs from that in [14] in that Fischer’s notation and terminology
has been modified, it is restricted to the approximation problem whereas
Fischer considers a more general optimisation problem, and it considers
locally compact spaces 1" whereas Fischer’s development is, formally, re-
stricted to compact T'. In the context of the approximation problem Fis-
cher’s development and the results of his which are quoted extend straight-
forwardly to the case of locally compact T. A self-contained exposition of
all but Thm 5.6 below is given in [12].

Fischer’s results, some results of Li [20] and the relations between them
were considered in [11].

The foundation of Fischer’s work is the sequence of definitions which
now follows.

Let f € Cy(T) and let H be either Pg(f) or a non-empty face, that is
an extremal convex subset, necessarily closed, of Pg(f). Then R(H — H)
is a linear subspace of GG. Define

Fp:T—R(H-H)"
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b
' Fy(t)(h) = h(t), for t € T and h € R(H — H).

If t € crit(f, H) then Fy(t) = 0.

For n =1 and n = —1 let A,(f, H) be the set of £ € R(H — H)* \ {0}
such that there exist a net ((tq,0s) : @ € A) in (T'\ crit, (f, H)) x R and
a point ¢ € crit, (f, H) such that

&= lijI\n OanFr(ta), t= lij{nta.

The set A, (f, H) is a closed subset of R(H — H)*\ {0}. Let A(f,H) =
A (f,HYUA_1(f, H).
If A(f,H) # 0 and & € A(f, H) choose any hg € H and let

Are(H) ={h € H :{(h— ho) =sup&(H — ho)}.

Then A;¢(H) is a non-empty proper face of H; it is independent of the
choice of hg.

If H = \s¢(H) for some & € A(f, H) we will say that H' is an immedi-
ate successor of H and will write H' < H. Define H' to be a successor of H
if H = H, < Hy_1 < ... < Hy = H for some Hy,...,H_1. Let H*(f, H)
be the set of sequences H = Hy > Hy > ... > Hj. Then H*(f,H) is a
directed tree with root H.

If (H(),Hl, ..., Hy) € H*(f, H) then

dimH =dim Hy >dimH; > ... >dimH, > 0

and so k < dim H < dim G. Therefore every sequence in H*(f, H) can be
extended to a maximal sequence, a leaf of the tree H*(f, H). Clearly, a
sequence (Ho, H, ..., Hy) € H*(f) is maximal if and only if A(f, Hy) = 0.
In this case it will be said, abusing the language, that Hj is a leaf for
(f, H). Fischer defines, but in our notation,

PF(f,H) = N{H : H is a leaf for (f, H)};

that is, P¥(f, H) is the intersection of all successors of H. Further, we
write

PE(f) = PF(f,Pa(f)).

It is appropriate to refer to the set valued mapping Pf : Co(T) — P(G) as
the Fischer submapping of Pg, and if Pg(f) is non-empty to refer to it as
a Fischer face of Pg(f).

The following lemma gives an important property of leaves.
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Lemma 5.1 If f € Co(T') and H is either Pg(F) or a face of Pg(F') then
the following statements are equivlent.

(1) PF(f,H) = H.

(2) A(f.H)=0.
(8) There exists a neighbourhood W of crit(f, H) such that H|w is a single
function.

A successor of H is a proper face of H and so the equivalence of (1)
and (2) is immediate. It follows from the definition of A(f, H) that (3)
implies (2). The proof that (2) implies (3) follows straightforwardly from
the definition of the sets A(f, H).

To (3) of Lemma 5.1 we add the following lemma and definition from
[12].

Lemma 5.2 Suppose that f € Co(T) and that H is a leaf for (f, Pc(f)).
If g € G and

crity (f, H) Cint{t : ng(t) > 0} forn =1 and n = —1 (5.1)
then crit(f, H) C int g~*(0).

Definition A pair (C1,C_1) of subsets of T' will be said to satisfy the leaf
condition if C7,C_; are disjoint compact subsets of T', not both empty,
such that if g € G and

C, Cint{t : ng(t) >0} forn=1and n=—1 (5.2)
then C; UC_1 C int g~1(0).

If one negates Li’s definition of regularly weakly interpolating then a
pair of finite sets satisfying the leaf condition appears. The following the-
orem is given by [12, Theorems 4.9 and 4.11].

Theorem 5.3 Let G be a finite dimensional subspace of Co(T). The fol-
lowing three conditions are equivalent.

(1) G is not regularly weakly interplating.

(2) There exists a disjoint pair (A1, A_1) of finite subsets of T such that

(nRWI)(1) (A1, A_1) satisfies the leaf condition, and
(HRWI) (2) Eu(Al U Afl) 7& E(Al @] Afl).
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(8) There exists a disjoint pair (A1, A_1) of compact subsets of T such that
the conditions (nRWI)(1) and (nRWI)(2) are satisfied.

Two of Fischer’s results, properties of the submapping Pg , are Now
stated.

Theorem 5.4 Fither all faces of Pg(f) which are leaves for (f, Pa(f))
coincide and PE(f) # 0 or there exist leaves H and H' for (f,Pa(f))
which are disjoint.

Theorem 5.5 If PL(f) # 0 for all f € Co(T) then the submapping
PE . Co(T) — P(G) of Pg is lower semi-continuous, and so, by Michael’s
Selection Theorem, there exists a continuous selection for Pg.

Perturbation theorems and arguments have been a recurrent feature of
this theory. The following theorem was proved in [11] under the assumption
that T is compact. The proof extends to the case of locally compact T'. The
development of the theorem can be traced through the papers [19, 9, 14, 20].

Theorem 5.6 If f € Co(T'), H is a successor of Pa(f) for (f, Pa(f)) and
€ > 0 then there exists f' € Co(T) such that

Q) IIf=fl<e
(i) Pe(f)=H.
The following theorem is also due to Fischer [14].

Theorem 5.7 If there exists a continuous selection for Pg then PE(f) # 0
for every f € Co(T) and Pg is the largest lower semi-continuous submap-

ping of Pg.

Proof Suppose that s : Co(T) — G is a continuous selection for Pg, that
f € Co(T) and that H is any successor of Pg(f) for (f, Pa(f)). It fol-
lows from the perturbation theorem 5.6 that s(f) € H. Consequently
s(f) € PE(f). Thus s is a submapping of PL. It follows from the corol-
lary to Michael’s Selection Theorem that if P is a lower semi-continuous
submapping of Pg then it is a submapping of Pg .

It is now time to return to properties (P3), (P4) and (P5) and to con-
sider them in the light of the preceding Fischer theory.

Property (P3) The theorem which follows is an obvious consequence of
Michael’s Selection Theorem and Thm 5.7. The consequences of the theo-
rem are the subject of Section 6.
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Theorem 5.8 The following conditions are equivalent.
(1) The subspace G has property (P3).

(2) P =Fg.

(3) Pa(f) is a leaf for (f, Pa(f)) for each f € Co(T).

Property (P4) If G has property (P4) then PL(f) # 0 for all f €
Co(T) (Thm 5.7) and, by the corollary to Michael’s Selection Theorem,
card PL(f) = 1 for all f € Co(T). Then by the perturbation theorem
it follows that G has property (P2’) and is almost Chebyshev, so that we

have a further proof, but for locally compact T', of the fact that (P4) implies
(P2).

Property (P5) The next theorem is contained in the results of Fischer
[14]. It follows immediately from Theorems 5.4, 5.5 and 5.6.

Theorem 5.9 There does not exist a continuous selection for Pg if and
only if there exists f € Co(T') such that there are disjoint leaves Hy and Ho

for (f, Pa(f)).

The theorem provides an alternative approach to the problem of char-
acterising those subspaces G for which there is a continuous selection for
Pg and an alternative solution which is more efficient than that of Li [23].
The first steps are straightforward.

Theorem 5.10 ([12]) Let G be a finite dimensional subspace of Co(T).
Suppose that f € Co(T) and that Hy and Hy are disjoint leaves for (f,Pg(f)).
If gj € relint H;, for j = 1 and 2, g = g1 — g2 and Ce, = crit,(f, He)
for e =1 and 2, and n = 1 and —1, then the pairs (C11,Ci,—1) and
(C2,1,C2,—1), together with the function g, satisfy the following conditions.
(DLC)(1) The pairs (C11,C1,-1) and (C21,Co,—1) satisfy the leaf condi-
tion.
(DLC)(2) Uy=1,-1C1,, N Cayy € int g~ 1(0).
(DLC)(3) (a) UW=17*1017T] N 02,77 Cg (0),
(b) Forn=1andn= -1,

ng(t) <0 fort e Cip\ Cay,
ng(t) >0 fort € Cop \ Cip,

(c) Forn=1andn= -1, ift € C1—, N Ca,, then g(t) =nl|g|l.
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The proof of the theorem is straightforward. The condition (DLC)(1)
is a consequence of Lemma 5.2. Condition (DLC)(2) depends upon the
definition of leaves and expresses the fact that go € Hy but that go + g &
H,. Conditions (DLC)(3) are simple consequences of the definitions of the
critical sets crit, (f, He) = crit,(f,{ge}). The definitions which follow are
central to [12].

Definition If subsets C¢, of T' and function g € G satisfy the three con-
ditions of the theorem it will be said that they satisfy the disjoint leaves
conditions (DLC)(1), (2) and (3). If such subsets and function exist then
G will be said to satisfy the disjoint leaves condition (DLC).

It follows from Thm 5.9 and Thm 5.10 that if Pz has a continuous
selection then G does not satisfy the disjoint leaves condition. The converse
is true.

Theorem 5.11 (Alternative (P5H)) There exists a continuous selec-
tion for the metric projection Pg if and only if the subspace G does not
satisfy the disjoint leaves condition.

The proof is completed by showing that if G satisfies the disjoint leaves
condition then there exists a function f € Cy(T") such that no selection for
Pg is continuous at f; the proof in [12] is a refinement of Li’s proof in [23]
that if G is not RWI then there is such a function f.

There now remains the question how one reconciles the two character-
isations of (P5). It is easily shown that G is not RWI if and only if there
are pairs (Ce1,Cc_1), € = 1,2, and function g € Cy(T") which satisfy the
disjoint leaves conditions together with the further conditions that the sets
are finite and Cy, = Cs, for n = 1,—1. Thus if G is not RWI then G
satisfies the disjoint leaves condition. A substantial part of [12] is devoted
to giving a direct proof of the converse and so of the following theorem,
which, together with Thm 5.10, provides an alternative and significantly
shorter proof of Li’s characterisation (P5H).

Theorem 5.12 A finite dimensional subspace G of Co(T') is not reqularly
weakly interpolating if and only if it satisfies the disjoint leaves condition.

6 The function s and property (P3)

The aim of this section is to use the characterisation of those G with prop-
erty (P3) obtained from Fischer’s theory (Thm 5.8) to obtain an alternative
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answer to Haar’s question applied to (P3) (Thm 6.3) and a structure the-
orem (Thm 6.6) for the mapping e : ' — G* which provides an answer to
the Mairhuber question.

First, working in the context of the mapping e : T' — G*, the conditions
(4.3) and (4.4)) are investigated.

Let e : T — F, where I is a finite dimensional linear space, be a
continuous mapping such that F(T) = F. We define a function s on the
family of linear subspaces of F.

Definition If N is a linear subspace of F' let
s(N) = card bdy e ' (N) + dim E(int e *(N)) — dim N. (6.1)

Note that, by the condition E(T) = F, s(F) = 0.
If N is a subspace of F such that N = E(e~!(NN)) then there is a natural
and useful interpretation of s(N). In this case

N = E(e"}(N)) = E(bdy e ' (N)) + E(int e }(N))
and
s(N) > dim E(bdy e *(N)) + dim E(inte ' (N)) —dim N > 0.  (6.2)

Consider a basis of N chosen in the following way. Choose t1,...,%, in
int e~ 1(V) so that e(t1),...,e(t,) is a basis of E(inte~!(V)). Then choose
tri1,...tm so that e(t1),...,e(t,) is a basis of N. Then

N = E(inte ' (N)) ® E({trs1,---tm}) (6.3)
and
s(N) = card(bdy e " (N)\ {tr41,.--tm}), (6.4)

(s is for surplus). If tebdyint e 1(N) C bdy e !(N) thent € (inte 1 (N))~
so that e(t) € E(inte !(N))~™ = E(inte~*(N)). Thus bdyinte !(N) con-
sists of surplus points and, if N = E(e™!(V)) then

s(N) > card bdy int e~ (V). (6.5)

Here we digress to give a now simple proof of a beautiful theorem of Li
concerning the case T = S': in this case (P5) implies (P4).

Theorem 6.1 (Wu Li [23]) IfG is a finite dimensional subspace of C(S?)
and there exists a continuous selection for the metric projection Pg then it
1S unique.
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Proof First note that G is a Z-space if and only if inte (M) = () for
each hyperplane M of G*, and it is easily seen that this is so if and only if
int e~1(M) = ) for each hyperplane M of G* such that M = E(e~!(M)).

Suppose that Pg has a continuous selection. Then Li’s Quasi-Haar
condition (4.5) is satisfied, that is s(M) < 1 for every hyperplane M of G*.
If M = E(e”'(M)) then, by (6.5),

card bdyinte (M) < 1

while e~!(M) is a proper closed subset of S'. However the circle has
the property that if U is a non-empty, not dense open subset of S then
cardbdy U > 2. Therefore inte=!(M) is empty. It follows that G is a Z-
space, is almost Chebyshev and the continuous selection for Pg is unique.

It will be shown (Thm 6.3) that, in the case F' = G*, the metric pro-
jection Pg is lower semi-continuous if and only if e : T' — F' stisfies the
condition

(s0) s(N) =0 whenever N C F and N = E(e”}(N)).
If N is a subspace of F' and N’ = E(e *(N)) then e !(N’) = e"!(N) and

s(N) = s(N') — (dim N — dim N') < s(N'). (6.6)

It follows, appealing to (6.2), that (s¢) is equivalent to
(s5) s(N) <0 for each linear subspace N of F.

It will follow from Thm 6.3 and (P3H) that (sf,) and (4.3) are equivalent.
It is not obvious that they are so. It can be shown that if s(M) < k € N
for each hyperplane M of F' then, for each proper linear subspace N of F
there exists a hyperplane M of F' such that

s(N) < s(M) + (dim M — dim N) (6.7)

If NC M C F and e }(M) = e 1(N) then equality holds in (6.7). In
general one can do no better than (6.7).
The following simple lemma is important for the development.

Lemma 6.2 If N is a subspace of F and N = E(e”Y(N)) then the condi-
tion
(1) s(N) =0,

1 equivalent to
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(2) (a) N=FE(bdye }(N))® E(inte”}(N)), and
(b) card bdy e }(N) = dim E(bdy e ' (N)).
Furthermore, (1) implies

(3) inte Y(N) is an open and closed subset of T.

Proof If s(N) = 0 then for any choice of t1,...,tn, as above, bdy e~ 1(NN)
has no surplus points so that {t,11,...,tm} = bdye 1(N). So (2)(a) fol-
lows by (6.3) and (2)(b) follows because e(t;+1),...,e(ty,) are linearly in-
dependent.

Now suppose that (2) is satisfied and consider a choice of ¢1, ..., t,,. By
(2)(a), (6.3) and the inclusion {t,i1,...,t,} C bdy e 1(N) it follows that

E({ty41,...,tm}) = E(bdy e }(NV))

and then by (2)(b) that {t,;1,...,tm} = bdye ' (V) so that s(N) = 0.

(1) implies (3) by (6.5).

The equivalence of the lower semi-continuity of Pg and the condition
(s0) is the target of the next theorem whose statement, as the equivalence
of six conditions, reflects the structure of the proof.

Theorem 6.3 The condition

(s0) s(N) =0 for every subspace N of G* such that N = E(e~}(N)),

1s equivalent to each of the five conditions:

(1) Pg is lower semicontinuous;

(2) PG = FPa;

(8) Pa(f) is a leaf for (f, Pg) for each f € Co(T);

(4) If (C1,C_1) is a critical pair then E*(C1UC_1) = E(C1 UC_y);

(5) If (C1,C_1) is a critical pair then e~ *(E(C1 U C_1)) is an open and
closed subset of T'.

Proof The theorem will follow from the implications
(1) & (2) = 3)=(4) = (s0) = (5) = (4) = (3).

The equivalence of (1), (2) and (3) is Thm 5.8.

(3) implies (4). Suppose that condition (3) is satisfied. Then by the
equivalence of (3) and (2), and Thm 5.5, there exists a continuous selection
for Pg and, by Li’s characterisation (P3H), G is (RWI). If (C1,C_;) is a
critical pair then, by Lemma 5.2, (Cy,C_1) satisfies the leaf condition. So
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by Thm 5.3 ((1)=-(3)) (C1,C_1) does not satisfy the condition (nRWT)(2’)
of that theorem, which means that (4) is satisfied.
The proof that (4) implies (sg) requires a proposition.

Proposition 6.4 If (A1,A_1) is a disjoint pair of finite sets, not both

empty, and
> alte(t) =0 (6.8)

n=1,-1tcA,

for some coefficients a(t), positive for each t € A1 U A_q, then there exists
a critical pair (C1,C_1) such that A, C C, C e Y(E(A1 UA_y)) forn=1
and —1.

Proof Theset K ={ge€ G:g(A1UA_1) = {0} and ||g|]| < 1} is a compact
subset of G. (The set K contains the zero function 0 and possibly K = {0}.)
Let ¢g*(t) = sup{g(t) : g € K}. Then g* € Cp(T) and 0 < g < 1. Ift €T
then ¢g*(¢t) = 0 if and only if g(¢t) = 0 for all g € K, from which it follows
that (g%)71(0) = e 1 (E(A1 U A_y)).

Let Vi and V_; be disjoint compact neighbourhoods of A; and A_;
respectively, such that ¢*(t) < 1/2 for all t € V;UV_;. By Tietze’s extension
theorem there exists ¢ € Cy(T') such that ||¢|| = 1 and ¢(t) = 1 for t €
V1 UV_1, and there exists a continuous 6 : T' — [0, 1] such that, for n = 1
and —1, 0(t) = (1 +n)/2 for t € V. Let

f=000-g)+1-0)(-1+g%) =—-(1-20)0(1—-g").

Then f € Co(T), ||f|| <1 and nf(t) =1fort € A, and n=1 and —1.
Suppose that g € G and ||f — g|| < 1. Then

ft) =1<g(t) <14 f(t)
forall t € T and, for n =1 and —1,
ng(t) >0 for t € A,.

Then, by (6.8),

> altng(t) =o.

n=1,—1tcA,

All the summands are non-negative so that all are zero and ¢(t) = 0 for
all t € Ay U A_;. It follows that || f — g|| = 1. However ||f — 0] = 1 so
d(f,G) =1and 0 € Pg(f).
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Now, if g € Pg(f) then || f — g|| = 1 and, for t € A,, where n =1 or

1, (£ = 9)(t) = (1) = . Thus A, C crity (. Po( ) € ctiy(£, (0}) = {t:
f( ) =n} C(9")" (O) “I(E (A1 UA_ )) The proof of the proposition
is complete.

Now suppose that (4) is satisfied.

If (Cy,C_1) is a critical pair then, by (4), there is a neighbourhood
V of C1 UC_4 such that E(V) = E(C;UC_1) and so C;UC_; CV C
6_1(E(A1 U Afl)) and C; UC_y Cint 6_1(E(A1 U Afl)).

Now suppose that N is a subspace of G* such that N = E(e *(N)). It
will be shown that conditions (2)(a) and (2)(b) of Lemma 6.2 are satisfied.
If either of them are not satisfied then there exist points 71, ..., 7. of e 1 (N)

and a relation
-
Z aie(Ti) =0
i=1

in which the coefficients «; are non-zero and {ry,..., 7.} Nbdy e 1(N) # 0.
This relation can be rewritten in the form (6.8) with positive coefficients
and

ATUA_, = {Tl, e Tr} ¢ int 6_1(N).

By the proposition there exists a critical pair (Ci,C_1) where A, C C,, for
n=1and —1, and

cCituC_; C 6_1(E(A1 U A_l)) - 6_1(N)
and so, by the first paragraph of this proof,
AJUA_ 1 CCiUC_1 Cint G_I(E(Al U Afl)) C int B_I(N)

which is a contradiction. This proves that (sg) is satisfied.

(so) implies (5). Suppose that (sg) is satisfied and that (Cy,C_) is a
critical pair for f € Cy(T) \ G. It may be supposed that 0 € relint Pg(f)
so that crit,(f, Po(f)) = crit, (f,{0}), for n =1 and —1. Let N = E(Cy U
C_1),50 CUC_; C e }(N)and N = E(e"!}(N)). Then, by (sg) and
Lemma 6.2 conditions (2)(a) and (b) of the lemma are satisfied. It will
be shown that N = E(e~!(V)) from which it will follow that all points of
bdy e~!(N) are surplus, so that, by (sq), bdye *(N) = () and (5) will be
proved.

Suppose not, that

N = E(bdye }(N)) @ E(inte  (N))
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and that E(bdy e !(N)) # {0}. The latter condition implies that
(CLUC_1)Nbdye L (N) #0

for, if not then C1UC_1 C inte !(N)and N = E(C1UC_1) = E(inte~}(N)).
Then
N* = E(bdy e (N))* @ E(int e *(N))*)

and there is a surjection
G— G=G"— N*
It follows that there exists a g € GG such that

g(t) = Oforalltcinte ' (N))
g(t) = f(t) for all t € bdye *(N))

(by (2)(b) the images of the points of bdy e™!(N) form a basis of E(bdy
e Y(N))). Now inte (NN)) is an open and closed subset of T and T =
(inte 1 (N))U (T \ int e~1(N)). Tt will be shown that if § > 0 is small then

0g € Ps(f). But, if t € (C; UC_1) Nbdye 1 (N) # 0 then |(f — 09)(t)| <
|f(t)] = || f|| which is a contradiction.

If t € inte™'(N) then |(f — 0g)(t)] = [f(t)| = IIf]l = d(f.G). Ift ¢
int e =1 (V) then either ¢t € (C; UC_1) Nbdye }(N) and |f(t)| = || f|| # 0,
or |[f(t)| < |If|l- Now g(t) = f(t) for all t € bdy e !(N) and so g(t)f(t) > 0
for all ¢ in some neighbourhood W of (C; U C_1) N bdye '(N). Now
sup{|f(t)] : t € (T \'inte Y (N))\ W} < |If|l. Tt follows that if & > 0 is
small then |(f — 0g)(t)| < ||f|| for all t € T\ inte~1(IN). This proves that
IIf —0g|l < ||f|| and 8g € Pg(f). This completes the proof that (sgp) implies
(5).

(5)= (4 ) (3). Suppose that (5) is satisfied and consider f € Cy(T).
Let C), = crit,(f, Pa(f)) for n =1 and —1. Let W be the open and closed
set e }(E(C1 UC_1)). However C; UC_; C W and so E%(C; UC_y) C
E(W) C E(C1UC_1) and the inclusions are equalities. This proves (4). If
(4) is satisfied then

E(W) = Eu<01 U C_l) = E(Cl U C_l)

for some open neighbourhood W of C; UC_;. If g € Pg(f) — P(f) then
gloyuo_, = 0 and it follows that gl = 0. Then A(f, Pe(f)) = 0 and
Pq(f) is a leaf for (f, Pa(f)) by Lemma 5.1. This proves (3) and the proof
of the theorem is complete.
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The final result is a structure theorem for a mapping e : T'— F' (as be-
fore, continuous and such that E(T") = F') which satisfies condition (s¢) and
so also for T" and subspaces G of Cy(T') which have a lower semi-continuous
metric projection. The theorem is a straightforward consequence of the
following lemma. In the statement of the lemma e : T' — F' is replaced
by e . 7O 5 F,. A quotient mapping which arises will be denoted
m : Fo — Fy/Fy.

Lemma 6.5 Suppose that (9 : T(O) — Fy satisfies the condition (sy) and
that E(W) # Fy for some non-empty open subset W of T. Then there exists
a subspace Fy # Fy of Fy such that T = e Y (F) and Ty = 7 \T(l) are
open and closed subsets of 7O, E(T(l)) = F1 and the mappings

€1 = 7T1€‘T1 : T1 — F() — Fg/Fl (69)
and
e =elpw : TW — By (6.10)
have the properties
(a) inte; (N) = 0 whenever N is a proper subspace of Fy/Fy,
(b) ey : Th — Fy/F satisfies the Haar condition, and
(c) eV : T — Fy satisfies the condition (s).

Comwersely, if Fi, Ty, TV, e; and EV are related as in the preceding
statement, have the properties (b) and (c) and, further,

Fy=E(T) @ B(TW), (6.11)
then e : TO) — Fy satisfies the condition (sg).

Proof For the duration of the proof the subscript and superscript in e(® :
T© — Fy will be suppressed.

Suppose that e : T — F satisfies (sg) and that inte }(N) # ( for
some N C F such that N = E(e”}(N)) # F, and so inte }(N) # T
and E(inte !(N) # F. Choose a non-empty open subset W of T such
that dim E(W) is maximal subject to the condition E(W) # F and let
F = E(W).

Now W C inte !(F}) and

Fy=E(W)C E(inte ' (F) C P #F

so that Fy = E(inte ! (F})) = E(e ! (F})). Now, by (s0), s(F1) = 0 and so
card bdy e !(F}) = 0 and the subset e~!(F}) of T is both closed and open.
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Next (a) will be established; it is a consequence of the maximality prop-
erty of dim Fy. Suppose that N C F/F, and N = FE,(e; '(N)) # F/F}.
Let N' =7, (N) D Fy. Then N’ # F and

e YN =er{(N)uTW, (6.12)
It follows that

E(e”Y(N')) = E(e7'(N)) + Fy
= (mB(er |(N)) = 7y (Bey (e (V) = N, (6.13)

Now
inte ' (N') = T Uint e 1 (N)

and
E(inte '(N")) = Fy + E(inte; '(N)). (6.14)

By the maximal property of dim F} it follows that E(inte;*(N)) C Fy and
inte; {(N) € TM, so that int e '(N) = §. This proves (a)

Now by (a), (6.12), condition (sg) for e : T — F applied to N’, and
(6.14),

carde; ' (N) = cardbdy e; ' (N) = card bdy e (N”)
= dim N’ — dim E(int e *(N")) = dim N’ — dim F} = dim N.

This proves (b).

The condition (c), that is (sg) for e)) : T() — F| | is inherited from the
condition (sg) for e: T — F.

Given (6.11), (b) and (c), the mappings e1; 77 — E(Th) = F/F; and
e . 7 - B(TMW) = Fy both satisfy the condition (sg) and it follows
that e : T'— F does so also.

The following structure theorem is now a straightforward consequence
of the lemma. In the statement 7; denotes the quotient mapping F;_1 —
F j—1 / F g

Theorem 6.6 If Pg is lower semi-continuous then there exist r > 1, dis-
joint non-empty open and closed subspaces 11, ..., T, of T and subspaces
F=Fy2>DF 2...20F_1 DF,={0} of F =G* such that

() T=T,U...UT,,
(ﬁ) F}'ZE(T}'.,.IU.HUTT);AFJ'_l forj=1,...7r, and
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() the mappings
ej:7rj6|Tj:fZ}—>Fj,1—>Fj,1/Fj, jZl,...,’I“,

all satisfy the Haar condition and int e{l(N) = () whenever N is a
proper subspace of Fj_1/Fj.

Conversely, if there exist such r > 1, Ty,..., T, and Fy,...,F._1 and,
further,

(0) F = B(Ty),

then Pg is lower semi-continuous.

Proof By Theorem 6.3 the lower semi-continuity of P; means that e : T —
G* satisfies the condition (so).

Note that if e : T — F satisfies (sp) and inte '(N) = @ whenever
N = E(e!(N)) # F then for each such N

carde ! (N) = card bdy e }(N) = dim N,

so that the Haar condition is satisfied. Thus either there exists a non-empty
open subset W of T such that E(WW) # F or there does not and the Haar
condition is satisfied.

Now repeated application of the lemma to e : T — Fy = G*, e :
TM — Fy, ..., in turn, must terminate with an =9 . 701 —
satisfying the condition (7). Let 7, = T"~1. This proves the existence
of elements satisfying («), (3) and (y). The final part of the theorem now
follows directly from the lemma.

The theorem has some obvious consequences. The condition s({0}) =0
implies that e1(0) is an open and closed subset of T. If e~1(0) # 0
then necessarily F,_; = {0} and 7, = e 1(0). In this case 7, may be
any locally compact Hausdorff space. If 1 < j < r—1or j = r and
dim F,._1 > 1 then T} is a o-compact locally compact Hausdorff space. If
1 < j <r and Tj contains an isolated point then, by (), dim Fj_;/F; < 1.
If dim Fj_; /F; > 1 then, by Mairhuber’s theorem T} is homeomorphic to a
subset of the circle S'. The theorem provides an answer to the Mairhuber
question applied to the property (P3). It falls short (perhaps by not much)
of being a characterisation of those G for which Pg is lower semi-continuous.
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1 Introduction

By now it is a well-known fact that (nice) Feller semigroups on C (R") are
generated by pseudo-differential operators with negative definite symbols,
compare Ph. Courrége [3] to whom this result is due, see also [8] and the
references given therein. A natural question is of course the converse:
Given

—q(x, Dyu(z) = —(2m)~ / ¢ q(z, £)a(€) de, (11)

where ¢ : R™ x R™ — C is a continuous function such that £ — q(z,§) is
negative definite, i.e. & — e ™€) is for all ¢ > 0 positive definite. When

does —q(z, D) extend to a generator of a Feller semigroup, hence a Feller
process?

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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In [8] several results in this direction have been surveyed, for details
we refer to [7], but not without mentioning the important contribution
of W. Hoh [4] and [5]. For diffusions J.P. Roth in [11] suggested a further
method to construct for a symbol with variable coefficients the semigroup by
carefully handling the family of semigroups (and their generators) obtained
when freezing the coefficients. This procedure we will call Roth’s method.
For pseudo-differential operators E. Popescu [10] has taken up this idea,
but in the end he failed to obtain the necessary uniform bounds to get the
limiting semigroup.

In this note we will use Roth’s method to construct for bounded sym-
bols, which are C?-functions with respect to the co-variable, the corre-
sponding Feller semigroups. Some of our work relies on ideas of E. Popescu
[10], especially the use of a theorem due to P.R. Chernoff [2], see Theorem
2.5.

A word is in order on the main result, Theorem 2.6 and its corollary. Under
our conditions it is possible to deduce the existence of the Feller semigroups
by simpler means: —q(z, D) is a bounded operator! Hence e 1(=.D) ig well
defined and from Courrege’s result it follows that (e_t‘Z(l”D )) >0 must be a
Feller semigroup. Of course the Chernoff approximation is new and might
be of interest when studying path properties of the corresponding process by
using the symbol, compare for this the central contribution of R. Schilling
[12] and [13].

But our main purpose is to make Roth’s method work with the aim to get
insight how to extend or how to use the result for unbounded symbols. In
this respect it is noteworthy that the Yosida approximation of any symbol
is a bounded one.

2 Constructing the Feller semigroup

Let g : R"xR™ — R be a bounded continuous function such that £ — ¢(z, €)
is negative definite for every x € R™. In addition we assume further that
€ q(z,€) € C*(R"™) and it holds

10¢'q(,§)| < Ca for « € NI, |a| < 2. (2.1)

Note that for a negative definite function 1 € C?(R™) we have always
1

0%¢(§)] < Ca(1+¢2(8)) for |a] = 1, and [0*P(S)] < Cq for |o| = 2.

Thus in (2.1) the main condition is that & ~— ¢(z,&) is C? and C, is

independent of, hence uniformly in, . From Chr. Berg and G. Forst [1],
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Proposition 7.13 we know that for xyp € R™ there exists m(xo) > 0 such
that £ — m(xo) — q(xo, §) is positive definite. Hence by Bochner’s theorem
there exists a bounded measure 1™ € MY (R™) such that

v* () = m(xo) — q(20,§)- (2.2)

We assume that m(xg) and therefore also the total mass of ©*° is uniformly
bounded with respect to zg, i.e.

Im(z0)| < K and ||| < (27)2K. (2.3)

For zyp € R" fixed we may associate with £ — ¢(xo, &) a convolution semi-
20

group (uf)>0, fir®(€) = (2r)"2e (04 and hence a Feller semigroup
(V;"°)=0, where

Viou(z) = / e~ ) (dy) v € Cno(RY) (2.4)

On S(R™) we find for the generator A of (V;"°);>0, compare [6], Example
41.12,

Au(z) = —q(zo, Dyu(x) = —(2m) " / e q(ao, FE)AE. (25)

n

Using (2.2) we find further for u € S(R™) that

~ glao, Dula) = —(2n) ¢ [ e Sqan, )a(6) d€

/n it (m(z0) — ql0, £))a(€)dE — (2m) "2 /n e Sm(zo)u(€)de
[t = (@) — mian)u(o)

0|3

— (2m)

|3

= (2m)”
Hence we have on Co(R™) the representation

~a(eo, Dyu(e) = (2m) [ ule 9 (dy) ~ maou(a), (260
and A is a bounded operator (as expected). We will write in the following
—q(x0, D) for the righthand side in (2.6), but note that the representation
(2.5) holds only (in a classical sense) for functions u such that w € L*(R"),
for example we may take the Wiener algebra, compare [6], p.87. From (2.6)
we can easily derive a bound for ¢(zg, D):

(o, DYu(x)| < (2m) 7207 (R") Julloo + m(@o) [ulloo < 2K |Julloo,
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which yields
lg(z0, D)ulloc < Collte/loo , Co = 2K. (2.7)

Next we define on S(R™) the pseudo-differential operators

Wyu(z) = (27)3 / e ta= ) G(£) de. (2.8)

n

Lemma 2.1 For u € S(R") the function Wiu belongs to Cso(R™).

Proof. Since u € S(R™) the properties of  — ¢(z, ) imply that x — Wiu(x)
is continuous. Further, in order to prove that Wiu(z) — 0 as © — oo ob-
serve that

P Wou(z) = (27) 73 / e Cetm0T(¢) de

n

= —(2m)7% [ Age)e 1 mOq(E) de
R

= —(2m)"2 / ) e Ag (e 1@ O7(¢)) de.

But from (2.1) and @ € S(R”) we deduce that Ag(e " @8)7(¢), is bounded
by an L!-function which is independent of z. Hence ||:L'|2Wtu(ac)’ < con-
stant which implies the lemma. O

Note that
Wiu(z) = Viu(x). (2.9)

For zg € R™ it follows that

Vi u(z)| = ‘/Ru(m — )" (dy)| < [lulloo, (2.10)

or

sup [V%u(z)| < [u]loo,

CBER"
implying for u € S(R")
[Witlloo = sup [Wen(a)| = sup [Viu(@)| < Julloo  (211)
r€eR”™ z€R™

From (2.11) it is clear that we may extend W; as a contraction from Co (R™)
into itself and we will denote this extension once again by W;. We need
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Lemma 2.2 Let (A1, D(A1)) and (A2, D(A3)) be linear bounded genera-
tors of strongly continuous contraction semigroups (et41);>o and (et42)
on the Banach space (X, | -||) such that D(Ay) = D(As) = X. Then

t>0

||etA1£L‘ _ etAQQjH <t sup ||A1y - AQZ/HHI’H
lyll<1

holds for allt >0 and x € X.

Lemma 2.3 Let A be a linear and bounded operator on the Banach space
(X, - ||) such that |A]| < 1. Then

Jen =iy — Ama| < v/ Az - o
foralln > 1 and for all x € X.

Lemma 2.2 is taken from E. Popescu [10] and Lemma 2.3 is taken from
A. Pazy [9]. In the proof of the following proposition we follow closely E.
Popescu [10]:

Proposition 2.4 Let q(x,§) be as above, especially assume (2.1), and con-
sider the operators (Wi, Coo(R™)) and (V;"°, Co(R™)) as introduced above.
Then it holds

lim H(Wi)mu— (W)l

m—00 7 Hoo
l—o00

—0 (2.12)

for u € Coo(R™) uniformly for t in compact intervals.

Proof. Let u € Coo(R™) and ¢ > 0. We observe that

H(Wt )mu o (W%)ZUH < m(W%—id)u

m

‘(Wi)mu—e

m

‘OO
1(W —id) H 1(W —id)
e 1

Wy —id) ul|  + H(W;)lu—e I uH
00 !

m(
+ He - .
oo
For the linear operator W; we have already shown that |[Wiulleo < ||t/ co-
Applying Lemma 2.3 to A=W+, n=m, and to A = W§,n = [, we arrive

at

o e

u| < \/EHWM—UH (2.13)
and

H(W%)lu—el(w%_id)uH gﬂwa—uH , (2.14)

o0
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respectively. Now, for zg € R™ fixed we get

t

Vg)u(x) — u(m)‘ = /om VIoq(xo, D)u(x)ds

t

< IVlHla(zo, D)ullso
t

< —Collulloo,
m

and

" t
Viu(@) - u(@)| < ;Collullc,

(2.15)

(2.16)

respectively. For this we used that (V;*°);>¢ is generated by —q(zo, D) and

we applied Lemma 4.1.14 in [6]. It follows that
t
W u(@) — u@)| = |VEu(@) - u(@)| < —Cllul
and
t
Wiu(e) — u()| < ;Cllull

with some C' > 0. Taking the supremum over x € R™ we find

t t
HWLU—UH < Olu|  and HWEU—UH < 20Jul|oe.
m 00 m l [

Using (2.13) and (2.14) we conclude

lim ‘(Wi)mu — W T

m—00

uH < lim —C’||u||oo:
oo

m—0o0

as well as

lim H(W%)lu —e

l—0o0

(W —id) H
1 hm —C U|loo = 0,
Jim -Clu

(2.17)

and both limits are uniform for ¢ in compact intervals. It remains to show

that

. m(WL —id) l(WL —id)

lim |le m u—e 1 U =0
m—00 [e’)
|—00
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holds uniformly for ¢ in compact intervals. Applying Lemma 2.2 we find

: _ ot .t
(with r = -, s =7)

W —id Wy —id
m 1
t "LL t
e m u—e

( Wr—id ( Ws—id
u = ||e T u—e s u
o0
00
Wr—id Ws—id
H t i t S
e

v —e s UH | u]] oo (2.18)
oo

< sup
lvlleo<1
W —id W. —id
m 1
v = i

m l

<t sup
llvlloo<1

vl [lulloo-

o0

In order to handle

[e.9]

we want to use the fact that (V;*°);>0, 2o € R, is a uniformly continu-
ous semigroup on Cy(R™) which follows from the fact that its generator
(—q(z0, D), Coo(R™)) is a bounded operator, compare A. Pazy [9]. Writing
for a moment V;*° = e~1(20.0) we find, compare again A. Pazy,

Ve —id| = [le"40P) —id|| < t]lq(wo, D)[|e 19D, (2.19)

and from this we derive

Ve —id Ve —id

—— (@) - (=)
l

t t
|7 [ Vgt D) as = § [ Vgt Do) ds
0 0

IN

m
t

/07;1 (V;xoq(a:o, D)v(z) — q(zo, D)v(a:)) ds

l

! /Ol (VEoq(zo, D)v(z) — q(xo, D)v(x)) ds

T
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t ;o
- T/W(VS‘”U —id)q(mo,D)U(x) ds| + / (VS“O —id)q(aco,D)v(x) ds
0
<sup (V2 id] a(eo. DYoo) + sup (V% — id] laCao. D)ollc)
oagsefi (Q)C%E'si%
< Sup. (sllg(zo, D)|[?e 20D ||y ]| o + Sup. (sllg(zo, D)| e a0 DIy [y |
X X
ogosgé o%sg

t t t t
< L CReAOlulloe + £CRe e

It follows that
. 3 2 LCO t 2 ECo
Jim ( —Cpen™v]loc + ZCOel |[vlloo ) =0 (2.20)
l—00
Now,
Vie —id Ve —id Vie —id Vi —id
v — ———v| = sup | p—v(r) - ——F—v(2)
m l 00 zeR™ m l
t t t t
< —Cgem@|v]loo + 7 CFeT 0]l oo
m
and thus
Vie —id Vi —id
lim sup v — ———uv|| =0
1500 zo€R" m 1 -
uniformly for ¢ in compact intervals. Since
We —id We —id Vi —id Vg” —id
m l m
—v(zr) — —v(r)| = —v(z) — ———v(z)
m 1 m i
we find
W+ —id We —id
lim - v — 7 v
m—0o0 - z
l—oo m l 0o
Vit —id Vi —id
< lim sup U — l, v|| =0.
[—oc0 To€R™ m l .
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Remembering (2.18) we finally get

. m(WL —id) Z(WL —id)
lim |le m “u—e T ulle
m—0o0
l—o0
W —id Wi —id
. t—" t—h
=lim|le m wu—e T wu
m—0o0
l—o0
o0
W —id W —id
: l
gt%g%o sup U~ TV [[ulloo
[500 lIvllee<1 m l 0o
W —id W —id
: i
<t sup lim ||l —"—v— v l|u]] oo
vlloo <1 ] —o00 m ! oo
=0
uniformly for ¢ in compact intervals. O

We want to combine Proposition 2.4 with a result due to P.R. Chernoff
[2], Theorem 2.5 below, in order to prove that —g(x, D) generates a Feller
semigroup.

Theorem 2.5 (P.R. Chernoff) Let (S¢)i>0 be a family of strongly con-
tinuous linear contractions on a Banach space (X, || - |) with Sy = id.
Assume that the strong derivative S{, is densely defined and suppose that

lim H(Si)mu - TtuH ~0 (2.21)

m—00

holds for all w € X. Then (T})i>0 s a strongly continuous contraction
semigroup on X and its generator A extends S|. Moreover the convergence
of (St )™ to Ty is uniform for t in compact intervals.

Theorem 2.6 Let q(x,€) satisfy the assumptions of Proposition 2.4 and
define on S(R™) the operator —q(x, D) by

— g, Dyu(x) = —(2m) / (e OE)dE. (2.22)

n

Then —q(xz, D) extends to the generator (A, Co(R™)) of a strongly contin-
uous contraction semigroup (T3)i>0 on Coo(R™).

Proof. Let (Wi, Cso(R™)) and (V;*, Coo(R™)) be defined as in (2.8) and
(2.4), respectively. In order to apply Theorem 2.5 to the family (W;)i>o
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we need to prove first that (W:)¢>0 is a family of strongly continuous lin-
ear contractions on Cy(R™) with Wy = id and that ((Wi)mu)meN con-
verges strongly to some limit Tiu, i.e. we have as strogg limit Tyu =
limmﬁoo(W%)mu. Since

Woula) i= (2m) 8 [ 6 95(¢)d = F~1(@)(x) = u(a),
it follows that Wy = id. The contraction property of W; was proved in
(2.11) and Proposition 2.4, especially (2.12), says that ((Wi)m)meN is a
strong Cauchy sequence in C(R™), i.e. for each u € Co(R™) a Cauchy

sequence is given by (W )™u) Hence for ¢ > 0 we may define on
Coo(R™) the operator

meN’
Tiu = lim (We)™u. (2.23)

Next we show that the family (W;);>0 is strongly continuous. For this we
need to check

li%l |IWiu — Wsulloo =0 (2.24)
S
and
h?tl Wi — Wsul|oo = 0. (2.25)
S

Now, for s < t and fixed x¢g € R"™ we have
IViPu = Vulleo < [[VEPIIVEsu — ullso < IVZu — ulls
and by (2.7) it follows that

sup [[V;*u — uflos < rCo[ullo,
xoER™

implying

lim sup ||[V;"°u — Viul|s = 0.
STt IOER”

Observing that

(Wiu(z) = Wu(z)| = [Vifu(z) — Viu(z)|



Jacob, Potrykus 55

we may deduce

li%l IWiu — Wsul|oo =0

proving (2.24). In order to prove (2.25) just observe that for s > t we have
Vitu — Vi = VO (VEu — )

and we may argue as above. Finally, in order to apply Theorem 2.5 we
have to show that the strong derivate W) is densely defined. For this we
are going to prove for u € S(R"™) (in fact u € Cx(R™) would be possible)
that
. [ Wiu —u
lim || ———

lim +q(x,D)u

=0 (2.26)

o0
holds which will give A = W] = —q(z, D). Since (V;*°);>0 is a uniformly
continuous semigroup, using (2.19), we get

Vit u(z) — u(x)

+ q(wo, D)u(z)

t
= ‘1 /o V¥q(zo, D)u(z) ds — q(xo, D)u(z)

_|1 t(v;’o — id)q(wo, D)u(x) ds
3

1 .
<7t(sup v ] laCeo. Dyl
roER™
0<s<t

=( sup_sllg(ao, D)%) g(zo, Dyulloc
zoER™
0<s<t
<tC3e' |ull oo,
where we used in the last step (2.7). Thus we find
Vit u(z) — u(z)
t

+ q(xo, D)u(z)| = 0. (2.27)

lim sup sup
t—0 zoER" xER™

Since

\Wt““”)t‘ ) 4 o, Dyua)

Vi — u(x)
u(z)
< 03" |ullos

+ q(z, D)u(x)
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we arrive at
. Wiu — u
lim || ——

t—0

=0

[e.9]

+ q(x, D)u

proving the theorem. O

Corollary 2.7 In the situation of Theorem 2.6 the semigroup (T})i>0 is a
Feller semigroup.

Proof. For this we have only to note that A = —¢(z, D) satisfies on Co (R™)
the positive maximum principle, compare Ph. Courrege [3], or [6]. O

Remark 2.8 Note that Theorem 2.6 gives more than an existence result.
We have also an approximation procedure: The symbol of (Tt)i>0,

o(Ty)(x, €) = e (Tte“'»@) ()

1s in general not explicitly known to us, and clearly we are interested in

Tou(z) = (27) "% / ¢ (T,) (z, €)T(E) dE,

n

compare the introduction. However the symbol of Wy is known explicitly.
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Newman-type Inequalities for
Multivariate Polynomials

Andras Kroé

Abstract. By the famous Newman Inequality for any p € span {2 :
0< A <AL << A}y z ER,

zlp'(2)] < CZ)‘jHP”[o,l]v 0<z<1.
j=0

In this paper we study various extensions of this inequality to multi-
variate setting.
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1 Introduction.

Let P? denote the set of real polynomials of d variables and total degree
at most n. Furthermore, denote by ||.||x the usual supremum norm on the
set K C RY. The classical inequalities of Markov and Bernstein give sharp
estimates for the derivatives of univariate polynomials via their supremum

norms:
on?

/ < 27 P! 1.1
19 ({05 < b a Iplljap), PE Py, (1.1)

(b—z)(x—a)

This paper is in final form and no version of it will be submitted for publication
elsewhere.

()] < IPlas, »EPy, x€(ab). (1.2)
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Newman [6] gave an elegant extension of Markov inequality (1.1) for
Miintz polynomials

M;(Ay) :=span{z™, 0 <j <n}, (1.3)

where A, :={0 < g < A\; < -+ < A\, }. According to Newman Inequality
for every p € M;(A,) and = € [0, 1]

zlp' ()] < 117X [l - (1.4)
§=0

Note that in case of integer \;’s the Markov Inequality (1.1) yields a bound
of order A2 while >0 Aj < n Ay in (1.4) is of smaller order if A, /n — oo.

Another advantage of Newman Inequality (1.4) consists in the fact that
it applies for noninteger \;’s, as well. However, it should be also noted
that (1.4) gives an estimate of the derivative p/(z) with a weight z. It is
known that this weight becomes superfluous when A\; > j, 0 < j < n, (see
2, p. 287)).

Moreover, a version of Newman Inequality holds on [a, 1] with 0 < a <
1. That is for every p € M;(A,)

1D a1y < ¢ { DA +07 | 1Pl (1.5)
j=0

with a constant ¢ > 0 depending only on and a (see [2] for details).

2 Main Results.

There are various extensions of Markov and Bernstein inequalities (1.1),
(1.2) to multivariate setting, see for instance the survey [3]. In this pa-
per we shall study possible generalizations of Newman Inequality (1.4) for
multivariate Miintz polynomials. As usual, in case of several variables the
results will depend on the geometry of the underlying set.

For A, :={\g < A1 < --- < A,} C Z! consider the corresponding space
of multivariate Miintz polynomials

My(Ay) =
=span{x* : k = (k1,...,ka) € ZL k1 + -+ kg =);,0<j <n}, x€R?.
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Given p € My(A,) and w € S9!, the unit sphere in R?, let Dyyp denote
the derivative of p in direction w, i.e., Dy (p) = (w, dp), where Op is the
gradient of p. Furthermore, let for any x € K

Dp:= sup |Dwp|=0p|
wegd-1

be the Eucledian norm of the gradient.

Let now K C R? be a compact set with nonempty interior, Int K # 0,
and 0 € Int K. We shall call K star-like if for every x € K and 0 <t < 1
we have tx € Int K. Furthermore, denote by

Tk (x) :=inf{a > 0:x/a € K}

the Minkowski functional of K centered at 0. Clearly . (x) < 1 if and only
if x € Int K, and 7}.(x) = 1 for x € Bd K, the boundary of K. Moreover,
by the above definition 7} (tx) = trj (x), t > 0.

Furthermore, if 1} € C!, denote by

w(0rk,t) = sup{|0rk(x1) — Ork(x2) : x1,%x2 € K, |x1 — xa| < t}

and wg (t) := tw(dry,t) the moduli of continuity and smoothness of 0r},
respectively. In what follows ¢ will stand for (possibly different) positive
constant depending only on K. Moreover, w}l will denote the inverse
function of wg.

THEOREM 1. Let K C RY, d > 2, be a star-like domain with
. € Ct. Then for every p € My(Ay)

n

+> A ¢ lpllx - (2.1)

J=0

|IDpllx <c§ ———=
WKl(AnZ)

Note that wy(t) = o(t) when 7% € C!, ie., 1/wi'(M\;2) = 0o(A\2). In
n
addition whenever \,/n — oo (n — 00) we also have Y A; = o(\2) and
5=0
then the estimate in (2.1) is of order o(\2), which is better that O(\2)
provided in this case by a Markov-type inequality.
Furthermore, if 7% € C? then wk(t) = O(t?), i.e.,

1 n
—— <c\ < E Aj .
WI_(I()‘T_L2) j=0 !
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Thus we obtain from (2.1) the next
Corollary. Let K C R? be star-like and % € C2. Then for every
peE Md(An>

n
IDplle <> X Ipllk - (2.2)
§=0

This corollary gives an analogue of Newman Inequality (1.4) under the
condition of C?-smoothness of the domain. The estimate (2.1) which holds
for C'-domains contains an extra term 1/wy'(\;2). Our next example
shows that the above corollary is not true, in general, for C''-domains.

Example 2. Let Ag = {m}, m € N. Then My(A¢) = H%, the set of
homogeneous polynomials of degree m. It is shown in [5] that there exists
a convex body K C R? with r% € Ct and p,, € HZ 'm € N such that

| Dpm|lx = mA/logm ||pmllx, meN.

n
Since Y \j = m, (2.2) evidently fails.
j=0

In order to verify Theorem 1 we shall need a result from [4]. It is shown
in [4] (see [4, Theorem 1, p. 237]) that whenever r% € C! then for any
p€ Pl xo€Bd K and w € S orthogonal to dri-(xg) we have

1
Deyp(x) < Co— ol (2.3)

% (n72)
where ¢y > 0 depends only on K. Estimate (2.3) improves the usual
Markov-type inequality in case when only tangential derivatives are consid-
ered. (Note that Orj.(xo) is the outer normal to K and therefore orthogo-
nality of w to Orj (x¢) means that w is a tangential direction.)

Proof of Theorem 1. Set K := {x € K : ri.(x) < 1/2}. The
continuity of r7. implies that K CInt K is compact. Therefore there exist
a ¢ > 0 such that for any xg € K the ball B(xg, §) centered at xg and radius
J is contained in K. By the Bernstein Inequality (1.2) for any univariate
polynomial ¢ of degree at most n

n
' (O)] < 5 llall—s. -

This immediately implies that for any w € S and p € My(A,,) we have

2
s PllK -

An
| Dwp(x0)| < 3 2/l B(xo,6) <
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Hence (2.1) holds in this case.
. 1
Assume now that xg € K \ K, i.e., 75(x0) > 7 For any p € My(Ay)
set q(x) := p(r} (x0)x). Clearly, ¢ € My(A,), and

X0

lallx < lplx: D (K(XO)> = o (x0) Dp(xo)

Since 7 (x0) > 1/2 and x¢/r} (x0) € Bd K we have

D D
sup p(0) <9 sup | DqllBa

peMy(r,) IPlE geMy(Ay)  lallx

This shows that without loss of generality we may assume that xg € Bd K.
Clearly any p € My(A,,) has total degree at most \,, i.e., whenever
w L Org(xo) (w € S%1) we have by (2.3)

co
Dwp(x0) < ———5~
le (An 2)

Now set g(t) := p(txq), t € R. Clearly, g € span{t’ :0 < j < n} and

Il - (2.4)

lgllo,1) < [lpllk - (2.5)

Hence setting wg := xo/|x0| € S?~! we obtain by (1.4) and (2.5)

| D p(x0)| = ,X10|<ap<><o>,><o>| -

(2.6)
1

ol

11 n n
9 W< =D Nlgloy <er > Nlplx
‘Xo‘ 0 0
j= J
where ¢1 := 11/6. Since 1} (tx) = trj (x) for every t > 0 it follows that

) = () = @ric(0), %)
Setting ¢ = 1 and recalling that 7} (x9) = 1 for xg € Bd K we have
(Orf(x0),%0) = r(x0) = 1. (2.7)
Consider now the space

Ly :={ueR:u L dri(xo)} .
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Let wj, 1 < j < d—1, be an orthonormal basis in Lq_;. By (2.7), X0 & L4—1

and hence an arbitrary w € S%! can be written as

d

w:E a;wj , aj €R .
j=1

Since wg = Xo/|xo| we have by (2.7)

(w, Ori (x0)) = ag(wa, Ori(xo)) =

ad

= @<X07ar?{(><o)>

_ Gd
x| -

In addition, for any 1 < j <d—1
(w,wj) = aj + ag{wg, w;) .
Thus by (2.8) and (2.9)
|ag| < [xo| |Ork (xo)] < M = max|x| |07k (x)| ,

| < | +lagl S1+M,  1<j<d—1.

Combining these estimates with (2.4) and (2.6) we arrive at

d
| Deop(x0)| = [(Op(x0),w)| < Y laj| |Dw;p(x0)] <
j=1

1 n
<cd — o TN ¢ el
WKl(AnQ) Jz:% ’

with some ¢ > 0 depending only on K. This completes the proof of

Theorem 1.

Theorem 1 above gives a multivariate analogue of the Newman Inequal-
ity in case when the origin is inside the domain. Now we shall consider the

more difficult case when the origin is on the boundary of the domain.

In order to obtain an analogue of (1.4) in this case we shall restrict
ourselves to convex domains. Let K C R? be a convex body with 0 € Bd K.
For a given x¢ € Int K consider the Minkowski functional of K centered

at X
X — X
ri(x) :=inf{a > 0:xo + 0

(0}

€ K}, x € R%
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Again rg(x) <1 if and only if x € K.

We shall say that K € C? if rx has continuous second partial derivatives
in R%. Moreover, K is called nonflat at 0 if there exists a ball By D K with
0 € Bd By. If Hy is the tangent plane to By at 0 denote by |x|x the
distance from x € R? to Hy.

THEOREM 2. Let K € C? be a strictly convex body in R¢ which is
nonflat at 0 € Bd K. Then for any p € Mg(Ay)

x|k Dp(x) <c> Nlpllx, x€K. (2.10)
=0

For K as in Theorem 2 and 0 < { < 1 denote K¢ := {{x:x € K}.
Lemma 1. Let K be as in Theorem 2. Then for every x € K /5

dist(x, Bd K) > c|x|k . (2.11)

Proof. Since K is nonflat at 0 € Bd K there exists a ball By D K
with 0 € Bd By. Let Hy be its tangent plane at 0. Without loss of
generality we may assume that Hy = {(0,z2,...,2q) : z; € R, 2 < j < d}.
Then |x|x = dist(x, Hy) = z; for every x = (x1,...,24) € R, We can also
assume that z; > 0 whenever (z1,...,z4) € K. Furthermore differentiating
with respect to ¢t > 0 the relation

7K (X0 +t(x — x0)) =t rx(x) ,

and setting x = (0) and ¢t = 1 yields 1 = rg(0) = (9rk(0), —xp), i.e.,
Ori(0) # 0. Moreover, using that Org(0) is the outer normal to K, and
hence to Hy, as well, we obtain that drg(0) = (=¢,0,...,0) where £ > 0
is a constant depending on K. Recalling that K C By, where By is a ball
of radius R and with tangent plane Hy at the origin, it follows that B is
centered at (R,0,...,0), ie, B={x € R?: |x|? < 2Rx;}. In particular,
since K C By

x|? <2Rz;, x€K. (2.12)

Let x € K9, i.e., rx(2x) < 1. Then we have by the Taylor Theorem

1>rg(2x) =14 (0rg(0),2x) + %(827“;((0)2)(, 2x) + o(|x[*)  (2.13)

rr(x) =1+ (0rg(0),x) + %<32TK(O)X,X> +o(|x|?) . (2.14)
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It follows from (2.13) that
(%1 (0)x,x) < —(9rg(0),%) + o(|x]?) . (2.15)

Substituting (2.15) into (2.14) yields
1
ri(x) < 14 5(0rk(0),%) + o(|x[*) -

Finally, recalling that Org (0) = (=¢,0,...,0) and using (2.12) in the above
relation we obtain that

rg(x) <1-— % x1+o(x) <1-— i &xy (2.16)

whenever x1 < J, and ¢ depending on K is chosen sufficiently small. Thus
by (2.16) for every y € Bd K

§ €l = 7 €01 1 - i) = rae(y) — 7o) < Mix— y]

where M := sup{|Ork(x)| : x € K}. Clearly, the last inequality yields
(2.11) for x € K5, 1 < 6. The smoothness and nonflatness of K yields
that Bd K N K/, = {0}, i.e., (2.11) is trivial whenever x € K9, 1 > 0.
This completes the proof of Lemma.

Proof of Theorem 2. First we consider the case when x € Ky 5.
Then by (2.11) the ball B(x,c|x|x) centered at x and of radius c|x|x is
contained in K. Using that any p € My(A,) restricted to lines is a uni-
variate polynomial of degree < A, we obtain by the Bernstein Inequality
(1.2)

|Dwp(x)| < —|pllx, wesh.
clx|k
Hence (2.10) holds whenever x € K ;.

Let now x € K \ Ky/5. Then x € Bd K¢, with some 1/2 < & < 1.

Setting g(y) := p(&oy), y € K we have

ol < ol 109601 < & oo (5 )] < 2o ()]
€o €o £o
This shows that it suffices to estimate |0g| at x/& € Bd K, i.e., without
loss of generality one can assume in this case that x € Bd K. Again, as
in the proof of Lemma 1 we shall assume that By is a ball of radius R
containing K, 0 € Bd By, Hy = {(0,22,...,24) : z; € R, 2 < j < d}
is the tangent plane to By (and hence to K, as well) at 0, and z; > 0
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whenever x € K. Then again 0rg(0) = (=¢,0,...,0) with some £ > 0,
and |x|g = z7.
We shall verify that with some ¢; > 0 depending only on K

[(Ork(x),x)| > c121, x € Bd K . (2.17)
By the Taylor Formula
1
ric(x) = 7c(0) + (Orxe(0), %) + 5 (0°ric (0)x, %) + of[x]*) .
Since rg(0) = rg(x) =1 for 0,x € Bd K we obtain

1
(0Org(0),x) = —5(827'K(O)x,x> + o(|x[?) . (2.18)
Furthermore, applying Taylor Formula for org
O (x) = Org (0) + 0%r (0)x + o(|x|) .

Combining this with (2.18) yields

(Ork (x),x) = (9K (0),x)+(0°rk (0)x, x)o(|x|*) = %<32TK(0)X,X>+O(IX|2) -

(2.19)
On the other hand by (2.18)
(0*ric(0)x,%) = —2(0rk(0),x) + o(|x[*) .
Hence applying the last realation in (2.19) yields
(Orx(x),x) = —(0rk(0),x) + o(|x|*) = Ez1 + o(|x[*) .
Using this and (2.12)
(Ork(x),x) =Ex1 +o(x1) > Ex1/2 (2.20)

whenever x € Bd K, |x| < § with some § > 0 depending only on K.
Furthermore, by nonflatness of K we have (9rg(x),x) # 0 whenever
x € Bd K \ {0}. Hence

inf{|(Ork(x),x)| :x € Bd K, |x|>d}>0.

This together with (2.20) yields (2.17). Now we shall proceed similarly to
the proof of Theorem 1. Since any p € My(A,) has total degree < A\,
whenever @ | drg(x) we have by (2.3) and rx € C?

[Dgp(x)| < co A lIpllK - (2.21)
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Clearly, with wy := x/|x| we have as in (2.6)

[ Dew,p(x)| < ¢1 Z)\ Ipllx - (2.22)
7=0

Since (Org(x),x) # 0 any w € S9! can be written as

w:E ajwj, a; €R,

where w1, ...,wq_1 is an orthonormal basis in drg(x)*. Thus by (2.17)
a cll|aq|r
(00 )| = aa(Oric () b = 2 (0. ) = A2
Hence 5
lag < XLOrEGOL ez (2.23)
C1 1 I

with some ¢z > 0 depending only on K. Since (w,w;) = aj + ag{wd,w;),
1<j<d-1, we have by (2.23)

C
laj| <14 ]ag| <1+ cafay < xi’ . (2.24)
1

Using (2.21)-(2.24) we arrive at

[ Dwp(x)| = [{0 ajl wj)| <

HM&

c n
< — Aj llpllx
Ty -
7=0
with some ¢ > 0 depending only on K. Since |x|x = x; this yields (2.10).
d
Now we shall consider the case when 0 € Bd K and K is not smooth.
We shall present a result of this type for star-like domains in ]Ri. Based
on this result one can obtain corresponding estimates for domains in Ri,
d> 2.
Let (Aj, puj) € Ri, 1 < j < mn, and set

P2 :=span{zVy" : 0 < j <n}, (z,y)cR>. (2.25)
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This is a general Miintz-type polynomial space. Note that the exponents
no longer are assumed to be integers.

Further, let K be a star-like domain in R? with Minkowski functional
r7 centered at 0. For given 0 < o < (3 denote

Dop = {(z,y) €R% : 0<ax <y< Bz},
(2.26)
Kog =K N Dqg .

Moreover, we shall say that r7, € Lip,, 1 on K,g with some M > 0 if
whenever (z1,11), (22,y2) € Kop

Tk (z1,y1) — (22, y2)| < M (|21 — 22| + |y1 — y2]) -

THEOREM 3. Let é% be given by (2.25) and assume that 5. €
Lipy 1. Then for every p € P2

n

Va2 + 42 Dp llrs < e | Dy + ) +1° | [Pk (2.27)

Jj=0

where ¢ > 0 depends only on K,z .

Note that estimate (2.27) is weaker than (2.10) in the sense that in the
sum on the right hand side of (2.27) all exponents have to be accounted for.
For instance, if (Aj, u;) = (j,n —j), 0 < j < n, i.e.,, P2 = H2 then (2.27)
yields a constant of order n?. On the other hand if K € C? then from (2.10)
we obtain an estimate of order n. (H2 = My(Ag) with A\g = n.) Our next
example shows that without proper smoothness only weaker Newman-type
inequalities similar to (2.27) can hold, in general.

Example. Let K be a triangle in R? given by K = {(z,y) € R? :
0 <z<y<1 0<z <1}, and consider the polynomial p(z,y) :=
y" Tn(z/y) € H2, where T, (t) = cosnarccos (2t — 1) is the Chebyshev
polynomial on [0, 1]. Evidently,

9

1.1)=T'(1) = 4n> .
ax(’) n(1) =4n

Pl < [Tallpa) <1,
Hence in this case inequality (2.27) can be reversed (with another constant).
Proof of Theorem 3. Let (%,7) € Kup, p € P2. Set g(t) := p(ti, t7),

0 <t <1. Then g € span{t’t# : 0 < j < n}, and

gll0,1) < 1Pl K- (2.28)
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Then we obtain by (1.4) and (2.28)
n
# g & 0) + 05 (&9)] =19 W1 <113 0+ m)llpllicss - (2:29)
j=0
Furthermore, there exists a g > 0 depending only on K,z such that
A* ::{(a:,y)eRz:OSaxgygﬂx, 0<z<ng}CKaug.

Now we shall distinguish between 2 cases.
Casel. z< %77;(. Consider the curve

~2 =2
:y::{(ait, $~t2> :aﬁtﬁﬁ} .
Y Yy

Clearly, 4 passes through (Z,7) (when ¢t = §/%) and ¥ C D,3. Moreover,
since T < ang /B it follows that

T B TR
y — By~ B

i.e., ¥ C A*. Set now

72 ang It _ang 0

_ P 7, .
g(t) :==p zt, 515 € span{t™ i . 0 < j <n}.

Since 7 C A* C K,3 we have

190lfe) < [Pl K05 (2.30)
Hence we obtain by (1.5) and (2.30) for any ¢ € [a, (]
) 2
13(t) ‘p g + op 2t r
y

n
< CZ()‘j + 29l ag < 1 | DN+ 1) + 07 ) lpllkays
§=0 §=0
where ¢ > 0 depends only on K,g. Setting t = §/Z in the above estimate
yields

Op ,. .. Op , . ..
P52 5.3) + G @20 =

ISHESY

(2.31)

n
<Ber [ DN+ ) +17 | Iplkas -
=0
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Using (2.29) and (2.31) we arrive at

?Jafy (&,9)] < (114 Ber) | YN+ ) + 12 | [pllsos »
=0

_Op ,_ . 2

w&ﬂ%w <22+ fer) [ DN+ p5) + 0 | [Pl -
=0

Since |z| > 22+ 42 / /1452 |yl > av/22 +y2 / V1 + a? whenever
(x,y) € Kqp the above estimates yield (2.27).
Case 2. T > ang/f. We may assume without loss of generality, that
/T > (a+ (3)/2. (The case 5/ < (o + [3)/2 can be treated similarly.)
For some 1 < v < 2 to be specified below consider the plane curve

r=it, y=gt’, 0<t<1, (2.32)

which connects (Z,7) to the origin. We need to decide for what values of ¢
this curve is contained in K,g. Clearly, y/x <  on this curve. In order to
show that this curve belongs to the needed angle we also need to check the

1/(v=1)
condition y/x > a. Set ¢y := (O?—fﬁ < 1, and assume that t > c¢y.
Then using that /% > (a+ )/2 we have by (2.32)
Yy _ %t”‘l > a—i_ﬁcg*l > o
r oz 2

Hence whenever ¢g < t < 1 we have a < y/z < (. In order to see
if (z,y) € K.3 we also need to check the condition 7} (x,y) < 1 which
ensures that (z,y) € K. Using that r}.(Z,9) < 1 and r}, € Lipy; 1 we have
for any (z,y) satisfying (2.32)

ric(z,y) =@ §1) = tri(z,5t77") <
<@gt (@) 1 - (L— (@ gth) < (2.33)
<SMGL =+ 1= (1=t (z,907)

Let ¢g <t < 1. Then with some constant ¢; > 0 depending only on K
Jo- N <e(y—1)(1-1), telel]. (2.34)
Moreover since & > ang /3 it follows that

ri(E g > e (2.35)
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with some ¢ > 0 depending only on K,3. Combining (2.33)-(2.35) yields
rr(@,y) <1+ Me(y—1)(1—t)—ca(l—t) =14+ (1 =t)(Mcar(y—1) —c2).

Thus setting v := min{2, 1 +c2/2Mc1} > 1 we obtain that 7} (z,y) <1 on
the curve (2.32) for t € [c, 1]. Hence with this choice of v curve (2.32) is
contained in K,z for t € [co,1]. Set now g(t) := p(&t,§t7), where p € P2.
Then by the above observation

19101y < llpllKe s - (2.36)

Moreover, g € span{t}+t7#i : 0 < j < n}. Thus using again the Newman-
type Inequality (1.5) we obtain by (2.36)

n n

9O <e | Y +7m) 407 | gl < 2¢ | DN+ 1) + 0 | Ipllx.
§=0 §=0
(2.37)
Obviously,
_Op _Op, . _
1) =z-— = .
g'(1) xax(iv,y)Jrvyay(w,y)
This and (2.37) yields
_Op, . _Op . _ .
T=—(Z,9) + 795 (%,7)| < 2c N+ ) +0° | lIpll,, - (2:38)
ox oy =

Thus with A := #32(%,7) and B := §igE(#,§) we have by (2.38) and (2.29)
A+B=C;, A+~B=0C (2.39)
with some C1, Co > 0 satisfying

n

Cil < e [ Do+ ) +02 | bl G=1.2 (2.40)
j=0

and ¢* > 0 depending only on K. Thus by (2.39) and (2.40)

n

Y+ wg) +0? | Iplk, -
j=0

2c*

‘ﬁp

1
—(x.u = B = — — <
yay(w,y)’ | B 7_1|02 1| <

(2.41)
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Using above estimate and (2.40)

Op,. . T+1, [
xax@,y)] = A< Bl +101] < Te | 00 +ms) 407 | el -

J=0

(2.42)
Using again that

|z]

CVEER ol
VT AV

whenever (z,y) € K, 3 estimates (2.41)-(2.42) yield the desired inequality
(2.27). This completes the proof of Theorem 3.
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Abstract. In this paper we consider multiple orthogonal polynomials
on the real line, defined using orthogonality conditions spread out
over r different measures. Such polynomials are generalization of the
ordinary orthogonal polynomials (case r = 1).

Using the discretized Stieltjes—Gautschi procedure, we compute re-
cursive coefficients of corresponding recurrence relation for such poly-
nomials, and also, zeros of multiple orthogonal polynomials. We con-
struct and consider the corresponding quadrature formulas of Gaus-
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Multiple orthogonal polynomials are a generalization of orthogonal poly-
nomials in the sense that they satisfy r orthogonality conditions.
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Starting with a problem that arise in the evaluation of computer graph-
ics illumination models, Borges [6] has examined the problem of numerically
evaluating a set of r definite integrals taken with respect to distinct weight
functions but related by a common integrand and interval of integration.
The nodes of an optimal set of such quadratures (quadratures of Gaussian
type) are the zeros of type II multiple orthogonal polynomials. However,
Borges has not used multiple orthogonality. In [12] Milovanovi¢ and Stanié
have presented effective numerical method for constructing type II multi-
ple orthogonal polynomials, and the corresponding Gaussian quadratures,
using discretized Stieltjes—Gautschi procedure [7].

In [13] Milovanovié¢ and Stani¢ have investigated multiple orthogonal
polynomials on the semicircle, as a generalization of orthogonal polynomials
on the semicircle, introduced by Gautschi and Milovanovi¢ [10] — complex
polynomials orthogonal with respect to the complex-valued inner products
(£, 9l =[5 f(€®)g(e®)wi(e?)do, for k = 1,2,...,r. Also, a numerical
method for constructing these polynomials and corresponding Gaussian
quadratures has presented.

In this paper we repeat some basic results on multiple orthogonal poly-
nomials, their numerical construction, and consider quadratures of Gauss—
Lobatto and Gauss—Radau type, including some numerical examples. The
paper is organized as follows. First, some basic facts about the type II mul-
tiple orthogonal polynomials are given in Section 2. In Section 3 we give
some properties of type II multiple orthogonal polynomials with nearly di-
agonal multi-indices and numerical procedure for their construction, based
on the discretized Stieltjes—Gautschi procedure. In the same section an
optimal set of quadrature formulas and the corresponding method for cal-
culating the nodes and weight coefficients of such quadratures are consid-
ered. In Section 4 we consider quadrature formulas of Gaussian type with
preassigned nodes. Specially, we consider quadratures of Gauss—Lobatto
and Gauss—Radau type. Also, some numerical examples are included.

2 Type II Multiple Orthogonal Polynomials

Let r > 1 be an integer and let wy, ws, ..., w, be r weight functions on the
real line so that the support of each w; is a subset of an interval E;. Let
i = (n1,n2,...,n,) be a vector of r nonnegative integers, which is called a
multi-index with the length |7i| = ny +ng + -+ + n,.

There are two types of multiple orthogonal polynomials:

1° Type I multiple orthogonal polynomials. Here we want to find a vector
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of polynomials (Az 1, Az 2, ..., An,) such that each Ay ; is a polynomial of
degree n; — 1 and the following orthogonality conditions hold:

> /E Ay jatwi(z)de =0, k=0,1,...,|7 - 2. (2.1)
j=17"5i

Each Ay ; has n; coefficients and the type I vector is completely determined
if we can find all the |7| unknown coefficients. The orthogonality relations
(2.1) give |7i| — 1 homogenous linear equations for these |7i| coefficients. If
the matrix of coefficients has full rank, then we can determine the type I
vector uniquely up to a multiplicative factor.

For » = 1 we have the case of ordinary orthogonal polynomials.

2° Type II multiple orthogonal polynomials. The type II multiple or-
thogonal polynomial is a monic polynomial 75 of degree |7i| such that the
following orthogonality conditions:

/ T () 2Fwy (z)de = 0, k=0,1,...,n1 — 1, (2.2)
Eq
/ T () 2Fwo(z)de = 0, k=0,1,...,n2 — 1, (2.3)
Es
/ 77 (z) Fw, (z)de = 0, k=0,1,...,n, — 1, (2.4)

are satisfied.

Again, for r = 1 we have the ordinary orthogonal polynomials.

The conditions (2.2)—(2.4) give |7i| linear equations for the |7| unknown

n

coefficients ay, 7 of the polynomial 7z () = IZ:| aj i zF, where ajmg = 1.
But the matrix of coefficients of this system ]Ea% be singular and we need
some additional conditions on the r weight functions to provide the unique-
ness of the multiple orthogonal polynomial. If the polynomial 7z (z) is
unique, then we say that 7 is a normal multi-indezx and if all multi-indices
are normal then we have a complete system.

In this paper we consider only the type II multiple orthogonal polyno-
mials. For each of the weight functions wy, £k =1,2,...,7,

(f,9) = i f(@)g(z)wi(z)de (2.5)

denotes the corresponding inner product of the functions f and g.
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Our interest is in systems of r weight functions for which all multi-
indices are normal. There are two distinct cases for which the type II
multiple orthogonal polynomials are given.

1. Angelesco systems for which the intervals F;, on which the weight
functions are supported, are disjoint, i.e., E;NE; = () for 1 <4,5 <r, i # j.

2. AT system is such that all weight functions are supported on the
same interval F and we also require that the |7i| functions

M=l (2), we(z), zwe(x), ..., 2"t

wy(x), zwy (), ..., x wa(x),

ne—1

cony we(x), zwe(x), oL 2w ()

form a Chebyshev system on E for each multi-index 7. This means that
every linear combination

Z an—l(x)wj(x)v
j=1

where @y, 1 is a polynomial of degree at most n; — 1, has at most |7 — 1
zeros on .
The following two theorems hold (for proof see [16]):
Theorem 2.1 In an Angelesco system the type I multiple orthogonal poly-
T
nomial 75z (x) factors into r polynomials ] gn;(x), where each q,, has ex-

J=1
actly n; zeros on Ej.

Theorem 2.2 In an AT system the type II multiple orthogonal polynomial
77 (x) has exactly |1i| zeros on E.

3 Type II Multiple Orthogonal Polynomials
with Nearly Diagonal Multi-index

Let n € N and write it as n = fr + v, with £ = [n/r] and 0 < v < r. The
nearly diagonal multi-index §(n) corresponding to n is given by

Sn)y=0U+1,04+1,....,0+1,0,¢,...,0).
N—_——

v times r—v times

Denote the corresponding type II multiple (monic) orthogonal polynomials
by
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Type II multiple orthogonal polynomials with nearly diagonal multi-
index satisfy the following recurrence relation of order r + 1!

T (x) = Ty (x) + Z A p—iTm—i(x), m >0, (3.1)
i=0
with initial conditions mp(x) = 1 and 7;(x) =0 for i = —1,—2,..., —7r (see
[15]).
Setting m =0,1,...,n— 1 in (3.1), we get
mo(z) mo(x) 0
T (r (T 0
7Tn_1(l’) TI'n_l(x) 1
i.e.,
ann(x) = xpn($) - 7Tn(x)env (32)
where
pn(z) = [mo(z) m(z) ... ma(@)]’,  en=[00...0 1],

and H, is the following lower (banded) Hessenberg matrix? of order n

Oé(),r 1
Qrr—1 a1y 1
H — Ar.0 ot Opp—1 Qp 1
=
Qry10 0 Qpplr—1 Oyl 1

Anp—20 T Up—2r—-1 OQn-—2r 1

On—1,0 to On—1,r—1 an—l,r_

Tt is known that ordinary orthogonal polynomials on the real line always satisfy a
three-term recurrence relation.
2This kind of matrix was obtained also in construction of orthogonal polynomials on

the radial rays in the complex plane (see [11]).
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Let &, = 5,(,n) (v =1,...,n) be zeros of m,(z). Then (3.2) reduces to
the eigenvalue problem

Sl/pn(gu) = ann (gu)

Thus, &, are eigenvalues of the matrix H,, and p,(&,) are the corresponding
eigenvectors.

For computing zeros of m,(z) as the eigenvalues of the matrix H,, we
use the EISPACK routine COMQR [3, pp. 277-284]. Notice that this
routine needs an upper Hessenberg matrix, i.e., H!. Also, the MATLAB or
MATHEMATICA can be used.

Our aim here is to compute the recurrence coefficients in (3.1), i.e.,
the elements of the Hessenberg matrix H,. Only for the simplest case of
multiple orthogonality, i.e., when r = 2, for some classical weight functions
(Jacobi, Laguerre, Hermite) one can find explicit formulas for the recur-
rence coefficients (see [14], [16]). In [12] the elements of H,, for arbitrary r
have been calculated numerically, using the discretized Stieltjes—Gautschi
procedure [7].

At first, we express the elements of H, in terms of the inner products
(2.5), and then we use the corresponding Gaussian formulas to discretize
these inner products. Of course, we suppose that the type II multiple
orthogonal polynomials exist with respect to the inner products (-, - )g,
k=1,2,...,r, given by (2.5).

Taking that for inner products (-, - )j4mr = (-, -); (m € Z), the fol-
lowing result holds:

Theorem 3.1 The type II multiple monic orthogonal polynomials {my,},
with nearly diagonal multi-index, satisfy the recurrence relation

r—1
Tnt1(x) = (& — an )T (z) — Zan,kﬂ'n—r—i-k(x), n >0, (3.3)
k=0

where
(@70, T(n-r)/r1) 41

Qn o =
(Tn—rs T(n—r) r]) i1

and

k-1
Ty — On i Tn—r+i, 71-[(7L7"+lc)/7"])
v+k+1

1=0

An k= , k=1,2,...)r

(7Tn—r+k7 ﬂ[(n—r+k)/r])y+k+1
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Here, we put n = br + v, where £ = [n/r] and v € {0,1,...,r — 1} ([t] is
integer part of t).

Proof of the previous theorem one can find in [12].

We use alternatively recurrence relation and given formulas for coeffi-
cients. Knowing my we compute aq,, then knowing ag, we compute 1,
and then again a1, and aq,_1, etc. Continuing in this manner, we can
generate as many polynomials, and therefore as many of the recurrence
coefficients as are desired.

All of the necessary inner products can be computed exactly, except for
rounding errors, by using the Gauss—Christoffel quadrature formulas with
respect to the corresponding weight function w;, i =1,2,...r.

3.1 Optimal Set of Quadratures

Denote with W = {wy,wa,...,w,} an AT system.

Following [6, Definition 3] we introduced the following definition (see

[12]):

Definition 3.2 Let W be an AT system (the weight functions w;, i =
1,2,...,r are supported on the interval E ), T = (n1,na,...,n,) be a multi-
indez, and n = |1i|. A set of quadrature formulas of the form:

/Ef(x) Wi (x)de =Y Amif(x), m=1,2,...r (3.4)
=1

will be called an optimal set (quadratures of Gaussian type) with respect to
(W, 1) if and only if the weight coefficients, Ap, ;, and the nodes, x;, satisfy
the following equations:

Z Api = / Wy (x)dx
i=1 E

Z Ap iz = / x Wi (z)dx
i=1 E

(3.5)

n
I e
i=1 E

form=1,2,...,r.
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For these optimal set of quadratures the next generalization of funda-
mental theorem of Gauss—Christoffel quadrature formulas holds (see [12]):

Theorem 3.3 Let W be an AT system, i = (ni,n2,...,n.), n = |fi.
Consider the quadrature formulas:

/E F (@) wm(@)de = 3 A f(22) (3.6)
=1

where m =1,2,...,7.
These formulas form an optimal set with respect to (W, i) if and only
if:
1° They are exact for all polynomials of degree < n — 1.
n
2° The polynomial q(x) = [ (x — x;) is the type II multiple orthogonal
i=1
polynomial gz with respect to W.

For the case of the nearly diagonal multi-indices §(n) the nodes z;,
i=1,2,...,n, of the Gaussian type quadrature formulas can be computed
as eigenvalues of the corresponding banded Hessenberg matrix H,.

The weight coefficients A,,; can be computed by requiring that each
rule correctly generate the first n modified moments. Denote by V,, =
[pn(acl) pn(z2) ... pn(:nn)] the matrix of the eigenvectors of matrix H,,
each normalized so that the first component is equal to 1. Then, the weight
coefficients A,,; can be found by solving

Am,l MSEm;
Am,Z *(m

Vn‘ . = Ml, s m:172’ Ty (37)
Apn MZ(_W;)

u;‘(m)_/m(x)wm(gj)dx, m=1,2,...,r, i=0,1,...,n—1,
E

are modified moments and m; = 7).

All of the modified moments can be computed exactly, except for round-
ing errors, by using the Gauss—Christoffel quadrature formulas with respect
to the corresponding weight function w,,, m =1,2,...r.
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4 Quadrature Formulae of Gaussian Type
with Preassigned Nodes

Let W = {w;,wa,...,w,} be an AT system.

Following Definition 3.2 and ordinary quadrature formulas of Gaussian
type with preassigned abscissas (see for example [1, Subsection 2.2.1]) we
introduce the following definition:

Definition 4.1 Let W be an AT system (the weight functions w;, i =
1,2,...,r are supported on the interval E), i = (n1,ne,...,n,) be a multi-
index, n = |fi|. A set of quadrature formulas of the form:

k n
/Ef(x)wm(x) 2> i f @)+ Y Amif (), m=1,2,.r, (41)
=1 =1

where the nodes y; € E, 1 =1,2,...,k are fized and prescribed in advance,
will be called an optimal set with preassigned nodes {yi}le with respect to
(W, 1T) if and only if the weight coefficients, am i, Am i, and the nodes, x;,
satisfy the following equations:

k n

2 am,i + 21 A = [wn(z)de
1= 1= B

k n

i Vi + Y Amyi T = [zwpy(z)ds

i=1 i=1 B

k n

32 iy T 4 3D AT = [t (1) da
i=1 =1 E

(4.2)
form=1,2,...,r.

For a set of preassigned nodes {y; }¥_, we introduce s(z) as a polynomial
of degree k, with zeros at y;, 1 =1,2,...,k.
Denote

W = {0y, @a,..., 0}, Gm(®)=s@)wn(x), m=1,2,....r. (4.3)
Theorem 4.2 Let W be an AT system, i = (ni,n2,...,n,), n = |l
Suppose that for preassigned nodes, {yi}le, W is also AT system. The set

of quadrature formulas (4.1) form the optimal set with preassigned nodes
{y:}F_, with respect to (W, #) if and only if:
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1° They are exact for all polynomials of degree <n +k — 1.
n
2° The polynomial q(z) = [ (x — x;) is the type II multiple orthogonal
i=1
polynomial 5z with respect to W.

Proof. Suppose first that the quadrature formulas (4.1) form the optimal
set with preassigned nodes {y;}%_, with respect to (W, 7).

In order to prove 1° we note that for each m = 1,2,...,r, the corre-
sponding quadrature formula (4.1) is exact for all polynomials of degree
<n+4ny, +k—1 and then it is exact for those of degree < n + k — 1.

To prove 2°, for m = 1,2,...r, assume that p,,(x) is a polynomial
of degree < n,, — 1. Then the polynomial ¢(z)p,(z)s(x) has degree <
n—+ny, +k — 1. Since the corresponding quadrature formula is exact for all
such polynomials, it follows that

k
[ 4@ s(@ym(@)de =3 amsalupn(u)s(w)
) o (4.4)
+ Z A iq(2i)pm (i) s ().
i=1
Since s(y;) =0 for i =1,2,...,k and ¢(x;) =0 for i = 1,2,...,n, the both
sums on the right hand side in (4.4) are identically zero. Thus, we have

/ q(x)pm(z) s(x)wp(z)de =0, m=0,1,...,r
E

and 2° follows.

Suppose now that for quadrature formulas (4.1) 1° and 2° hold.

Form =1,2,...,r, let t;,(x) be a polynomial of degree < n+n,,+k—1.
We can write t,,(z) = um(z) - q(z)s(x) +v(z), where u,,(x) is a polynomial
of degree < n,, — 1 and v(z) is a polynomial of degree < n + k — 1. It is
easy to see that

Then, we obtain

/E ton(2) Wi (2)dz =
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According to 2° we have [, ¢(@)um(x) s(x)wm(z)dz = 0 and therefore we
obtain

/E tin(2) Wi () dz = / (@) wi(z)da .

E

Since v(x) is a polynomial of degree < n + k — 1, it follows from 1° that

k n
[ o) @) =3 i) + Y- Ano(a
E i=1 i=1

and hence using (4.5) we obtain
k n
[ @) wn()dz = 3 amiv(w) + 3 Aniv(a)
B i=1 i=1

k n
= Z am,itm(yi) + Z Am,ztm(xz)
=1 =1

This proves that for each m = 1,2,...,r, the corresponding quadrature
formula is exact for all polynomials of degree < n + n,, + k — 1. O

According to Theorem 4.2, the nodes x;, i = 1,2,...,n, of the optimal
set of quadrature formulas (4.1) are the zeros of the type II multiple or-
thogonal polynomial 75 with respect to the AT system W. For computing
these zeros in the case of nearly diagonal multi-index we use the discretized
Stieltjes—Gautschi procedure (see [12, 13]). When we find the nodes, then
form =1,2,...,r we can choose the weight coefficients a,, ;,7 =1,2,...,k
and A4, i = 1,2,...,n, so that they satisfy the following Vandermonde
system of equations

Gm,1
: uy™

Am,k Mgm)

V(yla"wykal‘la'--a-rn) Am71 = . , m=1,2,....7,
m, .
: (m)
: Fopyk—1
L. Amn -
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are moments which can be computed exactly, except for rounding errors,
by using the Gauss—Christoffel quadrature formulas with respect to the
corresponding weight function wy,, m =1,2,...7.

Each of Vandermonde systems (4.6) has unique solution if all of pre-
assigned nodes are distinct from the zeros of type II multiple orthogonal
polynomial 75z with respect to W. This is always satisfied in cases when
the preassigned nodes are at the end points of the interval E.

4.1 Quadrature Formulae of Gauss—Radau
and Gauss—Lobatto Type

a) Jacobi weight functions

In the case of Gauss—Radau type quadratures we have only one pre-
assigned node, y; = —1, so that s(z) =  + 1. For each AT system W
consisting of Jacobi weight functions [12]

Wy (z) = (1 —2)*(1+x)%, m=1,2,...r
a,fBm > -1, m=1,2,...,r; B; — B; ¢ Z whenever i # j, we have
Wp(z) = (1 —2)*(1+ )Pt m=1,2,...,r

and corresponding set W is also AT system. The Vandermonde system (4.6)
(for n + 1 unknown weights) has a unique solution for each m =1,2,...,r.

In Table 1 the nodes and weights for quadrature formulas of Gauss—
Radau type with respect to an AT system of Jacobi weights and nearly
diagonal multi-index are given. Numbers in parentheses denote decimal
exponents.

In the case of Gauss—Lobatto type quadratures we have two preassigned
nodes, y; = —1 and y2 = 1; s(x) = 1 — 22, and for AT system W of Jacobi
weight functions set W with elements

W (z) = (1 — ) A+ )Pt m=1,2,...r

is again AT system and Vandermonde system (4.6) (for n + 2 unknown
weights) also has unique solution for each m =1,2,... 7.

In Table 2 the nodes and weights for quadrature formulas of Gauss—
Lobatto type with respect to an AT system of Jacobi weights and nearly
diagonal multi-index are given.

b) Laguerre weight functions
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Table 2: Quadrature formulas of Gauss—Lobato type, r = 2, o = —1/4,
ﬂl = 1, ﬁg = —1/2, n =18

Yi, T a1, A as;, Ao

—1. —5.427654059531051 6.278044907035962
1. 5.253978709241791 1.857561986737788

=) —2)
(<2) (<2)
—9.940683226494066(—1) 6.258461212382826(—5) 1.366066177674554(—1)
—9.973295322435293( 1) 6.724998794425119(—4) 1.541068169804305(—1)
—9.330999859656411( 1) 2.894341625676589( ) 1.672669872578609( 1)
—8.706256860528897(—1) 8.198883072026320(—3) 1.761905550567668(—1)
—7.847743707278070(—1) 1.815730482233846(—2) 1.818487840801168(—1)
—6.759923125940263(—1) 3.409994333062372(—2) 1.848930926177310(—1)
—5.460968834029435( 1) 5.679958534303609( ) 1.857378515147516( 1)
—3.981042546631459( 1) 8.622406731661059(—2) 1.846488449675086(—1)
—2.360418319851534(—1) 1.213912667316848(—1) 1.817954776087856(—1)

10 —6.474035626481439(—2) 1.603454558780371(—1) 1.772794371553346(—1)
(-1) (-1) (-1)

(-1) (-1) (-1)

(-1) (-1) (-1)

(-1) (-1) (-1)

(-1) (-1) (-1)

(-1) (-1) (-1)

(-1) (-1) (-2)

(-1) (-1) (-2)

0O ~J O UL i W N N

Nej

11 1.103930065314497
12 2.836154392458143
13 4.490957313876524
14 6.011595130523827
15 7.345236460917255
16 8.445112388464046
17 9.272392748240476
18 9.797689999534666

2.002575860755584
2.376344935881942
2.686044097870690
2.892279000156788
2.957584275197416
2.847195061026688
2.524575707052816
1.926868609416974

1.711488163863528
1.634018925424208
1.539811371776487
1.427539994158158
1.294692974446239
1.136567577648302
9.435935045249755
6.917199832716925

7
2
)
—4
3
3
2
2
2
2
1
1
1
1
1
1
1
1
1
1

For Laguerre weights we can construct Gauss—Radau type quadratures.
The preassigned node is y; = 0, and for each AT system of generalized
Laguerre weight functions [12]

Wy (x) =2°me™, m=1,2,...,r

sm>—1,m=1,2,...,r; s, — sj ¢ Z whenever i # j, set W with weights

~ sm+1e—w

W (x) = o , m=1,2,...,r

is also AT system.
The Vandermonde system (4.6) (for n+1 unknown weights) has a unique
solution for each m =1,2,... 7.
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Markov Inequality and Green Functions

Ferenc Tookos and Vilmos Totik

Dedicated to Giuseppe Mastroianni on his 65th birthday

Abstract. A characterization is given for compact sets £ C C satis-
fying the Markov inequality || P, ||z < Cn||P,||g for any polynomial
P, of degree < n. It is shown that this Markov condition is equivalent
to the Lipschitz continuity of the Green function Jo\ k- 88 well as to a
Lipschitz type condition on the equilibrium measure. We also give an
example for such a set with infinitely many connected components.

Mathematical Subject Classification (2000). 41A17

Keywords and phrases. Markov inequality, Green functions, Lip-
schitz continuity, equilibrium measure

1 Definitions and results

Let II,, denote the set of algebraic polynomials of degree < n. Markov’s
inequality is a basic result comparing the supremum norm of a polynomial
P, € 1I,, to the supremum norm of its derivative:
2
1Poll=1,1) < 2|1 Palj=1,1)-

If C1(0) is the unit circle, then the corresponding inequality

1Pl 0y < nllPalley (o)

This paper is in final form and no version of it will be submitted for publication
elsewhere.



92 Markov inequality and Green functions

is due to Bernstein. Let us also remark that this is in some sense the
optimal case, for if E is any compact set on the complex plane then there
are polynomials P, € I,,, n = 1,2,... for which

1Pl = en] | Po]| 2

with some constant ¢ > 0. Indeed, let D be a disk containing £ with the
smallest possible radius. Then 0D N E is not empty, say zg is a point in
this set. If a is the center of D and r is its radius, then for P,(z) = (z —a)"

we have n
[Py (20)| = I Palls.

Let E C C be compact with positive logarithmic capacity (see [2], [3] or
[5] for the relevant concepts of potential theory). We say that E satisfies
the Markov inequality with a polynomial factor if there exist C, k& > 0 such
that

IPLl]5 < Cn¥l[Palls (L1)

holds for every n and P, € 11,.

Inequality (1.1) is strongly related to the smoothness properties of the
Green function belonging to E. Let € be the outer domain of F, i.e. the
unbounded component of C\ E, and let go(z) denote Green’s function of
Q with pole at infinity. Green’s function gq is said to be Holder continuous
if there exist C1, a > 0 such that

galz) < Ci (dist(z, E))“. (1.2)

for all z € C. It is known that in certain cases the Markov inequality is
equivalent to the Holder continuity of the Green function. Totik (see [4])
proved that this is true for Cantor-type sets, i.e. (1.1) is equivalent to (1.2)
if £ is Cantor-type. It is an open problem if (1.1) and (1.2) are equivalent
for any compact set E. In this paper our aim is to show that in the optimal
cases k = 1 and a = 1 they are, indeed, equivalent.

It is known that Holder continuity of Green’s function can be character-
ized by smooth behavior of the equilibrium measure pg of F, namely gq is
Holder continuous (with some exponent «) if and only if

p(Ds(2)) < Cod" (1.3)

for every z € C and 6 > 0 with some k > 0, where Ds(z) denotes the
disk centered at z with radius . We shall also prove that aforementioned
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equivalence of (1.1) and (1.2) in the k = 1, a = 1 case is equivalent to the
fact that in (1.3) we have k = 1.

Recall that Q is said to be regular (with respect to the Dirichlet problem)
if go is continuous on 0G.

Theorem 1 Let E be a compact subset of the plane such that the un-
bounded component Q of C\ E is reqular. Then the following are pairwise
equivalent.

i) Optimal Markov inequality holds on E, i.e. there exists a C > 0 such
that
1Py]|e < Cnl|Py|E (1.4)

for every polynomial P, € I1,,, n=1,2,....
ii) Green’s function gq is Lipschitz continuous, i.e. there exists a C; > 0

such that
ga(z) < Cidist(z, E) (1.5)

for every z € C.

iii) The equilibrium measure pugp of E satisfies a Lipschitz type condition,
i.e. there exists a Cy > 0 such that

e <D5(2)> < 096 (1.6)

for every z € E and § > 0.
If, in addition, Q) is simply connected, then i)—iii) are also equivalent to

iv) The conformal mapping ® from Q onto the exterior of the unit disk is
Lipschitz continuous, i.e.

]@(zl) — @(22)‘ < 03‘21 — 22‘, 21,29 € Q.

We mention that each of i), ii) and iv) implies regularity, so in their
equivalence the regularity assumption is not needed. However, iii) may be
true without  being regular, in which case iii) is not equivalent to the
other statements. Consider e.g. as E the unit disk together with the single
point 2. In this case ur is the normalized arc measure on the unit circle
and the one point set {2} does not carry any mass. Thus, iii) holds, but
the other statements in the theorem are not true.

There is a local version of our theorem which we formulate now. We say
that E has the optimal local Markov property at the point zy € 9f2 if there
is a constant C such that

|P) (20)] < CFnF|| P, |2, P,ell,, n=1,2,...
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forall k=1,2,....

Theorem 2 Let E be a compact subset of the plane, Q) the unbounded
component of C\ E, and suppose that zy € 0Q is a reqular boundary point
of Q (i.e. ga(zo) =0). Then the following are equivalent.

i) E has the optimal Markov property at z.

ii) Green’s function gq is Lipschitz continuous at z, i.e.
ga(z) < Cilz — |

with some constant C1.

iii) The equilibrium measure ug of E satisfies a Lipschitz type condition
at zg, i.e. there exists a Cy > 0 such that

e (Ds(z0)) < G20

for every 6 > 0.
If, in addition, Q2 is simply connected, then i)—iii) are also equivalent to

iv) The conformal mapping ® from Q onto the exterior of the unit disk is
Lipschitz continuous at z.

In the last statement we think of ® as being extended continuously onto
the boundary of €.

It is worth noticing that much more is true than the equivalence of ii)
and iii), namely we can give a very precise two sided estimate for Green’s
function in terms of the equilibrium measure.

Theorem 3 Let E be a compact subset of the plane,  the unbounded
component of C\ E, and suppose that zy € 0Q is a reqular boundary point
of Q (i.e. ga(z0) =0). Then for every 0 < r < 1 we have

/T Mdt < sup galz) < 3/4T Mdt. (1.7)
0

0 |z—z0|=r t

Let F' be a connected component of E which is of positive distance from
the set £\ F. Then on F the Lipschitz continuity of Green’s functions
go and Je\r are equivalent, and for the latter one can use the conformal
mapping characterization given in Theorem 1, iv). In particular, if gq is
Lipschitz, then so is every ge\r for every component F' which is of positive
distance from F'. In Section 5 (Example 2) we shall show that this need not
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be true for components of F' that are not of positive distance from E \ F,
even if they are consisting of more than one point. This will be based on
a construction in Example 1, which exhibits a set F with infinitely many
connected components and Lipschitz-continuous Green function, which is
an interesting fact in itself (note that the simplest example of a set E
satisfying Theorem 1 is any finite union of disjoint smooth simple closed
curves, and one is tempted to think that sets appearing in Theorem 1 can
have only finitely many connected components).

2 Notations

For the following well known notations and results see either of the books
2], [3] or [5].

We shall use ¢, ¢g, c1, ¢o, ..., C,Cy, C1,Cs,...and di, do, . .. to denote pos-
itive constants. T denotes the unit circle, D the unit disk, C;(a) resp. D, (a)
denote the circle resp. open disk centered at a with radius r. For the no-
tions of logarithmic potential theory see e.g. [2] or [3]. In what follows
FE denotes a compact set of positive capacity, up denote its equilibrium
measure,

U”(z)—/log ! dv(t)

|z — 1]
the logarithmic potential of the measure v, go(z) the Green function of
the domain Q with pole at oo, cap(E) the logarithmic capacity of F and
w(x, H,G) the harmonic measure in G corresponding to the set H C 9G.
These are related by the equation

ga(z) = log cap(E) — UME(z2), (2.1)

which is used to define gq for all z € C. We shall need the Bernstein-Walsh
inequality

|Pa(2)] < €929 Py | o (2.2)
valid for all polynomials P, of degree n = 1,2,..., as well as its sharpness:
e99(2) = sup | P (2) M/ (2.3)

Pnenru IIPnHESl

valid for any z € Q2.
We shall also use Harnack’s inequality: if u is a positive harmonic function
in the unit disk and |z| < 1, then

u(0) (2.4)
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3 Proof of Theorems 1 and 2

We shall only prove Theorem 1, the proof of the local version (Theorem 2)
is similar.

First we show that (i) is equivalent to (ii). Suppose (1.5) holds true. Let
z € C and apply Cauchy’s formula to P, € II,, on C,(z):

o1 P,(&) 1 2T Pz 4+ rett)
P =5 | dg= o [T LDy,

T omi () 1€ — z|? rett

Taking absolute value on both sides and setting r = 1/n we get

27 1 )
Pl (z)| < ”/ P, (2 + —ei)|dt. 1
PAEN < 5= [ 1P+ o) (3.1)

For z € E the Bernstein-Walsh inequality (2.2) and (1.5) give

1 . i
|Pu(z 4 —€)] < ||Py||pem 92t ne™)
n

IN

1
| Ball et = || Pall pe.

This and (3.1) prove (i).
Conversely, suppose (1.4). Then it follows by induction that

I[P 5 < C™0™|| Pl |, m=12,.... (3.2)

(1.5) is obviously true for z € E, therefore we can assume z € C\ E.
Choose 2y € E such that dist(z, E) = |z — z9|. Suppose P, € II,, and
[|Polle < 1. We can use the (finite) Taylor-expansion of P, around zo and
(3.2) to obtain:

x plm)
Pl = 1Bl + |3 P gy
m=1

o
cmn™ m Cn|z—z0]
< 1—1—2 p |z — 20| =e .
m=1

Thus |P,(2)["/" < e€1#=%0| and this, using the representation (2.3) and the
choice of z, proves (ii).

The equivalence of ii) and iii) follows from Theorem 3.

Finally, suppose that €2 is simply connected, and @ is the conformal map
of © onto the complement of the unit disk. Then gn(z) is the real part of
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log ®(z) (this follows e.g. from the defining properties of gq), hence the
Lipschitz property of ® implies the Lipschitz property of go. Conversely,
suppose that gq is Lipschitz continuous. Since gq is infinitely differentiable,
this happens precisely if the partial derivatives dgq/dx and 0gq/dy are
bounded in . But then using the Cauchy-Riemann equations it follows
that the partial derivatives of Jlog ®(z) are also bounded, hence log ® is
a Lipschitz function. But then so is ® in any bounded set. On the other
hand, around infinity the derivative of ® tends to a constant (recall that
lim,_,, F(2)/z exists and apply Cauchy’s formula for the derivative), and
the proof is complete.

|

4 Proof of Theorem 3

Without loss of generality let zp = 0, and r > 0. It follows from the
representation (2.1) and the assumed regularity (go(0) = 0) that

|7“ew —

00 (1) = galre’®) g0 (0) = [ 108 "

dpp(t).
Since (see [2, p. 29])

e _ ¢
/ |T€ |dg0 log™

we get with Fubini’s Theorem

Itl

1 s

With S(t) = ur(D:(0)) the last integral can be written as

/log -dS(t /S dt,
0

where the equality follows by integration by parts. Thus,
"S(t .
/ th < sup go(re'?),
o U ¢

which is the left inequality in (1.7).
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To prove the right inequality we write again for |z| < 2r

|z — ¢
1

= / +/ = hi(z) + ha(z2)
Dor(0)  JE\Day(0)

where both functions hy and he vanish at 0. Clearly, for |z| < 2r we have

ogm@:=mw—m@=/m A (t)

z—t 4r
mE= [ g tau) < [ o dus(o)
D2y (0) t] Day0) |l

4
Da(0) ]

and with the function S(¢) defined above this can be written again as

hi(z) < m where
4r
m = / @dt.
0 t

Therefore, we have for all |z| < 2r
0< hl(z) + ]’LQ(Z) <m+ hZ(Z)

But the function on the right hand side is harmonic in Ds,(0) and takes
the value m + ha(0) = m at the origin, therefore we obtain from Harnack’s
inequality (2.4) (applied to the function u(w) = m + ha(w2r) and to the
point z/2r) that for |z| = r the inequality m + ha(z) < 3(m + he(0)) = 3m
holds. Together with this we have for |z| =

9(z) = h1(2) + ha(z) < m+2m = 3m,

and this is the right inequality in (1.7).

5 Construction of Example 1

We are going to construct the first connected component Ey of E in the
following way. Let 0 < 6 < m be arbitrary. Set Jy = {e’ : 0 < |t| < 7}
and

Ag = | Dij10(a).

ac€Jy
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Thus, Ay is a ”thickened arc” of the unit circle T. There is a largest 6*
such that the complement of Ay« is not connected (the two “arms” of Ag«
touch each other).

Let w(z, J, G) be the harmonic measure corresponding to the set J C 0G
in the domain G. Clearly w(0,T \ Ag,D) — 0 if 6 N\, 0*. Fix 6y > 6* such
that w(0, T \ Ap,,D) < 1/9.

Set Eg = Ay,, for every integer n > 1 define E, = (1/3)"Ep, and let
E = U,2, E, U{0}. This is a compact set consisting of infinitely many
components such that Q = C\ E is connected. Below we show that gq is
Lipschitz.

Since w(0, T \ Ag,,D) < 1/9, it follows from Harnack’s inequality ((2.4)
with |z| = 1/2) that w(z, T\ Ag,, D) < 1/3 for all z € D, /5(0), in particular
this is true for z € Cy3(0). Both w(z, T\ Ag,, D) and gg\ g(z) are positive
harmonic functions in D \ E,

%\E(Z) < %\EU(Z) <w(z, T\ Agy, D)

on T \ Ay, and gg\ g vanishes on E, while w(z, T \ Ag,, D) is nonnegative
there. Thus, the same inequality holds true everywhere in D \ E by the
maximum principle for harmonic functions. Hence

gé\E(Z) <1/3, z € Dy3(0)\ E. (5.1)

Now consider the domain D /3(0)\ E and the positive harmonic functions

w(z, C1/3(0) \ El,Dl/g(O)) and 3¢\ p(2). Since 3gg p(2) vanishes on £

and, in view of (5.1), it is at most 1 on C/3(0) \ E, where w(z, C1/3(0) \
Eq, D1/3(0)) takes the (boundary) value 1, we have

3965(2) < w (2, C1y5(0) \ By, D1 5(0))
in Dy/3(0) \ E. Because of similarity,

w(0,C1/3(0)\ By, Dyjs(0)) = w(0, T\ Ag,, D) < 1/9,
which implies via Harnack’s inequality as before that

w(z,C’l/3(0) \El,D1/3(O)) <1/3,  z€Dys00).
Thus, we can conclude 3gg\ (2) < 1/3 if 2 € C}9(0), Le.

ge\p(2) <1/9, z € Dyy9(0)\ E.
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In a similar manner it follows by induction that

n
s < (3) 2D \E. (52
We are going to show that Green’s function Je\E 18 Lipschitz continuous.
Let zp € C\ E be arbitrarily chosen. Suppose the component closest to
20 is En,, l.e. dist(z9, E) = dist(z0, En,). We will compare 98\ Eng and
ge\g- 1t follows from the construction of E that Ejy, is included in the
disk Dj/(3.3n0-1)(0). Thus the monotonicity of Green functions gives for
2] = (1/3)m~t

> = =1 (1/3)%71 = log?2 5.3
QE\En0 (Z) = 96\[)1/(2‘3”0_1)(0)(2) = Ogm = log 2. ( . )

On the other hand, according to (5.2), gg\g(2) < (1/3)"0~! holds for z €
C(1/3)n0-1. Hence

no—1
0y (2) 2 Tz fnp(e) 2 € Coagyan (5.4)
Since both sides are positive and harmonic in D(; /3yno-1 \ E, inequality
(5.4) remains true throughout this domain, and by the definition of ng the
point zg is included in this set.
Let C denote the Lipschitz-constant of Ejy, i.e.

9o\, (7) < Cdist(z, Ep).

Using the fact 9o\, (2) = ge\, (3"°2) we obtain

log 2 log 2
go\e(0) = o 90\E,, (%) = 55 90\, (370 20)
log 2 .
< 3n§’;10dlst(3”0z0, Eo)
log 2 .
= 3%%03"%18‘5(20, En)

= 3C'log2 - dist(zg, F).

Therefore gg\ (#) is Lipschitz continuous with Lipschitz constant
3C'log 2.
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6 Construction of Example 2

Let E be the set from the preceding section (Example 1), and let

E*=EU0,2]UD(3),
i.e. we add to E the segment [0, 2] and to that attach the disk D;(2). Then
F =1[0,2] U D;(3) is a connected component of E* for which gg\p is not
Lipschitz (in fact, around 0 this behaves like gc\[0,2)> which is only Lipschitz
1/2 smooth at 0). Thus, it is left to show that gg\ - is a Lipschitz function.
Since ge\ g+ 18 bounded by either of g g, ge\ (0,3 and 96\D1(3)" the Lip-

schitz property is clear on E (Example 1), on [1,2] and on D;(3).

Thus, we have to worry about points close to the segment [0,1]. Let
zo & E* be an arbitrary point, and let zg be a point in E that is closest
to zg. If xyp € E'U[1,2]U D;1(3), then according to what we have just said,
ge\p+(2) < Clz — xo| with some constant C. Thus, let us assume that
xg € (0,1). Choose ng so that 37™~1 < x5 < 37, Since ge\-11)(2) > 1
for |z| = 2, we have

gﬁ\[0,2~3—"o](2’) >1, 2| = 3—no+l

(5.2) implies
3" g g (2) 3" gap(2) <1, |z[ =37"0F,
hence by the comparison technique applied several times before we get that
3" g e (2) < 9e\[0,2:3-0] (2)
for all |z| < 37"0F1. In particular,
ge\p-(20) < 37" g0 501 (20) = 37" g 0,97 (3"20).-
Here 3"z lies in the annulus 1/3 < |w| < 1, on which gg, (o o) is Lipschitz
continuous, and the closest point in [0,2] to 3™z is 3™0xzy. Hence we get
with some constant C
%\E*(zo) < 3_”°+1C|3”°zo — 3"z = 3C|z9 — o]

and the proof is over.
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proximation for several classes of well-known integral operators, as the
convolution ones, the Mellin convolution ones and a class of discrete
operators, called ”generalized sampling series”, very important in the
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1 Introduction

The problem of the convergence for linear integral operators of the form

(Tuf)(s) = /H (s — hao(0) f(hu(®)dun (1), w>0, s€G, (I

where G and H are Hausdorff topological groups, f : G—R is a measurable
function, {hy }w>o is a family of homeomorphisms h,, : H—h,,(H) C G and
{Kuy}w>0 with K, : G—R, is a family of kernel functions satisfying suitable
assumptions, has been studied in [9] with respect to the uniform conver-
gence and in the setting of Orlicz spaces (i.e. with respect to the modular
convergence).

The above integral operators have been introduced in order to give a
unified approach to the study of the convergence of several classical integral
operators, as the classical convolution integral operators (see [19, 3, 7, 10,
43, 6]), the Mellin convolution ones (see [2, 8, 17, 41]) and a class of discrete
operators which in particular contains the generalized sampling series of f,
ie. k

SE ) (s) = K(sw—k)f(—), seR, w>0,
(S f)(5) k% ( A

where K is an integrable function on R (see a.e. [6, 1]), obtained as partic-
ular cases of the family (I) with particular choices of the groups G and H,
of their respective measures and of the family of the homeomorphisms h,,.

In this paper we give the first unifying approach for the above family
(I), in order to study the degree of approximation in the setting of Orlicz
spaces. A partial result in this respect has been given in [1] in the particular
case of the generalized sampling series. As concernes the general theory of
Orlicz-type spaces, see [34, 37, 33, 35, 39, 6].

In order to attain our goal, we need to introduce a Lipschitz class which
takes into account the setting of Orlicz spaces and some natural assump-
tions on the family of kernels involved in our operators, which are satisfied
when the absolute moment of order « of the kernels are finite, as happens
in the classical cases. The latter condition is satisfied by many well-known
classes of kernels.

The importance of the study of the generalized sampling series relies on
its application to the theory of "signal processing”. Indeed, such discrete
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operators have been introduced and studied by P.L. Butzer and his school
(see e.g. [13, 20, 40, 14, 21, 22, 16, 15, 23, 24, 17, 18] and [11]) in order to
solve the many disadvantages, from the point of view of the applications, of
the formula given by the classical Witthaker-Kotelnikov-Shannon sampling
theorem (see [42, 12]); for references to the classical sampling theory, see
[32, 31, 25, 28, 12, 29, 30]. With the tools of approximation theory, it
is possible to reconstruct signals, in an approximate sense, avoiding the
band-limitation and the finiteness of the energy of the signal, as happens
in the sampling theorem. The signals considered in the Butzer approach are
supposed to be uniformly continuous and bounded and the theory enables
also the prediction of the signals.

Our setting in Orlicz spaces allows us to generalize the theory to signals
which belong to more general function spaces, so including in particular the
LP—spaces, the latter being a very interesting case from the point of view
of the applications.

The paper is organized as follows. After the general notations and
definitions of the Orlicz spaces (Section 2), we give a boundedness result
for our family of integral operators in Orlicz spaces in Section 3, while in
Section 4 we establish the result concerning the order of approximation.
Here we introduce the Lipschitz class and the singularity assumptions in
a general form ({—singularity assumption), from which we can deduce, as
particular cases, the classical ones. In Section 5 we discuss the case of
LP—spaces, so important in the applications, and in Section 6 we furnish
classes of operators to which our theory can be applied. Finally, in Section
7 we show some concrete example of kernels for which our assumptions are
fully satisfied.

2 Notations and definitions

Let G and H be locally compact Hausdorff topological groups, where
G is Abelian, and pug and py are o—finite Haar measures on the classes
of Borel sets, denoted by B(G) and B(H), respectively. We recall that
unimodularity for the group G is sufficient for our theory.

By U we shall denote the neighborhood base of the neutral element
0 € G and, due to the locally compactness of GG, we can assume that U is
a base of measurable symmetric compact neighborhoods of 6.

Let {hy}w>0 be a family of functions h,, : H—G such that h,, is a
homeomorphism between H and h,(H) C G and let X(G) and X (H) be
the spaces of all the Borel measurable real-valued functions defined on
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G and H, respectively.

Since Orlicz spaces can be framed in the theory of modular spaces, we
recall here some definitions. - o

A modular is a functional p : X (G)—R{, being Rj = [0, oo], satisfying
the following properties:

(1) p[f] = 0 if and only if f = 0;
(2) pl=f] = plf], for every f € X(G);
(3) plaf + B9] < plf] + plg), for every a, 8> 0, a+ =1, f,g € X(G).
If (3) is replaced by

(3') plaf +Bg] < aplf]+Bplg], for every o, 8 > 0, a+ B =1, f,g € X(G),
then the modular is said to be convex. Moreover, if (3) is replaced by

(3") there exists D > 0 such that plaf + Bg] < D(ap[Df] + Bp[Dg)), for
every a, >0, a+ =1, f,g € X(G),

then p is said to be quasi-convex.
The modular space generated by p is the subspace

LA(G) = {f € X(G) « lim p[Af] =0}

(see [38, 37, 33, 6]). When the modular p is a convex modular (or quasi-
convex), then the modular space can be defined as

LP(G) ={f € X(G) : p[\f] < +0, for some A > 0}.
Let now ¢ : Rf — Rj a ¢—function, i.e. ¢ satisfies the following
properties:
i) ¢ is a non decreasing, continuous function;
ii) ¢(0) =0, p(u) >0 if u > 0 and lim,— 4 ¢(u) = +o0.

From now on, if ¢ is a p—function, then we will write ¢ € ®. If ¢ will be
also a convex function, then we will write ¢ € ®.
We now consider the modular p of the form:

611 = [ (7 Ddnals).

with p € .
The modular space generated by the above modular, is called the Orlicz
space and it is defined as

L?(G) ={f € X(G): /Ggp()\|f(s)|)d,ug(5) < 400, for some A > 0}.
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Hereafter, we will denote by I g and 1, f the modulars defined on X (G) and
X (H) generating the Orlicz spaces L¥(G) and L?(H), respectively.

A notion of convergence in modular spaces, called modular convergence,
is introduced in [38]; in some sense it is more natural than the norm-
convergence induced by the Luxemburg norm. Namely, in our setting of

Orlicz spaces, it reads as follows:

we say that a sequence {fn}, C L¥Y(G) is modular convergent to
f € L¥Y(G), if there exists A > 0 such that

IS (fu — )] = /G COfa(5) = 1)) duc(s)—0, n—+oo. (1)

If (1) is satisfied for every A > 0, this means that f, converges to f as
n— + oo with respect to the Luxemburg norm, i.e. (see e.g. [37])

an_f”p = inf{u >0: /G¢ < fn(s);f(s)

Below, follows some important examples of modular spaces (see e.g. [37, 6]).

> dug(s) < u}—>0, n—-+00.

1. LP—spaces.
In this case the generating modular is the functional

19]f] = /G F(8)Pdug(s), p> 1.

This is obviously a particular case of Orlicz spaces, obtained taking
o(u) = uP,p > 1. Here the Luxemburg norm is given by :

i = mttu0s [ duo <1y = ([ rano(s)”

= | fller(c)-

2. Musielak-Orlicz spaces.
These spaces are obtained taking the modular p of the form

7o) = /G (5, 11(5))dp(s),

where ¢ € @, being now ® the class of the p—functions depending
on a parameter, i.e. ¢ : G X RS‘ — Rar is a measurable function of
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s € G, for every fixed u € R(J{ and it is a p—function of u for every
s € G (see [37, 6]). Obviously, taking ¢(s,u) = ¢(u),s € G, u € R,
we obtain, as particular case, the classical Orlicz spaces.

We now introduce the class of the kernels involved in our operators.
Let {Ky}ws0 be a family of measurable functions K, : G — R such that
Ky € L}, (G), for every w > 0 and

Ky .1) for every s € G and w > 0, Ky(s — hw(-)) € Ly, (H);
Kw.2) there exists a constant M > 0 such that

/H 1Ko (5 — huo(8))|dp (£) < M

for every s € G and w > 0.

In the following, we will write { Ky, }ws0 C Ky if { Ky }>0 satisfies assump-
tions Ky.1), fori=1,2.

3 Estimates in Orlicz spaces

From now on, for { K, }w>0 C Ky and under the previous setting, we will
consider the following family of linear integral operators

(T f)(s) = /H Ko (5 — hao(8) f(hao () dpirs (1), w >0, s € G,

where f € X(G) is such that the measurable function (T, f)(s) < +oo, a.e.
seq.

Measurability of (T, f)(s) derives from standard arguments of measure
theory taking into account the Borel measurability of the function K, (s—u)
(see [27], pag. 396) and of f, and being h,, an homeomorphism.

We are going to study a kind of boundedness property for T, in the
setting of Orlicz spaces.

We may establish the following estimate for T, f.

Theorem 1 Let ¢ € ® and {Ky}ws0 C Ky. Then we have the following
estimate:

IG[e(Twf)] < MﬁlHKwHL}LG(G)If[CM(fO hw),

for some ¢ > 0, for every w > 0 and being M the constant of K,,.2).
Hence, if (f o hy) € LY(H) then T,,f € L¥(QG).
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Proof. First we denote by

/rK § — hu(t)|dpn (1),

and by ng(A) :=

thr\(fl)a A€ B(H),s € G,sothat ig(H) = py(H)/M <

1. Now, being ¢ € 6[5, applying monotonicity of ¢, Jensen inequality and

Fubini-Tonelli theorem (twice), we may write, for ¢ > 0 and setting in the
integration with respect to dug(s), z = s — hy(t),

19]e(T,f)) = /G (e [(Tw) () duc(s)

([ 15t = )] a0l 1)) )
(o1 [ 10ut0ldn®)) | aucto

{ [ 1uts = oot M1 )i 0) | o
A 1l = hatthlote M GhatDduc(s)  dut)
= a1 LA [ 1ot MisGuODduc) f durto)

= 37 LK oo M1 oD (1)) dic (2

= M7YKully )15 [eM(f o hw)l.

Therefore, the assertion follows O

4 Order of approximation in Orlicz spaces

We will now study the rate of approximation for the family of linear integral
operators (I).

As it is natural, we introduce a Lipschitz class which takes into account
the modular of the Orlicz space involved.
For f € X(G), w > 0, we denote by

I8 [f) o= T [f o hy)

the Orlicz modular on H applied to f o hy,.
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Let 7 be the class of all measurable functions 7 : G—>RS’ , continuous
at t = 6 such that 7(0) = 0 and 7(¢t) > 0 for t # 6. Now, for a given 7 € 7,
we define the Lipschitz class Lipg (1) as

Lip () = {f € X(G@):3A > 0s.t. IT NF()—f(-+1))] = O(r(t)), as t—0}

uniformly with respect to w > 0, where for any two functions f, g € X(G),
f(t) = O(g(t)) as t—0 means that there exists a constant N > 0 and a
neighborhood U of 6 such that |f(¢)] < N|g(t)|, for t € U.

We point out that in the particular case of 7(t) = [t|%, t € R, a > 0, we
have the Zygmund-type classes.

Given the modular Ig : X(H)—R{, we denote by T.,(G) the subspace
of X(G) consisting of all measurable functions f such that the following
condition holds:
there exist a constant C' > 1 and a net of functions [, : G — ]Rar such that,
for every z € G and w > 0,

L1 (2 + ho())] < I O(f © ho)] + L (2)- (%)

Note that for any choice of hy, Y (G) is always nonempty since it
contains at least the null functions.
Moreover, we point out that in the particular case of G = H and hy,(t) = t,
t € H, the above definition is always satisfied with C' = 1,1,,(z) = 0 and
T,(G) = X(G), being the modular of the Orlicz space translation invariant.
From now on, we will work on a suitable subspace of Y, (G).

For the next result, we will need of the following definition.

Definition 1 We say that (f o hy,) € L¥(H) uniformly with respect to
w > 0, if there exists a constant v > 0 such that

H
I5[v(f o hyw)] < R,
for every w > 0 and for an absolute constant R > 0.

In the particular case of h,(t) = t, t € H, the above definition is always
fulfilled.

Let now = be the class of all the functions £ : ]RE{—ARSF such that £ is
continuous at v = 0, £(0) = 0 and &(u) > 0 for u > 0.
For a fixed £ € E, we say that K, is a {-singular kernel if, for every
Vel,

/ [Kuw(s)] [lw(s) + 1] dpc(s) = O((w™)), as w— + oo (2)
G\V
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being [, the net of functions of condition (%) and, setted Q,,(s) := Ay (s)—1,
where

Aw(s) == / Ky(s — hy(t))dpg(t), there holds

H
Qu(s) = [/HKw(s—hw(t))duH(t)—l = 0(E(w™), asw—+o0  (2)

uniformly with respect to s € G.

Note that taking £(t) = t*, t € RZ, a > 0, hy(t) = t and with particular
choices of the groups G and H and of their respective measures, we repro-
duce the classical situation of the theory for convolution integral operators
(see Sections 6.1 and 6.2 where condition (*) is satisfied with ,,(s) = 0).

Now we may state the result on the rate of approximation for (Ty,f—f),
with f € Lip (7).

Theorem 2  Let ¢ € ® and {Ku}tws0o C Ky be a &-singular kernel.
Moreover suppose that f € L‘p(G)ﬂLipg(T)ﬁTw(G), T€T and (fohy) €
L?(H) uniformly with respect to w > 0. If there exists a neighborhood V' of
0 such that

/v Koy (8)|r(s)dua(s) = OE(w™), asw—+o0,  (3)

then there is a constant ¢ > 0 such that

IG1e(Tuf = 1] = O ™)),
for sufficiently large w > 0.

Proof. For every s € G, we may write,
(@) = 1) = | [ Kols = hult) 1 )i (1) = 15
= | [ Kus = B )L hu0) = S (6 + Au(s)1(5) = 15
< [ 1Bl = )] £ a) = £(6) s (6) + 1) 1) = 1.

Now, for ¢ > 0, by convexity of ¢, we have

IS[e(Twf — f)] <

S;{/G@ /

(20 /1t = BN (hao(e)) = Sl (1)) (s
+ [ (2 @Au) = 1) (s)} = 51+ o)
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We now estimate J; and Js, separately.
By Jensen’s inequality and Fubini-Tonelli theorem, arguing as in The-
orem 1, we have

ho= / (20 [ 1uls = haleDI1FCrn(t)) = £ (1)) (5
< 7 L1t = ) (2601 £ 0)) = £(6) ) (a5
= 37 [ 1B = bl (26016 = £ i) (1)

Now, putting z = s — hy,(t) in the integration with respect to dug(s), and
using again the Fubini-Tonelli theorem, we have

=7 | e (2eM a0 = 1z + )i D2
L /G KuI[ [ @(26M1 (6 = £+ B i (0] dr2).

Taking now ¢ > 0 in such a way that 2cM < A, being A the constant of the
class Lz’pg(T), (X can be taken such that \ < 20

constants of condition () and Definition 1, respectively), we obtain

, where C' and v are the

ho<5p L] [ e (A bu(0) = 1+ o)) dus (0] duc (o)

We may write,

< 3l 1K [ 1 ale) = £+ b)) (O ()
* /G [ Ko (2 / (A[f(h — f(z+ hw ())DdMH(t)d,ug(z)}
= M(Jl +J7),

where V is the neighborhood of the Lipschitz class which, without any loss
of generality, can be chosen in such a way that (3) holds; therefore, being
fe Lipg(T), for some A, N > 0 and for sufficiently large w > 0,

JL<N /V Ko (2)|7(2)dpa(2) < NA €(w).
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As concernes JZ, by the monotonicity and being f € Y,(G), we have
< [ 1K [ o(2ACHE o) @))duin(®) + () pua (o)
G\V H

being C' > 1. Hence, by (2) of the {—singularity assumption, there exists a
constant B > 0 such that

Bos oo [ K@)+ [ 1K)l

IN

{IZ2AC(f o ho)] +1} B &(w™)
for sufficiently large w > 0.
We now estimate Jo := / @(QC\Aw(s) — 1Hf(s)\)du(;(s).
G
By (2') of é—singularity, there exists P > 0 such that

B < [ (2Pl dua(s),

for sufficiently large w > 0. Now, since £ € =, and so it is continuous, by
convexity of ¢, we have

Jo < IG[2eP flE(w™),

for sufficiently large w > 0.
In conclusion, for sufficiently large w > 0, we obtain

IGle(Tuf - f)] < % {(NAM*l +BM ' IHRAC(f o b))

+BM™ 4+ I§[2cPf]>§(w‘1)}.

Therefore, since f € LY(G), (f o hy) € LY(H) uniformly with respect to
w > 0, which means that IJ[2AC(f o hy)] < IF[v(f o hw)] < R, being R
the constant of Definition 1, we conclude that

ISle(Tuf — Hl = 0E@™),  as w—+o0

|

Remark 1. Taking into account Definition (3") of Section 2 applied to the
p—function ¢, it is easy to note that the previous result holds also in case
when ¢ is a quasi-convex function.



114 Approximation in Orlicz spaces and applications

5 Estimates and Degree of Approximation in L'-
spaces

We shall now apply our theory to the important case of LP—spaces, with
1 < p < 400, i.e. we are in the case of p(u) = uP,p > 1. We may state the
following;:

Proposition 1 Let ¢ € ® and {Ky}w>0 C K. Then we have the follow-
g estimate:

-1 1
1T o) < M7 IKull}h /p oy l(f o hw)llr e
As a consequence, if (f o hy) € LP(H), then T, f € LP(G).
Proof. We give a direct proof of the above inequality. Being ¢ € <T>, we have,

by Jensen’s inequality, Fubini-Tonelli theorem and setting z = s — hy, () in
the integration with respect to dug(s),

IToh iy = [ 1T P (s

31 o | Vs = mu)a b ()]
=t L 1ats = aenla 0 ds)| a0
- ﬁ L | @i du)

= 37 LK@ [ AP0 (0} ue()
= MP M Kyllpiel(fe w)HLP(H)

IN

Therefore the assertion follows O

As concernes the result about the order of approximation, we may de-
duce, as a direct application of Theorem 2, the following corollary in which
we will denote by T,(G) the corresponding subspace of X(G) introduced
in Section 4.

Corollary 1 Let ¢ € ® and {Kw}twso C Ky be a &-singular kernel.
Moreover suppose that f € LP(Q) ﬁLipf(T) NY,(G), T €T and (fohy) €
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LP(H) uniformly with respect to w > 0, where
Lz’p{,{(r) = {f € X(G) :
[ 10 (0) = Fhalt) + 2Pl (®) = O (). as 26}

uniformly with respect to w > 0. If there exists a neighborhood V' of 6 such
that

Aﬂ%@h@@dﬁzm&uwywwﬁ+w, 3)

then
(Twf = HllLee) = OEw™),

for sufficiently large w > 0.

LP-spaces are important examples of Orlicz spaces and they are also of
great importance from the point of view of the applications to the sampling
theory (in this case G = R and H = Z, as showed in Section 6.3); indeed,
in the L?—case, the result above stated (Corollary 1) gives information
about the degree of approximation for signals with finite energy, while in
the LP—case, with p #£ 2, we cover different classes of signals, as for example
the power signals and others.

6 Applications

Here we discuss some important classes of operators which can be deduced
by the family (I), suitably chosing the groups G, H and the homeomor-

phisms {hy b0

1. Take G = H = (R™,+), provided with the Lebesgue measure dt and
ho(t) =t,t € RN, w > 0; the family of integral operators (I) becomes
now

(Twf)(s) = N Ky(s—t)f(t)dt, se€ RN7
R
for f: RN =R and {Ky,}wso C Kuw; namely, we obtain the classical
linear convolution integral operators. For references see [19, 37].
The assumptions of the class ICy, together with (2) and (2°) give the
natural setting for the study of the rate of approximation for the above
operators (see [19, 37]), taking also into account that condition (%) is
satisfied as an equality with C' = 1, l,(s) = 0 and YT, (G) = X(G),
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for every ¢ € ®. Moreover Definition 1 is obviously satisfied. There-
fore, applying Theorems 1 and 2, we deduce a boundedness property
and a result about the rate of approximation for the family of linear
convolution integral operators in Orlicz spaces.

. Take now G = H = (R™, ) provided with the log-measure ug = puy =

/tldt and h,(t) =t, t € R, for every w > 0: we obtain the Mellin

convolution operators and, in this case, the family of operators (I)
takes the form

Tuh)e) = [, Kulst NIOF. s R

with f : RT—R and {Ky,}wso0 C Ky. Similar reasonings of the pre-
vious class can be repeated here, including the above remarks about
condition (%) and Definition 1, taking into account the multiplicative
operation of the group G.

Furthermore our theory covers also the case of multidimensional Mellin
convolution operators, taking G = H = (R}, ), where RY; = (]0, +-00[)V

and the inner operation ”-” is defined by s -t = (s1t1,...,sntn), for
s =(s1,...,sn) € RY and t = (t1,...,ty) € RY. The neutral ele-
ment § of Gis§ =1=(1,...,1), the inverse of t € RJJ(, is given by
t=t = (Y ..., ty") and the Haar measure g = gy is defined as
B B dt
UG = HH = 1>

where < t >= chvzl tx, and dt is the Lebesgue measure.

So, from Theorems 1 and 2 we obtain results about the continuity
and the rate of approximation for the above linear Mellin convolution
operators in Orlicz spaces. For references, see [3, 8, 9, 17, 18, 43].

More in general, note that the above considerations of Sections 6.1
and 6.2 are still valid taking only G = H and h,(t) =t,t € G.

. Take now G = (R,+) provided with the Lebesgue measure dt, H =

(Z,+) provided with the counting measure pz and h,, : Z—R.
The family of operators (I) takes now the discrete form

+oo
(Twf)(s) = Y Ku(s— h(k)f(ho(k), s€eR, w>0,

k=—00
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where f: R—R and {Ky }w>0 C Ky with K, : R—R.

The assumptions K,,.1) and K,,.2) on the class I, become now that
Ky(s — hy(r)) € L}LZ(Z) (Ky.1)) and there exists a constant M >
0 such that

}:IK (k) < M,

k=—o00
for every s € R and for every w > 0 (K,,.2)).

Among such classes of discrete operators, there is a fundamental ex-
ample given by the ”generalized sampling operators” which plays an
important rule in the theory of signal processing.

k
This is obtained by taking h, (k) = —, for every w > 0, k € Z, and
w

K,y : R—R of the form K, (s) = K(ws), for every w > 0, s € R where
K : R—R. The above discrete family of operators becomes now

k
K § K(ws — - R
(S, f)(s (ws (w)), seR, w>0,

k=—o00

which represents the ”generalized sampling series” of f; for the linear
case, see [13, 40, 15, 23, 24, 9], while for the nonlinear one’s, see
[44, 5, 36, 1].

Assumptions K,,.1) and K,,.2) become now that for every s € R and
w > 0,

K(ws —(-)) € L,,,(Z) (Ky.1)) and there exists M >0 such that

—+00

> K (ws— k)| < M,

k=—o00

for every s € R, w > 0 (K.2)), i.e

io IK(t—k)| <M

k=—o0

for every t € R.

Therefore, our assumptions on the class K, reproduce, for the gener-
alized sampling series, those ones used in classical signal theory (see
e.g. [24]). As to the {— singularity assumptions, (2) means that for
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every & > 0,
= s[5
= L JEGIRE) + 12 = Ow™), as wm+,

where in this case we have setted l,,(s) = I(ws), for every w > 0 and
seR.

Similarly, assumptions (2’) and (3) of Theorem 2 can be deduced.

In this case the subspace T, (G) of X(G) is a nonempty subspace;
as example we may take the function f : R — R, with f(¢) = 1, for
t € [-M, M], for some M > 0 and zero outside and it is possible to
see that for this function condition (%) is satisfied as an equality with
C =1and l,(s) =0, for every ¢ € ®. More in general we can deduce
that T,(R) contains the space of bounded functions with compact
support on R.

Moreover, we point out that in this case, since Definition 1 is not
meaningful in general, we can use the weaker condition that

1Y) era

in a weak sense, i.e. there exist constants \,3 > 0 with § > 1 such

R GO

for sufficiently large w > 0 and for an absolute constant R > 0.
Indeed in the final estimation of Theorem 2, we can dominate from
above the term BM_llg[QAC(f(E))]f(w_l) by BM~'RuwP¢(w™1);
therefore, for a suitable choiche of %Jhe function &, we have that
limy, s oo w?é(w™1) = 0. As example, we may take £(w) = w®, with
a > 0.

Due to the unifying approach of our theory, based on function spaces
acting on groups, we can also cover the case of linear multivariate
sampling series. Namely, we may take G = (RN, 4), H = (ZN, +),
N > 1 with the Lebesgue measure and the counting measure, respec-
tively. The generalized sampling operators become now

(sKne)= 3 K(ws—x)f(3).

w
kezZN
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forseRY, weRj, K:RY - R and f:RY - R.

Here w is a vector, i.e. w= (wq,...,wyN) € R}, and w! < w? means
that w} < w? fori=1,2,...N. Moreover if w= (wy,...,wy), s =
(s1,...,5N), k= (k1,...,kn), weset w-s = (wiS1,...,WNSN),

k kq kn

- = <—,...,—) and w — 400 means that w; — 400 for each
W w1 WN

i=1,...,

So, our theory can be applied also to this case, obtaining a result on
the order of approximation in multivariate setting.

We remark that the multidimensional case is of fundamental interest
for image enhancement; indeed, in two-dimensional setting (static im-
age) the function f(z,y) represents the luminance of the image, i.e.
the value of the pixels-image in terms of their grey-levels, while in
three-dimensional setting the function f(x,y,t), where ¢ is the time,
represents a dinamic image, i.e. a movie. So it is clear that in this
setting the approximation results mean the degree of approximation
in order to reconstruct an image (static or dimanic), starting by the
samples values of the image itself.

7 Final remarks

Here we show that in case of {(w) = w® o € RY and with particular
choices of the groups G and H, of their measures and of the function 7 € 7,
under the usual assumption that the absolute moment of order « is finite,
assumptions (2) of {—singularity (with l,(s) = 0) and (3) of Theorem 2
are fulfilled (see [4]).

As example, let us take G = H = (R, +) provided with the Lebesgue
measure, 7(s) = |s|*, a € RT, s = (s1,...,55) € RV, N > 1 and hy(t) =
t, t € RV, i.e. we deal with the linear convolution integral operators in
RN, N > 1, as in Section 6.1.

Let us now take into consideration a family of kernels of Fejér-type, i.e.
{Kuy}w>o is of the form K, (t) = wVK(wt), t € RV, K € L}(RY) and

K(t)dt =1 (that is (2") of {—singularity is satisfied) and the absolute
N
moment of order o > 0 of the function K is defined by

m(K,a) = /RN [t|*| K (t)|dt.

There holds the following proposition which we restate here for complete-
ness (see also [4]).
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Proposition 2 Let K € LY(RY) with m(K,a) < +oo for some a > 0. If
{Kuy}w>0 is the associated family of kernels of Fejér-type, then:

(a) for every & >0,
/ | K (t)|dt = O(w™ %), as w— + oo,
[t]>6

and hence (2) of £—singularity is satisfied with £ (w) = w®, w,a € RT;
(b) there exists 6 > 0 such that

/ | Kw(t)][t]dt = O(w™), as w— + oo,
lt|<d

and therefore (3) of Theorem 2 is satisfied with £(w) = w®, w,a € RT.
Proof. (a) For every 6 > 0 we have, putting wt = u,

t|*
nt Ky(t)|dt = N—l/ _lwt* K(wt)|dt
mn |t\2(5| U)( )| w e[ \t]“wa_l‘ (w )|

wal

1
< — wt|| K (wt)|dt = / u|%| K (u)|du
st [ el s = s [ gl )

<60 “w m(K, a);

hence the assertion (a) follows.

(b) For some § > 0 we have, putting wt = u,

/ Ko (t)|[t]odt = wN/ K (wt)| |6t
t|<é t]<é

1
= — ]| K (0)]du < wm(K, a),

w [u|<dw
and therefore assertion (b) follows and the Proposition is proved 0

In conclusion, it is now clear that under the classical condition that
m(K,a) < 400, all the assumptions of our theory are satisfied, for example
by the family of kernels { K, },>0 of Fejér-type.

Similar reasonings hold in case of G = H = (R]J\r[, -), provided with the
log-measure and h,(t) = t, w > 0, i.e. in case of Mellin-type convolution
integral operators with &(w) = w*», N >1 and a > N.
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As concernes the case of generalized sampling operators with G =
(RN, 4), we have kernels which are not properly of Fejér-type since, K, (t) =
K(wt), t € RV, w > 0. Anyway it can be showed that if m(K,a) < +o0
for some o > 0, then (2) of {—singularity and (3) of Theorem 2 are satisfied
taking £(w) = w*™, w,a € RT and N > 1.

Among such kernels for which m(K,«) < 400, there are the Gauss-
Weierstrass kernels, the box splines kernels and others, (see e.g. [4]). For
example the Gauss-Weierstrass kernels are defined as follows.

We define (see Fig. 1 for w = 10)

1 2 2
. N —w?|t| N
Gu(t) = w 7\/77\76 , teRY.
Setting K (t) := 72 e *l*, we obtain a Fejér-type kernel {Ky }uwso.
It is possible to show that the absolute moment of order a > 0, m(K, a),
is finite for every a > 0 (see [19, 4]).

N
2

Gauss-Weierstrass kernel G10

40

35

¥ X Fig. 1

Moreover it is also possible to take into consideration kernels not neces-
sarily of Fejer type. In order to do this, we take into consideration, as ex-
ample, a family of kernels { Ky, >0 C L (L'—space of 2r—periodic func-

s

tions) with / Ky (t)dt = 1 (so that (2) is satisfied) and G = H = (S, ")
where S = {2 € C: |z| = 1}, hy(t) = t, t € [—7, 7] with the Lebesgue
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measure dt, i.e. we deal with periodic linear convolution integral operators

™

(wa)(s) = Kw(s - t)f(t)dtv s €R,

—T

being f extended to the whole real axis with 2r—periodicity. In this case
7(t) = |t|*,t € [-7m, 7] and the absolute moment of order a« € R™ of the
kernels { K, }w>0 is defined by

™
mom (Ko, ) :—/ 1% K (1) .

—T

Therefore (2) of £—singularity becomes, in the particular case of £(w) =
w®, o € RT

/ Ko (£)]dt = O(w ™), as w— + oo,
<<

for every § > 0 and (3) of Theorem 2 means that there exists § > 0 such
that

1
/ Ko (1)) [£]7dt = O(w=), as w—s + oo,
-5

As before, for completeness we restate the following proposition (see
also [4]).

Proposition 3 For every & > 0 there holds
/ Ku(O)|dt < 6 mon(Ku, a).
o<|t|<m

Proof. For every § > 0 and for every w > 0, there holds

1

[ Kl = 5 5| K, ()t
st < 0% Js<p<n

€
504

IN

/ [t|%| Ky (t)|dt < 6 %moq (K, )
o<|t|<

O

Therefore, by the above Proposition 3, we deduce that, under the clas-
sical assumption that mor(Ky,a) = O(w™), a > 0, as w— + oo, (2) of
w®—singularity and (3) of Theorem 2 hold.



Gianluca Vinti 123

Among such kernels for which mo(Ky,a) = O(w™?), a > 0, as w— +
00, there are the Abel-Poisson kernels, the Fejer-Korovkin kernels, the in-
tegral means and others.

For example, the Abel-Poisson kernels are defined as follows (see Fig.
2):

0= o et
P o T " 2rcost + 12
and it is proved that (see [19])

teR, rel0,1],

1
/1 p(t)dt = O((1 — 1))

-

as T—17, 0 < a < 1; therefore mar(pr,a) = O((1 —r)%), as r—17, 0 <
a <1, () =(1-r)").

Abel-Poisson Kernels P, r=0.6,0.7,0.8,0.9




124

Approximation in Orlicz spaces and applications

Acknowledgement

The author wish to thank the referee for his comments to the paper.

References

1]

[10]

L. ANGELONI - G. VINTI, A unified approach to approximation re-
sults with applications to nonlinear sampling theory, Int. Journal of
Math. Sciences, 3 (2004), 1, 93-128.

F. BARBIERI, Approssimazione mediante nuclei momento, Atti Sem.
Mat. Fis. Univ. Modena, 32 (1983), 308-328.

C. BARDARO, On Approximation Properties for Some Classes of Lin-
ear Operators of Convolution Type, Atti Sem. Mat. Fis. Univ. Mod-
ena, 33 (1984), 329-356.

C. BARDARO - P... BUTZER - R.L. STENS - G. VINTI, Conver-
gence in variation and rates of approximation for Bernstein-type poly-
nomials and singular convolution integrals, Analysis, 23 (2003), 299-

340.

C. BARDARO - I. MANTELLINI, On some FEstimates for General
Sampling Operators and Approximation Properties, Int. Journal of
Math. Sciences, 2 (2003),2, 289-326.

C. BARDARO - J. MUSIELAK - G. VINTI, Nonlinear Integral Oper-
ators and Applications, De Gruyter Series in Nonlinear Analysis and
Applications, 9, De Gruyter, New York, Berlin, 20083.

C. BARDARO - J. MUSIELAK - G. VINTI, Approximation by non-
linear integral operators in some modular function spaces, Annales
Polonici Math., 53 (1996), 173-182.

C. BARDARO - G. VINTI, Modular convergence in generalized Orlicz
spaces for moment type operators, Applicable Analysis, 32 (1989),
265-276.

C. BARDARO - G. VINTI, A general approach to the convergence
theorems of generalized sampling series, Applicable Analysis, 64
(1997), 203-217.

C. BARDARO - G. VINTI, On the order of modular approximation for
nets of integral operators in modular Lipschitz classes, Funct. Approx.
Comment. Math., 26 (1998), 139-154.



Gianluca Vinti 125

[11]

[17]

[18]

[21]

C. BARDARO - G. VINTI, An Abstract Approach to Sampling Type
Operators Inspired by the Work of P.L. Butzer - Part I - Linear Op-
erators, Sampling Theory in Signal and Image Processing, 2 (2003),
3, 271-296.

L. BEZUGLAYA - V. KATSNELSON, The sampling theorem for func-
tions with limited multi-band spectrum I, Zeitschrift fir Analysis und
ihre Anwendungen, 12 (1993), 511-534.

P.L. BUTZER, A survey of the Whittaker-Shannon sampling theorem
and some of its extensions, J. Math. Res. Exposition, 3 (1983), 185-
212.

P.L. BUTZER - W. ENGELS - S. RIES - R.L.. STENS, The Shannon
sampling series and the reconstruction of signals in terms of linear,
quadratic and cubic splines, SIAM J. Appl. Math., 46 (1986), 299-
323.

P.L. BUTZER - A. FISHER - R.L. STENS, Generalized sampling ap-
proximation of multivariate signals: theory and applications, Note di
Matematica, 10, (1990), Suppl. No. 1, 173-191.

P.L. BUTZER - G. HINSEN, Reconstruction of bounded signal from
pseudo-periodic, irreqularly spaced samples, Signal Processing, 17
(1989), 1-17.

P.L. BUTZER - S. JANSCHE, A direct approach to the Mellin Trans-
form, J. Fourier Anal. Appl., 3 (1997), 325-376.

P.L. BUTZER - S. JANSCHE, The exponential sampling theorem of
signal analysis, Atti Sem. Mat. Fis. Univ. Modena, Suppl. Vol. 46

(1998), a special issue of the International Conference in Honour of
Prof. Calogero Vinti, 99-122.

P.L. BUTZER - R.J. NESSEL, Fourier Analysis and Approximation,
I, Academic Press, New York-London, 1971.

P.L. BUTZER - S. RIES - R.L. STENS, Shannon’s sampling theorem,
Cauchy’s integral formula, and related results, In: Anniversary Vol-
ume on Approximation Theory and Functional Analysis, (Proc. Conf.,
Math. Res. Inst. Oberwolfach, Black Forest, July 30-August 6, 1983),
P.L. Butzer, R.L. Stens and B.Sz.-Nagy (Eds.),Internat. Schriftenreihe
Numer. Math. 65, Birkhduser, Basel, 1984, 363-377.

P.L. BUTZER - S. RIES - R.L. STENS, Approximation of continu-
ous and discountinuous functions by generalized sampling series, J.
Approz. Theory, 50 (1987), 25-39.



126

[22]

23]

[24]

[31]
[32]
33]
[34]
[35]

[36]

Approximation in Orlicz spaces and applications

P.L. BUTZER - W. SPLETTSTOBER - R.L. STENS, The sampling
theorem and linear prediction in signal analysis, Jahresber. Deutsch.
Math.-Verein, 90 (1988), 1-70.

P.L. BUTZER - R.L. STENS, Sampling theory for not necessar-
ily band-limited functions: a historical overview, SIAM Review, 34
(1992),1, 40-53.

P.L. BUTZER - R.L. STENS, Linear prediction by samples from the
past, Advanced Topics in Shannon Sampling and Interpolation Theory,
(editor R.J. Marks II), Springer-Verlag, New York, 1993.

M.M. DODSON - A.M. SILVA, Fourier Analysis and the Sampling
Theorem, Proc. Ir. Acad., 86 (1985), A, 81-108.

G.B. FOLLAND, Real Analysis: Modern techniques and their appli-
cations, Wiley and Sons, 198/.

E. HEWITT - K. STROMBERG, Real and Abstract Analysis,
Springer-Verlag, New York and Berlin, 1975.

J.R. HIGGINS, Five short stories about the cardinal series, Bull.
Amer. Math. Soc., 12 (1985), 45-89.

J.R. HIGGINS, Sampling Theory in Fourier and Signal Analysis:
Foundations, Ozxford Univ. Press, Oxford, 1996.

J.R. HIGGINS - R.L. STENS (Eds.), Sampling Theory in Fourier and
Signal Analysis: advanced topics, Ozford Science Publications, Oz-
ford Univ. Press, Ozford, 1999.

A.J. JERRY, The Shannon sampling-its various extensions and appli-
cations: a tutorial review, Proc. IEEE, 65 (1977), 1565-1596.

1. KLUVANEK, Sampling theory in abstract harmonic analysis, Mat.-
Fyz. Casopis Sloven. Akad. Vied, 15 (1965), 43-48.

W.M. KOZLOWSKI, Modular Function Spaces, (Pure Appl. Math.)
Marcel Dekker, New York and Basel, 1988.

M.A. KRASNOSEL’SKII - YA.B. RUTICKII, Convex Functions and
Orlicz Spaces, P. Noordhoff Ltd. - Groningen - The Netherlands, 1961.

L. MALIGRANDA, Orlicz Spaces and Interpolation, Seminarios de
Matematica, IMECC, Campinas, 1989.

I. MANTELLINI - G. VINTI, Approximation results for monlinear
integral operators in modular spaces and applications, Ann. Polon.
Math., 81 (1) (2003), 55-71.



Gianluca Vinti 127

[37]
[38]
[39]
[40]

[41]

J. MUSIELAK, Orlicz Spaces and Modular Spaces, Lecture Notes in
Math. 1034,Springer-Verlag, 1983.

J. MUSIELAK - W. ORLICZ, On modular spaces, Studia Math., 28
(1959), 49-65.

M.M. RAO - Z.D. REN, Theory of Orlicz Spaces, Pure and Appl.
Math., Marcel Dekker Inc., New York-Basel-Hong Kong, 1991.

S. RIES - R.L. STENS, Approzimation by generalized sampling se-
ries, Constructive Theory of Functions’84, Sofia, (1984), 746-756.

S. SCTAMANNINTI - G. VINTI, Convergence and rate of approrimation
in BV, for a class of integral operators, Approx. Theory Appl., 17
(2001), 17-35.

C.E. SHANNON, Communication in the presence of moise, Proc.
LR.E., 37 (1949), 10-21.

C. VINTI, A Survey on Recent Results of the Mathematical Seminar in
Perugia, inspired by the Work of Professor P.L. Butzer, Result. Math.,
34 (1998), 32-55.

G. VINTI, A general approzimation result for nonlinear integral oper-
ators and applications to signal processing, Appl. Anal., 79 (2001),
217-238.

GIANLUCA VINTI

Dipartimento di Matematica e Informatica
Universitd degli Studi di Perugia

Via Vanvitelli,1 - [-06123 - Perugia

e-mail: mategian@unipg.it



RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
Serie II, Suppl. 76 (2005) pp. 129-153

Best Approximation of Monomials in
Several Variables

Yuan Xu

Abstract. For a monomial £ in d variables, the problem of best ap-
proximation to x® by polynomials of lower degrees is studied on the
unit sphere, the unit ball and the standard simplex. For the uniform
norm we discuss what is known in d = 2, for which complete solutions
are known, and in d > 3 for which only a few cases have been suc-
cessfully solved. For the L? norm, we present the complete solution,
including explicit formulas for the error of best approximation.

Mathematical Subject Classification (2000). 41A10, 41A50,
41A63

Keywords and phrases. Chebyshev polynomial, best approxima-
tion, several variables

1 Introduction

For x = (21,...,24) € R and a = (a1,...,aq) € Nd, we use the standard
multi-index notation for the monomial * = 2" - - 3. The degree of =
is |a] = a3 + ...+ ag. The base {2® : |a] < n} spans the space 11 of
polynomials of degree at most n in d variables.

Let Q be a region in R%. For f € C(Q), the best approximation of f
from T1¢ in the uniform norm is the quantity

E(f:Q) = inf [ ~plleo. (L1)
pell

n—1

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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where [|fllc@) = maxzeq |f(z)]. If En(f;Q2) = [[f = p*llc(@) then we call
p* an extremal polynomial for f. We are interested in the case that f is
a monomial or some other fixed polynomials. In this case f — p* is often
called a polynomial of least deviation from zero, which we shall call a least
polynomial for f.

For d = 1 and Q = [—1, 1] it is well-known that the best approximation
to z" is given in terms of the Chebyshev polynomial of the first kind

T, (z) = cosn(arccos z) = 2" 12" + q(z), q € 1l,_1;

in fact, p*(z) = 2" — 217"T,,(z) and E,(2";[~1,1]) = 2!7". In the case of
Q being a cube in R?, the best approximation to z® is given by the product
of Chebyshev polynomials. We are interested in the cases that €) is either
the unit sphere S~1 = {z : ||z| = 1} of R, where ||z|| denotes the usual
Euclidean norm of x € RY, the unit ball B = {z : ||z|| < 1} or the standard
simplex T% = {x : 27y > 0,...,24 > 0,1 —21 —... — x4 > 0} of R%

To solve the problem of best approximation to the monomials, we need
to complete two steps. The first one is to find the value of E,(f;) and
the second is to find an explicit formula for the extremal polynomials. For
d = 2 the best approximation to monomials are known explicitly for these
regions (see [16, 8, 17]). We explain the result in Section 2 and indicate
how the first step can follow from an elementary simpleminded way, which
essentially reduce the problem to that of one variable. In the background
of the elementary approach, however, is the theory of extremal signature of
Rivlin and Shapiro [18], which will play an essential role in the case of d > 3.
The elementary approach is no longer enough for d > 3 and this is due to
an essential difficulty. In some simple cases we will use symmetry of the
regions and of the polynomials to simplify the task of finding the extremal
polynomials. This and the the extremal signature will be explained in
Section 3. For d > 3 the extremal polynomials are known only in a few
cases (see [1, 2, 19, 25]), these will be given in Section 4 and the method
used to derive them will be discussed. Finally, in Section 5, we state the
extremal polynomials and the error of the best approximation in L? norm,
which are known explicitly in all three regions.

2 Best approximation in two variables

For d = 2 the regions are the unit circle S', the unit disk B? and the
triangle 7% = {(z,y) : z,y > 0,2 +y < 1}. We will denote the monomials
by ¥y * for 0 < k < n.
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2.1 The unit circle S*!

The best approximation on the circle can be deduced from that of trigono-
metric polynomials on T = R/27Z. Denote by 7,, the space of trigonometric
polynomials of degree at most n. Using (z,y) = (cos,sin ) for 6 € [0, 2],
every polynomial I12(S') becomes a trigonometric polynomial in 7,. In
particular, using e€? = cos 6 + isin#, it is easy to see that

2Py =1, (0) + ska(6),

where s;, , € 7,—1 and

(2.1)

(0) = 1 cosnf, if n—k is even,
R0 on=1 Yginng, if n — k is odd.

Since it is well known that the best approximation to cosnf from 7, 1 is
zero and sin 6 = cos(m — ), it follows that

. n— . 1
inf [|lz*y" " = pllo(sr) = | inf | cosnb —t(0)cery = (2.2)

peﬂn71 teTn_1 2”71 2”71
and the infimum is attained by ¢;, (f) in the trigonometric case. The

extremal polynomial for z¥y"~* is obtained from rewriting tx, () in (2.1)
as a polynomial in z,y using £ = cosf and y = sin6.

2.2 The unit disk B?

For the monomial zFy" % it is easy to get a lower bound for the value of

E,(z%y"*; B?). In fact, since S! is a subset of B2, we have

En(afy" % B%) = inf """ = pllees) (23)

n—1

> : f k TL*]C_ —
> pelrrlli_l 2"y Plloest) = 57

Using (2.2). In order to show that the equality holds, we need to find
one polynomial Gy ,(x,y) = aky"=* — p(z,y) with p € TI2_, such that
1Grnllome) = 217" The formula in (2.3) also shows that such a polynomial
should satisfy [|Gknllo(s2) = I|Gnllc(sty, which means that Gy, should
satisfy

Gn(cosf,sinf) = 21_"671152’”(9), 0 <0< 2m, (2.4)
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where ¢ = +1 and ¢}, , is defined in (2.1). Of course the restriction of G on
S! will not determine G' completely. Such a polynomial was found in [8] in
terms of U, the Chebyshev polynomial of the second kind,

sin(n + 1)0
sin 0

Un(z) = , x = cosb.

We summarize the result in the following:

Theorem 2.1 Forn >k >0, E,(zFy"*; B?) = 217" and

1
Gk,n(xa y) = 27 (Un(x)Unfk(y) + Un—Q(x)Un*k*Q(l')) .
is a least polynomial for x*y"~* on B2.

The elementary trigonometric identity shows that Gy, given in the
theorem satisfies the equation (2.4). The most difficult part of the proof
comes down to show that

Gralz, )l <27, (2,y) € B

In contrast to the case of one variable, polynomials of best approxi-
mation in several variables are not unique in general. For the monomial
2¥y"=F the uniqueness holds only if k = 0 or k = n, or n = 1 ([8, Theo-
rem 2.2]). Furthermore, it is known that the difference between two least
polynomials are necessarily of the form (1 — 22 — y?)q(z,y) with ¢ € TI2_,.

Using the generating functions, another construction of the least polyno-
mial for z¥y"~* was given in [17]. Define a family of polynomials R, € 1%,
a € N¢, by

Il

t
o, (G5) = 3 Raone, et
|a|=n

where (t, ) is the usual inner product in R, Then R, (z) = 2|O‘|_1(‘g|)xa
+ Do, Pa € H?H- For d = 2 we write a = (k,n — k). It turns out that

1 n _
2n7—1 (k) Rk,nfk(xay) = xkyn F +pk(x7y)7 Pk € HgL*la

is a least polynomial on B2. This family is essentially different from that
of G}, in Theorem 2.1.



Yuan Xu 133

One can also generate further family of least polynomials from the ex-
isting ones. It is observed in [4] that if py, is a least polynomial for z*y"~*
then the polynomial

1
ka,n (Tm(l‘), yUmfl(x)) S Hzrm

is a least polynomial for 2™ "tky"=k which can be different from either
G or the multiple of Ry, given above.

Another direction is to generate least polynomials for other homoge-
neous polynomials from the ones for monomials. As an example, one result
[8, Theorem 3.2] states that if py ,,— is the least polynomial for zFy"=F on
B? and k is even, then

Qe (2,y) = (=1)"?piy, ((1 a2 y2)1/2,y)

is a least polynomial for (224 y2)*y"~* on B2. Finally let us mention that
the extremal polynomial for z*y" % on B? is also the Kergin interpolant of

zkyn=Fk ([5, 10, 13)).

The standard triangle T2. Just as in the case of B?, it is easy to get a
lower bound for the value of FE,(zFy"~*;T2). We use the fact that

1

: 0 1
Lot ™ = plleqoy = 5z 1122 = Dlleqon) = gzt

instead of best approximation by trigonometric polynomials. We have

En(a®y" % T = inf |2%y" " — pllogre (2.5)
pell]
> inf |21 —a2)"F - 1—
2 Jnof [z%(1 —z) p(z, 1= 2) o
= it "~ plogon = g
pEll, 1 c(0.1]) = 92n—1"

In order to show that the equality holds, we need to find one least poly-
nomial T}, , for xFy"=F. Since the least polynomial for ™ on [0,1] is given
by 2172"T,, (22 — 1), the polynomial T}, should agree with the Chebyshev
polynomial 7,,(2z — 1) on {(z,1 —z) : 0 < x < 1} which is part of the
boundary of 72. Such a polynomial was found in [16]. We summarize the
result as the following:
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Theorem 2.2 Form >k >0, define

Ti—m(2y — 1) T, (8zy — 1)

+82y(2y — 1)Uk—m—1(2x — 1)Up—1(8zy — 1), ifk>m
Thm(z,y) = < Te(8zy — 1), ifk=m
Ton—1(22 — 1) T (8zy — 1)

+82y(2x — V)Up—jp—1(2y — 1)Ug—1(8zy — 1), if k <m.

Then 21_2”Tk7n_k is a polynomial of least deviation from zero for zFy"F

on T? and B, (zFy"=F; T?) = 21727,

The difficult part is to recognize that T}, ,,_j as given above is the correct
function. Once the formula is identified, the only difficult part of the proof
is to show that [T . (x,y)| <1 on T2

It was pointed out in [4] that there is a close relation between best
approximation on T2 and that on B2. In fact, if p(x,y) is a least polyno-

mial for z¥y"~* on the triangle T2 then p(z2,y?) is a least polynomial for

2289272k on B? and the relation holds conversely. A more precise state-
ment will be given in the following section. This implies, in particular,

that we can deduce the least polynomials for z¥y"~* on T? from those for
x2ky?n=2k on B2, The exact relation between the polynomials Ty n—r and

the polynomials Gy,,, is established in [4].

3 Extremal signature and invariant polynomials

In this section we discuss some of the tools that can be used to study the
best approximation by polynomials.

3.1 Extremal signature

What is hidden in the elementary way of getting to E,(f; B?) is the charac-
terization of the extremal polynomials in terms of the extremal signature,
which is the natural extension of the Chebyshev alternating theorem in one
variable. In this section we review the extremal signatures.

The original study in [18] is in the general setting of approximation
from a finite dimensional subspace of C(€2) on a compact Hausdorff space
Q. We will state the version only in the case that we are interested in.
Let Q be an infinite compact set in R?. For our purpose it is either 41,
B¢ or T¢. A signature o on the set  is a function with finite support
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{z1,...,xzn} where z; € Q, such that o(z;) = £1 for 1 < ¢ < N and
o(x) =0if v € Q\ {z1,...,xn}. A signature o is extremal with respect to
I1¢ if there exists a subset S in the support of o and positive numbers \,,
v € S, such that

Z Ao (v)p(v) =0, for all p in T1¢.
vES

Let 7 > 0 be a fixed number. For each p € H‘fl_l, we denote by S, (p; f) the
set

Se(p; f) ={z € Q: |f(x) —p(z)| = r}.
In the case of r = || f —pllc(q), Sr(p; f) is the set of extremal points of f —p
and we denote it by S(p; f). The characterization of the best approximation
of f from II¢ is given by the following theorem.

Theorem 3.1 1. A polynomial p* in 1IZ satisfies || f —p*|lc(a) = En(f; Q)
if and only if there exists an extremal signature o with support in S(p*; f)
such that o(v) = sign(f — p*)(v) for all v € S(p*; f).

2. Suppose there exist a polynomial p* € TI% and an extremal signature
o supported on Sy(p*; f). Then E,(f;Q) > r.

The theorem states that if p is a polynomial of best approximation on
) then it is so on a finite subset of €). For the proof of this theorem,
see [18]. The part two of the statement is useful for computing a lower
bound for E,(f;), especially since we often do not know the polynomial
of best approximation. For various examples of extremal signatures, see
8, 15, 18, 21, 22].

In the case of best approximation to zFy" % on the disk B2, one ex-
tremal signature agrees with that of extremal signature on the circle S'.
This signature is described as follows:

Let 61 < 05 < ... < 0y, be the 2n extremal points of the trigonometric
polynomial ¢; , defined in (2.1). Let S = {(cos0j,sinf;) : 1 < j < 2n} and
define the signature o by o(cosf;,sinf;) = (—1)7; then o is an extremal
signature for zFy" % on B2.

The proof follows from simple trigonometric identities, such as

n—1 n—1
- 1 . )
— Zemﬂm/" =0do; and - Z @kt )m/n doj, 0<j<n-—1,
k=0 k=0
where 6o ; = 1 if 7 = 0 and dp; = 0 otherwise. Furthermore we notice that
the extremal signature is connected to the quadrature formulas. In fact, in
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the case that 6y, . .., 02, are zeros of sinné, 6 = 2kn/n, it follows from the
above two sums that the following quadratures hold,

1 2 1221 /o
27 f(l‘)d$ = ﬁ f <n7r> = Elf? f S ,zynfl)
TJo k=0
e 1, ((2k+1
o A f(z)dz = n f <(n)7r> = Laf, J €T
k=0

Thus, o is an extremal signature since the sum Lf := L1 f — Lof satisfies
Lf=0for f €II2_;. The case that ) are zeros of cosnf works similarly.

3.2 Invariant polynomials

For d > 3 one can often use the symmetry of the functions and the set €2
to gain some knowledge of the least polynomials. In essence, one can state
that if € is invariant under a finite group G and f is also invariant under
the same group, then the polynomial of best approximation has to be a
polynomial invariant under G. This ideal is not new (see, for example, [7])
and the idea of making using of symmetry has been widely used in dealing
with the cubature formulas (see for example, [11, 14, 20]). In [1] it is used
to obtain least polynomials on the unit sphere and on the unit ball. We
shall state the result for the general domain.

Let Q be a region in R? that is invariant under a finite group G; that
is, Qg :={xg: g € G,z € Q} coincides with Q. For a function f defined on
Q) we defined the action of g € G on f by R(g)f(x) = f(xg). A function f
on € is said to be invariant under G if R(g)f = f for all g € G. Let GII¢
denote the space of polynomials in Hﬁ that are invariant under G.

The domains S9! and B? are rotation invariant, we can take G as any
finite subgroup of the rotation group O(d). For the simplex the largest
group under which 7% is invariant is the symmetric group S(7'%) that con-
tains all permutations of the vertices of the simplex T%. If f is invariant
under S(T?) then it is a symmetric function of 1, ..., 24,1 — 21 — ... — zg4.
The symmetric group Sz of d coordinates is a subgroup of S(T9).

Since the proof is essentially the same we shall state the result for the
LP norm for 1 < p < co. For 1 < p < oo let || f||zr(q) denote the LP norm
of f on Q with respect to an absolutely continuous finite Borel measure

dp = p/dx
1/p
1l = ( / If(w)pdu(w)>
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and we assume that the measure p is invariant under G. We take the
convention that the norm for p = oo is the C'(2) norm.

Theorem 3.2 Let Q be a region in R? invariant under a finite group G.
If f is invariant under G, then

inf |[f(z) = p@)lr@) = nf |[f(z) = p@)|Lr @)
i Gl

pe n—1 pe n—1

Proof. Since GII¢_, c I?_,, we evidently have

n—1»

inf |[f(z) = p(@)llr@) < inf |[f(z) = p(@)]Lr @)

pe n—1 pe n—1
For a given function F' we denote by Fg the symmetric function

1
Fa(r) = @l Y R(9)F(x)

geG

where |G| denote the number of elements in G. Clearly if F' is invariant
under G, then Fg = F. Using the triangle inequality and the fact that f
is invariant under G we have

1
1f = pllLr) = al > IIR(9)f = Rl ooy
geG

> |lfa —pcllre@) = If —pallir@)-
Taking infimum over p completes the proof.

In [1] this theorem is used for the sphere S9! and the ball B¢ with G
being a finite subgroup of the rotation group O(d) to obtain the polynomial
of best approximation for a number of special polynomials. For example,
it is proved there that

inf |z 2q = pllposa-1) = 21 Zall po(sa-1), (3.1)
pelly 4

where G is the symmetric group Sy, and

inf ||z} 4 -+ 2 — pllp(ga-1y = inf lzf 4+ + 2 - cllpp(ga-1y, (3.2)
pelld c€R

where G is the hyperoctahedral group By, which is the group of symmetry
of the unit cube {£1,...,41} in R? and it contains permutations of coor-
dinates and the sign changes (the semi-product of the symmetric group Sy
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and the abelian group Zg). There are also several other least polynomials
in [1], obtained by taking the above or the other finite subgroups of O(d).
Since Z4 is a subgroup of O(d) which contains all possible sign changes
of the coordinates, one consequence of the theorem states that if f is even
in each of its variables, so is a polynomial p of best approximation to f.
Let Ry :={z €R?:2; >0,...,24 >0} and let ¢ denote the mapping

¢:RU RE s p(z) = (2F,...,23).

We note that ¢ is one-to-one from 7% to Bi = BN Ri. It also induces a
one-to-one mapping from I1¢ to GTI4, with G = Z4, since every polynomial
pE Gﬂgn can be written uniquely as p.o¢ for some p, € II¢ and, conversely,
qo¢ € GII4, for every ¢ € TIZ. For each f that is even in each of its variables,
we also write f = fe o ¢.

Let us write in the following LP(2,du) to emphasis the dependence on
the measure du. For an invariant measure dy = p/dx defined on B¢ we
define another measure dv by

dv(z) = pl(x)/\/@1 - zqdz,  x €T
The factor 1/,/x1 -~ x4 is the Jacobian of changing variables y — = = ¢(y).

Theorem 3.3 Let f € LP(B% du) be invariant under Z4. If p*(x) is an
extremal polynomial for f in LP(B? du), then pi(z) is an extremal poly-
nomial for f. in LP(T dv). On the other hand, if g € LP(T¢,dv) and q*
is an extremal polynomial for f in LP(T?, dv), then ¢* o ¢ is an extremal
polynomial for f o ¢ in LP(B?, du).

Proof. If f € C(B?) is invariant under Z4 then Theorem 3.2 implies that

a polynomial p* of best approximation to f on B? is even in each of its
variables. Hence, it can be written as p} o ¢. Using the elementary formula

£ a2y du(x) = / Fa, . zg)dv(z) (3.3)
Bd Td

it follows that p? is the polynomial of best approximation to f on T¢. On
the other hand, if ¢* is an extremal polynomial for g on T%, then ¢* o ¢ is
a polynomial in GPY, for G = Z¢. Using (3.3) and then Theorem 3.2, we
see that ¢* o ¢ is an extremal polynomial for f o ¢ on B

For d = 2 this theorem is proved in [4]. The idea of using the corre-
spondence between polynomials on these domains has been used in dealing
with orthogonal polynomials and cubature formulas on B¢ and T? ([24])
and it has also been used in [26] to relate the direct and the inverse type
theorems for the best approximation on 7% and on B?.
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4 Best approximation in more than two variables

Comparing to two variables, there is little known in several variables. We
discuss what is known and what is involved.

4.1 Some basic results

It is easy to see that the following proposition holds (see, for example, [2]).

Proposition 4.1 If F(xy,...,24) = f(x1,...,2m,0,...,0) for some m <
d, then E,(F;Q%) = E,(f;Q™) for Q% being the unit ball B, the simplex
T¢ or the sphere S%1.

Proof. Since B™ is a subset of B?, it follows readily that

HF _pHC(Bd) Z ”f _p(xlw ")xmvov"‘vo)HC(Bd) Z En(vam)

for any p € 11¢. Hence, E,(F;B%) > E,(f; B™). On the other hand, if
p* € II" is an extremal polynomial for f on B™, then P*(xi,...,x4) =
p*(21,...,Tm) is a polynomial in 11¢ and E,(F; BY) < ||F — P oy =
I f = p*lle(say = En(f; B™). The proof for T¢ and S9! is similar.

In particular, using the result in the previous section, this shows that
if @ = (aq,@2,0,...,0) then

Ep(z% BY) = E, (2%, 847 1) = 2177, n=a+a (4.1)

and
E,(z®;T%) = 212", n=a; + as. (4.2)

Note that both these quantities do not depend on the dimension.
The first nontrivial example appears early in [19], which states that
—d/2

inf ”xl .. Xg — p||c(sd—l) = ||:L“1 PN xd”C(Sd_l) =d
pEILL_,

Ounly in the fairly recent work [1], polynomials of best approximation to
other monomials on B? and on S9! are found using the invariance of
Theorem 3.2. It particular it is shown there that

inf ||z1...2q —plloey = nf 1., 24— pllogary =d Y2 (4.3)
pelld | pelld |
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Apart from (3.1) and (3.2) there are several other polynomials whose ex-
tremal polynomials are found, including (z] + . .. mé) among others. How-
ever, the only monomial in the list is x; - - - x4.

In [2] the best approximation is found for another monomial 25 . .. 74
on the ball and on the sphere,

Ed+1(x%w2 s Xd, Bd) = Ed+1($%1‘2 e Xd, Sdil) (4.4)

ad
(d—1)z

where a = a4 is the solution of the equation

d—1
2 d—1\ 2 d+1
d+1<d+1) (1—a)2 =a.
In particular, ag = 1/4, a3 = 3 — /8, ag = (38 + 5 x 10Y/3 — 10°/3)/18.

Recently in [25], we found a family of symmetric polynomials as ex-
tremal polynomials for x2 - -xfl in B? and in S¢'. This work depends
heavily on the theorems in the previous section. It starts with several
reductions. First, by Theorem 3.3, we only need to consider the best ap-
proximation to i --- x4 on the simplex T Second, by Theorem 3.2, an
extremal polynomial can be chosen to be symmetric on 7.

As we mentioned before that there are two steps in dealing with the
problem of least polynomials; one is to find a lower bound for the quantity
E,(x1---x3;T3) and the other is to identify an extremal polynomial that
will attain the lower bound. In the case of two variables, we found the
lower bound in (2.5) by taking the maximal on a subset that is part of
the boundary of T2. This way we reduce the problem to a problem in one
variable that is already solved. We can attempt to apply the same method
here and take the maximal on the face

Téi:{(xl,...,xd)ETd::U1+...+xd:1}

of T%. Evidently z € T¢ is the same as (1, ...,74_1) € T9 L. Let us define
X :=(x1,...,24-1,1 —x1 — ... —xg9_1). For a € Ng define
X =af o a (L —w — - —mg1)™, zeT?

Then the restriction leads to
o, dy . : a
En(z 77’)——pggéﬂx plleeray (4.5)

> inf [|X* = pllogpa-ty = En(X* T,
pelly !
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However, this does not reduce the problem to a lower dimension problem of
least polynomial for the monomials, unless g (or one of the other compo-
nent of «) is zero. If none of the components of « is zero, then X< vanishes
on the entire boundary of T¢. We cannot further reduce the problem by
restricting to the boundary of the simplex.

In the simple case of x1x9 - - - x4 we discuss what to do in the following
two subsections. We consider the case d = 3 first to illustrate the idea.

4.2 Extremal polynomial for z,7,23 on T°

In the case of 212223 on T the right hand side of the equation (4.5) is a two
dimensional problem on T2. Recall that in the previous section we deduced
the lower bound of E,(z*y"~*;T?) by further restricting the maximal on
the boundary of 72 so that it becomes a problem in one variable. For the
function X () := x122(1 — 21 — z2), however, such a method will not work
as the function is zero on the entire boundary of the triangle 7°2.

Since X7 is invariant under the symmetric group S(7?), Theorem 3.1
shows that the optimal polynomial has to be a symmetric polynomial in
x1,x2,1 — 21 — x9. Such a polynomial, called Us(z1,x2), is discovered in
[25]. It agrees with the Chebyshev polynomial T5(2x — 1) of degree 2 on
the boundary of the triangle 72; that is

Us(x,0) = Us(0,z) = Us(z,1 —x) = To (22 — 1).
Proposition 4.2 Let Xq(x) = z1x2(1 — 21 — x2). Define the polynomial
Us(xy,x9) = T2x129(1 — 1 — x9) — 3+ 4(zF + 22 4+ (1 — 21 — 29)?).

Then
By(X1,T?) = pienij 1X1 = pllez = 727 Usll ey = 727"
5

Proof. Once the polynomial is identified, we can find the extremal signa-

ture. Indeed, define

Sy = fa: [Us(ar,az)| = 1} = {<070>7<170>’<0’”’ (:1:, :1a>}

S_ ={z:|Us(x1,22)| = -1} = {@’0) ’ (O’ ;> ’ G’D}
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and let o(v) = 1 on S4 and o(v) = —1 on S_. Then o is an extremal
signature since the sum Lf = Lif — Lo f defined by

11

33) + 13U0.0+ F(1,0)+ £0.1)

b= (50) e (08) 5 (1))

satisfies Lf = 0 for f € II3. Consequently, since |Us(x1,22)| = 727! on
T2, it follows from the part 2 of Theorem 3.1 that Ey(X1,T?) > 7271, To
complete the proof we only need to show that [|Uz|¢(r2) = 1, which is an
easy exercise.

L1fZif<

and

According to the above proposition and Theorem 3.3, to find the ex-
tremal polynomial for z1zsx3 on T3 amounts to find a symmetric polyno-
mial R3(w1, 79, 23) such that R3 agrees with U(xy,z2) on the face T§ of
T5. Although this requirement does not determine R3 uniquely, it helps to
guide our search. The outcome is given below.

Theorem 4.3 Define the polynomial R3(z) by

Rs(x) =72z 12013 — 4(x1 + 1o 4 23) + 4(z1 + 22 + 13)>
— 8($1$2 + xox3 + 1‘11’3) + 1.

Then 7271 R3(x) is the least polynomial for x1xow3 on TS and

EQ(.%'l:CQ.%'g; T3) = Eg(xlﬁjz(l — 1 — .ZCQ); T2) = 72_1HR3HC(T3) = 72_1
Furthermore, 72*1R3(x%, x%, x%) is a least polynomial for x%x%x% on B? and
S2, and
=727

E5(z%m%a:§, B3) = Eﬂz%m%x%, 52) =7271 HRg(x%,zg,xg)Hc(BS)

By Theorem 3.3 all we need to prove is that Rs(x1,x2,23) is bounded
in 73. The polynomial R3 is bounded on the boundary of T3, since
R3(1’,y,0) = R3($,O,y> = R3(07xay) = (1 - 2'%.)2 + (1 - 2y)2 — 1 and

Rs3(z,y,1 — x —y) = Us(z,y). Furthermore, solving critical points shows
that R3 attains its maximum and minimum on the boundary.
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4.3 Extremal polynomial for z;---z4 on T¢

We now consider the case d > 3. By Theorem 3.2 an extremal polynomial
can be taken as a symmetric polynomial in z1,...,z4. It is well known
that every symmetric polynomial can be written in terms of elementary
symmetric polynomials e, eo, . . ..

Let N € N. The elementary symmetric polynomials of degree k£ in
variables x1, 2o, ...,y are defined by

ex(x) = Z Ty Ty Ty 1<Ek<N.
1<i1 <..<ix<N

We assume that IV is sufficiently large and do not write the dependence of e,
on the number of variables. Using the elementary symmetric polynomials,
R3 in Theorem 4.3 takes the form

Rs(x) = T2e3(x) — 4eq () + 4€3(x) — 8ea () + 1, z € R3.

In the following we will denote the right hand side by S3(z) for z € R
Notice that for d > 3 such a function will be entirely different from Rs3. We
will use the notation 1%¥ = (1,1,...,1) € R,

Definition 4.4 For x € RY and N > d define S3(z) by
S3(z) = 72e3(z) — ey (x) 4 42 (z) — Seqg(x) + 1
and Si(z) for k > 3 by the recursive formula

Sk(x) = rreg(z) — Sk—1(x),

where the constant ry, is determined recursively by S(k~'1F) = 1. Further-
more we denote Sy(x) by Ry(x) if » € RZ.

In the above definition the functions Sy are defined for any number
of variables. However, the number rj is determined using the formula for
Si(z) for € R*. Notice that we cannot define Ry without extending the
definition of Ry_1 formally to d variables, which is why we introduce Sy
for any number of variables. As an example, we give the explicit formula
of R4:

Ry(x) =896x1x9w324 — T2(x1 2223 + T1X2T4 + T1X3%4 + ToT3T4)
+ 8(x122 + 2173 + T124 + T2T3 + ToT4 + T3T4)
— A(z1 + w2 + 3 + 74)? + 4(21 + T2 + 23 + 24) — L
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The definition also shows that

d
Ry(x) =Y (1) Frger(x) + (=1)* > (4ef(z) — der(z) +1)
k=2

where 9 := 8. For d > 3, the numbers r; can be deduced from the following
explicit formula ([25])

S : a3 D\ (; _\kar2 2
y d;k (k>(( 1)k (9% 32k:+24)+k:).

The first few values of r4 and their prime factorization are list below:
rg=72=2%.3%
ry =896 =27,
rs = 14400 = 26 . 32 . 52,
re = 283392 = 28 . 33 . 41,
r7 = 6598144 = 29 . 72 . 263,
rg = 177373184 = 2% . 5413.

It turns out that Ry play the role of Rs as an extremal polynomial on
T

Theorem 4.5 Let Xi(x) =21 2q-1(1—2x1—---—x4-1). Ford=3,4,5,
Ey1(z1 - 2q; T = Bg_1(X,, T = TJIHRdHTd—l =r7l,
and, furthermore,
Eygy(x} -+ 2 BY) = Eyq1(a} - 23 ST = r Y| Rallpar = v

In fact we made the conjecture in [25] that the theorem holds for all
d > 3. Recall that we normally have two steps, one is to find a sharp lower
bound for E,(f;€) and the other is to find an extremal polynomial that
attains the lower bound. In our case we have the lower bound:

Theorem 4.6 For alld > 3
Eq (w1 2q;TY = Eg 1 (X1, T > ), (4.6)
and, furthermore,

Eog1(z3-- 2% BY) = Eog_q (23228971 > 7‘;1. (4.7)
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The proof of this step uses the extremal signature and Theorem 3.1.
The definition of Ry shows that

Rd(l‘l, ey Lg—1, 0) = —Rd_l(iﬁl, ey xd_l). (4.8)

This equation allows us to identify many points on which |R4(z)| = 1. Such
points are invariant under the symmetric group Sy of the coordinates. It
turns out that these points are enough for the extremal signature.

By the part 2 of Theorem 3.1, the existence of the extremal signature
proves Theorem 4.6. The next step is to find an extremal polynomial that
attains the lower bound in (4.6). Clearly, a candidate for such a polynomial
is r;le. What we need is a proof that shows the candidate actually works.
Such a proof comes down to showing that |Rg(z)| < 1 on T¢. This is proved
in [25] for d = 3,4,5 by computing the critical points of Ry (with the help
of a computer algebra system).

It turns out that for d = 3,4,5, |Ry4(z)| is attained exactly in the set
S+ and S_ defined above; in particular, |R4(x)| attains its maximum on
the face T = {x € T : 21 +...+ x4 = 1}. By the definition of Ry(x), it is
easy to see that ARy(z) = (—1)4718d where A denote the usual Laplacian
operator. This shows that (—1)?"'Ry(x) is a subharmonic function, which
implies that

(1) Ry(e) < max (—1) Ry(a)
xedTd
by the maximal principle (cf. [9]). However, this is only half of what
we need. Because of the definition of R4, induction argument might play
a role in a potential proof. If the maximal of |R4(z)| were attained in
the boundary, then the equation (4.8) shows that the maximal of Ry are
attained on the face T(‘)i of the boundary of T%. Let

Ug(z) = Ry(x1, ..., 29-1,1 — 21 — ... —29_1), r e R

We then need to prove that [Us(z)] < 1 on T%'. The computation in
the case of d = 3,4,5 points out that the |Uy(x)| attains its maximal on
the boundary of T91. If this were true, then by (4.8), the inequality

|Ua(x)] < 1 would follow from the induction since Ug(x1,...,z4-2,0) =
Ug—1(x1,...,24-1) and
Ud(l‘l, ey d—9, 1-— 1 — .. — l‘d_g) = Ud—1($17 ce ,l’d_g).

The above discussion justifies the following conjecture.

Conjecture 4.7 Ford > 6, |Ry(x)| attains its maximum on the boundary
of T and |Ug(z)| attains its mazimal on the boundary of T41.
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If the conjecture were proved, then the equality would hold in (4.6) with
R, as one least polynomial and equality would hold in (4.7) with Rgo0 ¢ as
one least polynomial.

4.4 Extremal polynomial for z?z2z3 on T°

The construction in the previous section suggests that a least polynomial
for (x1x9x3)™ should agree with the Chebyshev polynomial T),_1(2z — 1)
on the boundary of T3. The following result gives the case of n = 2.

Proposition 4.8 Let Xi(x) = z122(1 — x1 — x2). Define the polynomial

Us(x1,12) =270 X7 (21, 12)
+27b X1 (21, x2) (3a(x% + :L'% +(1—2x1— x2)2) — c)
+2 (3440 + i+ (1 -2 —a2)?)]° — 1

where a = 28.5926243..., b = 21.8935834... and ¢ = 32/9+ a +b. Then

E5(Xy,T?) = ienr% 1 X2 — pllogrey = 27727 | Us | cirzy = 2772071
peliy

The polynomial Uy is symmetric in x1,x2,1 — 1 — 22 by Theorem 3.2.
The form of Uy is chosen so that it agrees with the Chebyshev polynomial
Ty(2t — 1) =1 — 8(1 — 2)% + 8(1 — 2x)* on the boundary of T2 that is

Us(x,0) = Us(0,z) = Us(x,1 —x) = To(To(2x — 1)) = Ty(22 — 1).

The constant ¢ is determined by fixing Us(1/3,1/3) = 1. The values of a
and b are chosen so that |Us(x)| < 1 inside T2. This is proved by making
1 — Us(z,y) > 0 and then solving Us(z,z) = —1 and Uf(x,x) = 0, which
yields three point in 72, by symmetry, for which Us(x,y) = —1. It turns
out that these three points, together with the maximal and minimal points
on the boundary of T2, are enough for an extremal signature.

From the best approximation to x223(1 —x1 —x2)? on T2 we should get
best approximation to z3z3z% on T3. One only has to find a least polyno-
mial which satisfies V5(z) such that Vs(z1, 22,1 — 21 —x9) = Us(x1, 22) and
|Vs(x,5)| <1 on T3. This step is not trivial since an additional multiple of
(z1 + 22 + 23)* added to any term in Vs(x) does not change the value of
the polynomial on the boundary of 7%. Once V5 is found, then V; o ¢ is an
least polynomial for x%x%x% on B? and S? by Theorem 3.3. The result is
stated below.
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Theorem 4.9 Let a and b be as above. Define polynomial V5 by

Vs =272b €3 — 1+ 2¢1 — 263 + 2 (1 — dey + 4¢3)°
— 27e3 ((32/9 — 2a + b)e] + 6aes), =z € R

Then 277207 1V5(x) is a least polynomial for x3x3x3 on T3
Es(aix3a3; T°) = Es(ria3(1 — 21 — 22)%; T?)

=272 |Vl o(rsy = 277207

Furthermore, 72_26_1%($%,x%,3}§) s a least polynomial for x%w%m% on B3
and S?,

Es(zia373; BY) = Bs(231323; S°)

=72"2p71 HV5(5L‘%,$%, x%)HC(SQ) =27 %L,

What comes out as a surprise is that there does not seem to be a nice
formula for E5(Xo,T?) = 27-2b~!. This suggests that the best approxima-
tion to monomials in several variables is much more complicated than that
of two variables.

The above result suggests many questions that one may want to explore.
Some questions are if least polynomials for other monomials, say x’fxlzxé,
on T3 also attains their maximum and minimum on the boundary of T3,
and if a least polynomial p satisfies that p(z1, 22, 1 —x1 —x2) agrees with the
Chebyshev polynomials of appropriate degree on the boundary of 72. One
can also ask the question that to what extend a polynomial is determined

by its values on the boundary of the triangle.

5 Extremal polynomials in L? norm

In this section we report results on the best L? approximation on the unit
sphere S%~1, the unit ball B? and the standard simplex T%. Here the L?
norm can be taken with respect to the measure dp = W(x)dx for some
weight function W on the domain 2. We shall denote the error of best
approximation to f by E, (z%; Q)L2(W) to indicate the dependence on W.
We call the polynomial R, a least polynomial for z® if R, = 2% — Q,
Qa € H\da|—1’ and

En(x® Q) 2wy = inf |2 = pll 20wy = [[RallL20w)-
pEH‘al_1
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According to the standard Hilbert space theory, the extremal polyno-
mial R, is orthogonal to all polynomials of degree lower than |a| and it
is unique. Such a polynomial is called a monomial orthogonal polynomial
in [27] and their explicit expression and their L? norms are computed ex-
plicitly. For earlier study of L? norm of these polynomials, we refer to
[4] and the references therein. The results in [27] are derived for a family
of weight functions on these domains, which includes the classical weight
functions (see below). It should be pointed out that many of the monomial
orthogonal polynomials are already known in [3] for the classical weight
functions.

Throughout this section we use the standard multiindex notation. For

a,f € Nib we also write a! = oq!---ap! and (a)g = (1), -+ (m) B s
where (a), =a(a+1)...(a+n —1) is the Pochhammer symbol. Further-
more, for « € N and a,b € R, we write ac + b = (aay + b, ..., a0, +b).

5.1 Best L? approximation on S9!

The weight function on S9! is
d
We(z) = cx [ i, ki > 0,
i=1

where ¢, is a normalization constant so that the integral of W, over S%—!
is 1. In the following we write |k| = k1 + ... + kq. Let |z]| denote
the integer part of . For a multiindex o € N¢ we use |a/2] to denote
(lo1/2); - Laa/2)).

Let F'g be the Lauricella hypergeometric series of type B, which gener-
alizes the hypergeometric function 9 F} to several variables (cf. [6]),

Fp(a,B;cx) = ZM:N, a,feNd ceR, max lx;| < 1,

> &)y ! 1<i<d

where the summation is taken over v € Nd. We will also need the general-

ized Gegenbauer polynomials Cr(f"“ ) (t) defined by

1
OO (z) = ¢, / CMxt)(1 +)(1 — t2)~1dt.
-1

These polynomials are orthogonal with respect to the weight function

wau(t) = [P =22 —1 <<,
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and they become Gegenbauer polynomials when p = 0; that is, C7({\’0)(t) =

C)\(t). We denote by £ the leading coefficient of oM (). The explicit
formula of the least polynomial R, for z is given as follows.

Theorem 5.1 Let p = |s|+ (d—2)/2, B=a— || and n = |a|. Then

1 z||? z||?
1. Ry(x) = ax“Fp <—ﬁ,—a+ﬂ—n+;—n—p+1; | |2’ ,...,H |2| >
2 x] x5

2. The best approximation to x* is given by

(L
/H Oéz t‘a|+2p_1dt.
P)lof

=1 k(Qﬁl)

inf /Sdlw-m >|W<>dw—/ [Ra(2) PV ()

d
pennfl

In the case of k1 = ... = kg = 0, this is the classical case of L? approx-
imation with respect to the Lebesgue measure on S4~'. The polynomial
R, is defined using a generating function. It also satisfies several other
properties, including a recurrence relation. The norm of R, is written as
an integral of one variable. This integral, however, is difficult to evaluate.
It can be written as an multiple sum of hypergeometric type. For a detail
study and several special cases, see [27].

5.2 Best L? approximation on B¢

The weight function on B? is

_cBHpc 2Fi(1 — ||lz|)Re+ 2w e BY Kk >0,

where ¢? is a normalization constant so that the integral of W2 over B4

is 1. The explicit formula of the least polynomial Rf for z¢ is given as
follows.

Theorem 5.2 Let p = ||+ (d —1)/2. For a € N& and x € R,

1 1 1
1. RB(z) = 2*Fp (—ﬂ,—a—i—ﬁ—n—i—z;—]a—p—i—l;xz,...,ﬁ).
1 d
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2. The best approximation to x% is given by

- & _ oV PW B (2)de — B (2 2W B () da
wt [ et =gl PWE@s = [ IRE@PWE @)

d
pGHn71

1 d (lf"{i)
— 2p (KJ + §)O¢ /1 Ca? (t)t|a|+2p—ldt.
0

(p)\od i1 k.((l%_’m)

This theorem more or less follows from a close relation between orthog-
onal polynomials on B¢ and those on S? (see [23, 27]). The polynomials
correspond to the special case W(z) = (1 — ||z]|?)*~1/? are the classical or-
thogonal polynomials. Let us mention the special case of Lebesgue measure
on BY. Let P,(t) denote the Legendre polynomial of degree n. Then

. 1 2
a d _ tn+d ldt
Qénrllrdil vol B4 /Bd 27 = Q) dw = 2n( d/2 /

(5.1)
where vol B4 = 7%/2/T'(d/2 + 1) is the volume of B%.

5.3 Best L? approximation on 7¢

The weight function on T¢ is

d
T(x) = CZH ]a:i]”ifl/Q(l - \x!)”d“*lﬂ, reT? k>0
where ¢! is a normalization constant so that the integral of W, over T¢

is 1. We need another generalization of the hypergeometric series o F} to
several variables, the Lauricella function of type A, which is defined by (cf.

[6])

(c)|7|(a)7 d+1
Fa(e,o582) = > ~— =22, a,8eNjT, R,
'aA(e, a; B ) a B! x a,f e ce

where the summation is taken over v € NgH. For the simplex T¢ we work

with the homogeneous coordinates X = (z1,...,24,1 — 21 —... —x4). For
o € Ngﬂ we can derive the polynomial of best approximation for X. The
explicit formula of the least polynomial Rg: for X is given as follows.

Theorem 5.3 Let p = |k| + (d —1)/2. For a € N& and x € R?,
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1. the least polynomial for X< in the L? norm is

1 1 1
Rg:(x):XaFB<—a,—a—/s+§;—2|a]—p—i—l;x—l,...,xdﬂ)

(k+1)a

(1 e pal + I+ d i+ 1)

2. The best approximation to X< is given by

: a 21T _ T 211/ T
[ X p@P W @de = [ IRT@)PW @)

d
pelly

a' (k+3 Lt
_r o / Pofel—l/z)( — q)platte-lgy
e}

This theorem essentially follows from the result on B¢, using either
Theorem 3.3 or the close relation between orthogonal polynomials on these
two domains. Putting agy; = 0 gives the best approximation to z® on 7.
It is interesting to note that the additional term (1 — 2y — ... — z4)* causes
many problems for the uniform norm but none for the L? norm. Let us
mention the special case of Lebesgue measure on T¢. Again P,(t) denotes
the Legendre polynomial of degree n. Then for o € N¢ and n = |a/,

o1 o 2 da!? n+d—1
min — |z% — Q(z)|*de = —— HPQZ.(ZT —1)r dr. (5.2)
Td

d !
Qe 0 =1

The formulas of the L? norm of the least polynomials in all three cases
look simple; for example, see the formulas (5.1) and (5.2). However, these
formulas are not easy to evaluate exactly. On the other hand, they seem to
provide a way to obtain sharp estimates for these quantities, which remains
to be done.

Acknowledgement: The author is partially supported by the NSF Grant
DMS-0201669.
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Abstract. The present paper deals with a Durrmeyer variant of the
Jakimovski-Leviatan operators which was recently defined by Prof.
Leviatan. As main result we derive the complete asymptotic expan-
sion for the sequence of these operators. Furthermore, using divided
differences we define general classes of linear combinations in order
to improve the rate of convergence. The results are also proved for
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1 Introduction
In 1969, A. Jakimovski and D. Leviatan [18] introduced a Favard-Szasz
type operator, by means of Appell polynomials.
oo
Throughout this paper let g (z2) = >_ ¢,z be a function analytic in the
v=0
disk |z] < R (R > 1) with ¢g(1) # 0. In order to simplify the denotation

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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let us assume that g (1) = 1 as a normalization. The Appell polynomials
pu(z) (v=0,1,...) are defined by the equation

g(z) e = Zpl, () 2". (1.1)
v=0

Let E be the class of all functions f of exponential type on [0,00), i.e.,
|f ()] < cet (t > 0) for some finite constants ¢, A > 0.

The Jakimovski-Leviatan operators P,, (n = 1,2,...) associate to each
function f € F

[e.e]
P,(f;x)=e™)Y p,(nx f(z) x>0). 1.2
(f;2) VZ::O (nz) f( (z=>0) (1.2)
Note that the operators P, are well-defined, for all sufficiently large n, since
the infinite sum in (1.2) is convergent if n > A/log R.

B. Wood [24] proved that the operator P, is positive if and only if
9v/9g(1) =g, >0 (r=0,1,...). Throughout this paper we will assume
that g, >0 (v =0,1,...).

In the special case g (z) = 1 we get back the classical operators S,, of
Szasz-Mirakjan

Sulfia) =em 3 P F (M) o),

V!
v=0 n

In [18] Jakimovski and Leviatan obtained several approximation prop-
erties of the operators (1.2). They proved that, for all f € C[0,00) N E,

the convergence being uniform in each compact subset of [0, 00). Jakimovski
and Leviatan [18, Theorem 5] defined also, for locally integrable functions f,
a Kantorovich variant

v+1
n

Kn(fio)=ne™ Y p, ) [T p@ @t @zo),  (13)
v=0 n

of their operators.
Recently, Prof. Leviatan proposed a Durrmeyer variant of his operators
given by

cp) T - fooo e "p, (nt) f(t) dt

(z>0), (1.4)
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and requested to study its approximation properties. Here we will consider
a slightly more general definition:

Dy (f;x) = Dnl(/, 97h'a¢) (1.5)

g f°° g, (nt) f(t) dt
B Zp,, nz) J e ”t (nt) dt

(x> 0),

with a further function h(z) = > h,z” being analytic in the disk |z| < R
v=0
(R > 1) with A (1) # 0 and

= Z qv (x) 2¥
v=0

When it happens that an integral in the denominator of definition (1.5)
or (1.4) vanishes, the corresponding fraction is to be interpreted as zero.
Throughout the paper, we assume that g,,h, > 0 (v =0,1,2,...) which
assures positivity of the linear operators (1.5). Furthermore, as a normal-
ization let g (1) = h (1) =

Inserting

14
‘/L‘IJ/
=D vy
pn=0 H
we obtain

/OO et g (t) £ dt = ih“w. (1.6)
0

= =

In particular, there holds

/ e ™ q, (nt) dt =n"" Z hy.

Therefore, the denominator in (1.5) can vanish only for a finite num-
ber of values of v, because it is equal to n~! ZZ:O h,, where h, > 0
(0=0,1,2,...) and 3772 yh, = h(1) = 1. Dropping finitely many terms
of the sum (1.5) does not change the limit and the asymptotic behaviour
of the operators as we shall see later on. Note that hg > 0 ensures that all
denominators are positive.

We shall refer to the operators D, as (generalized) Jakimovski-Leviatan-
Durrmeyer operators or briefly JLD operators. It is clear that (1.5) reduces
to Leviatan’s definition (1.4) in the case g (z) = h(2).
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In the special case h (z) = 1 we get the operators

Dy (f,9,1;2) (1.7)
= ne ™ VZ:Op,, (nz) /000 e_”t(it!)yf (t) dt (z>0),

(see [12]). In the special case g(z) = h(z) = 1 we get back the Szdsz-
Mirakjan-Durrmeyer operators (briefly SMD operators)

Dy (f,1,1; ) :ne*mzﬂ /Oooe"t(nt)yf(t) da  (z>0),

o v! v!

(1.8)
as studied by Heilmann [15]. A modified version was introduced by Mazhar
and Totik [19].

The purpose of this paper is to derive the complete asymptotic expan-
sion
o0
Dy (f,g.hiz) ~ f(x)+ > ex(frg.hix) nF (n—>o00),  (19)
k=1

provided f admits derivatives of sufficiently high order at x > 0. The
coefficients ¢ (f, g, h;x) which are dependent on the functions ¢g and h,
but are independent of n, will be given in a very concise form. Formula
(1.9) means that, for all » = 1,2, ..., there holds

Dy (f,9,h52) = f(2) + D ex (g, hse) n”F+0(n™)  (n— o0).
k=1

Moreover, we study simultaneous approximation. It turns out that, for
r=0,1,..., the complete asymptotic expansion for the “derivated” JLD op-
erators can be obtained by term-by-term differentiation of the series (1.9),
ie.,

(ddw) Dy (f,9,hiw) ~ (@) + ) (c;i:) e (fr9:h;2) n* (n— o0).
k=1

In the special case g (z) = h(z) = 1 we obtain the complete asymp-
totic expansion of the Szasz-Mirakjan-Durrmeyer operators (1.9) and their
derivatives.

The analogous problem for the Jakimovski-Leviatan operators P, and
their Kantorovich variant was studied by Abel and Ivan [7, 8]. We mention
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that there are further results on asymptotic expansions of approximation
operators such as Bernstein-Kantorovich operators [4], the operators of
Baldzs and Szabados [6], the Meyer-Konig and Zeller operators [1, 3], the
operators of Butzer, Bleimann and Hahn [2, 5], and the Gamma operators
[10]. See also [17, 9]. The coefficients of the asymptotic expansions for these
operators are sums of terms mostly containing combinatorial numbers such
as Stirling numbers. We would like to emphasize that in the case of JLD
operators we are able to give a very concise representation of ¢, (f, g, h; )
which is free of any combinatorial numbers.

In order to improve the rate of convergence we consider approximation
by linear combinations of JLD operators. Because of the restricted place,
we must drop the results on left quasi-interpolants of the JLD operators.

2 Main Results

Let ¢ € N. For a fixed z € [0,00), let K(9(z) be the class of all functions
f € E that admit a derivative of order ¢ at . The next theorem contains as
our main result the complete asymptotic expansion for the JLD operators
D,, and their derivatives.

Theorem 2.1 Let ¢ € N, z > 0, and f € KPd(z). The Jakimouski-
Leviatan-Durrmeyer operators D, satisfy the asymptotic relation

q
(f,g,th +ch f,g,hCC (n_q) (n—>oo),
k=1

(2.1)
where the coefficients cy (f, g, h;x) are given by

lfiotia =k (2) (0 en ) (2:2)

z=1

Moreover, if f € KRaH2() with r € Ny, the derivatives of the JLD oper-
ators satisfy the asymptotic relation

@) Dy (f,9.h:2) 2.3

= +ZC f,g,th —k_|_0(n—q) (TL—>OO),



162 Approximation by Jakimovski-Leviatan-Durrmeyer operators

where the coefficients c/[,:] (f,g,h;x) are given by

A (rgti) = () en(fatia). (24

Remark 2.2 The continuity of f*7) at the point x = 1 implies for the
coefficients in (2.3) the representation

UL (f g, by 2) = ]; <§Z>k (Zk+rf(k+r)(;pz)g (z)h(z—l)) (2.5)

z=1

Remark 2.3 If f € K[*®(z) = No= , Kl9(x), the JLD operators and their
derivatives possess the complete asymptotzc expansion

() Dothgia) ~ 1) Z( L) (g hia) w7 (n— oo)

where the coefficients cy (f, g, h;x) are as given in Theorem 2.1.

For the convenience of the reader we list explicit expressions of the
initial coefficients cg] (fyg,h;x) = (d/dx)" cx (f,g,h;z).

[r] (f.g.hyz) = f(r)(x)
N (frghia) = afT @)+ (r+ 144 (1) =1 (1) F7 (@)

A (fg.h2) = %$2f(r+4)(37)+(7“+2+g’(1)—h’(1))xf(r+3)($)

+ £+ () <<T —; 2) +(r+2)g (1) = (r+1)n (1)

~g/ (R (1) + 5 g"(1) + h"(l)))

In the special case of the Szasz-Mirakjan-Durrmeyer operators D,, we
get the following corollary.

Corollary 2.4 (Complete asymptotic expansion for the derivatives of the
SMD operators). Let ¢ € N, 2 > 0, r € Ny and f e K[t ().
The derivatives of the Szdsz-Mirakjan-Durrmeyer operators D, satisfy the
asymptotic relation

. q
(i) D (f,1, 15) = SO @)+ 32 (Fra) n7F ko (n70)  (n— o),
k=1
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where the coefficients d (f, x) are given by

r " r r (k)
ap (i) = S (M @)

In the special case ¢ = 1 Theorem 2.1 reveals the following Voronovskaja-
type result.

Corollary 2.5 (Voronovskaja-theorem for the JLD operators). Forxz >0,
r e Ny and f € K22 (z), the Jakimovski-Leviatan-Durrmeyer operators
Dy, and their derivatives satisfy the asymptotic relation

d T
lim 7 ((m) Dy (f,9,h;2) — f‘”(ﬂ?))
= afU (@) + (r+144¢ (1) =1 (1) f ().
The specialization of Corollary 2.5 to the Szdsz-Mirakjan-Durrmeyer

operators

n—oo

lim n <(di> Do (L 1i0) = (&) ) = 2£0 D a) + 0+ 1) 1)

is due to Heilmann [16, Theorem 3.2 with r=1].

3 Auxiliary results

As a first step we calculate the moments of the JLD operators. For r = 0,
1,..., put e,(x) = z". For each real x, we define the function v, by
¥y (t) = t — x. For technical reasons, we consider in the following the

auxiliary operators Dy, (m =0,1,2,...) given by

nx e qu—l-m (nt) f(t) d

where the quotient is to be interpreted as zero when the integral in the de-
nominator vanishes. Obviously, the JLD operators come out as the special
case D, = D, 0.

Firstly, we give an approximative expression for the operators D, ,
when acting on the space of algebraic polynomials.
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Lemma 3.1 Let x > 0. For allT =0,1,..., there exists a constant ¢ > 0
such that,

[&°] T
0
Dy (er;@) =n""e ™™y zn(nx)(> [y +O (e )
Jy =1
v=0 Y
as n — oo. More precisely, for the constant ¢ we can choose each value in

(0,1 - R71).

Lemma 3.2 Let x > 0 and ¢ € (0,1 —R‘l). For oll v = 0,1,..., the
moments of the operators Dy, ., satisfy, as n — oo,

r r—k k
r\x 0 _ _
Dutens) =3 (1) 5 (52) ma@nG)| w0 (™).
k=0 z=1
Lemma 3.3 Let 2 > 0 and c € (0, 1 — R™Y). Foralls =0, 1, ..., the
central moments of the JLD operators D,, possess the representation
D (135 )

= ! Z glf:'n:<sfk> (6?z>2k_s (g @n (=)

k=[(s+1)/2]
+0 (e

In particular, we have Dy, (¢3;x) = O (nfusﬂ)m) as n — oo.

In order to show Theorem 2.1 we use a general approximation theorem
for positive linear operators due to Sikkema [22, Theorems 1 and 2]. Since
it does not apply to functions of exponential growth we shall need the
following lemma for the proof of Theorem 2.1.

Lemma 3.4 (Localization Theorem) Let = > 0 be given. Assume that
f € E wvanishes in a neighborhood of x. Then for each positive constant q
there holds Dy m (f;2) = O(n™9) as n — 0.

Finally, for the study of simultaneous approximation we use the follow-
ing formula for the derivatives of the auxiliary operators D, ,,.

Lemma 3.5 Form =0,1,2, ..., the operators (3.1) possess the represen-

tation
D '

)
n,m

=n"A"Dpm  (r=0,1,...),
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where A denotes the forward difference operator of step 1 with respect to
m. In particular for the Jakimouvski-Leviatan-Durrmeyer operators Dy, we
have

T

(CZB)T Dy (f;z)=n" Y (1) (;) Dy (f;2). (3.2)

m=0

4 Proofs

PrROOF OF LEMMA 3.1. Eq. (1.4) can be written in the more concise form
o0
/ e g, (t) t dt
0

8 N TTV— 8 " TV -
= (5) Smarer = () b o))

u=0 y=1

y=1

with the Taylor polynomial T}, (h;z, z9) of h around zg = 0.

Obviously, we have |h,| < Kp™ (1 =0,1,...) with 1 < p < R. As a
consequence, there holds

oo
> ohud| <K (hopj)p™” (ni=0,1,..)
p=v—+1

with a constant K (h, p, j) independent of v, where z* (z € R) denotes the
falling factorial defined by 2% = 1 and 2% = z(z—1)...(z—n+1) (n €N).
Applying the Leibniz rule twice we conclude, that

/Ooo etq, (t) t7 dt = i (;) (r + ’/)r_j;hu (—p)?

§=0
= 2 C) (r+ )=y by ()2 + 0 (p7")
j=0 pu=0

+0 (p*”) .
y=1

- () rene)
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Finally, we arrive at

JoSe ™™ qu (nt) ¢ di _ Do by (r v —p)"
fﬂoo e~ q, (nt) dt ZZ:O hy,
3 (a%) [y h (yY)] ‘y:1 +O ()
a 1+0(p7)

+ O (p_”)
y=1

= () )

as v — 00, where the first equality is senseful for all sufficiently large values
of v. Put vy = min{v € Ng| hyym # 0}. The condition h (1) = 1 and
the non-negativity of the coefficients h, ensure that v is a finite integer.
Inserting the above formula into (3.1) proves Lemma 3.1, since, for fixed
x > 0, we have

vo—1 r
—NnT —r 2 r4v —1
e ;}py (nz)n (ay> [y R (y™")]

and
o0
e~ ne Zpl/ (TZZE) p—u =g (p—l) e—nx(l—pfl) (41)
v=0
as n — oo. ]
Proor or LEMMA 3.2. Use of the Cauchy integral formula yields, by

Eq. (1.1), ) N
p(z) = — % gizy)fldz

|z|=p

with 1 < p < R. By Lemma 3.1, we obtain

D, (ey;x)
ne " nrz 9 RS yT+V+m -1 —cnx
= 7{ g(2)e ((%) [2} oS, h(y™) dzl—l— O (e=")
2= v= y=

B n_Te % g r rm . g (Z) enTz -
= o <8y> y " (y ) =~ + 0O (em)
|z|l=p
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as n — oo. Since (2mi)”" ¢ g(?fzzz dz = g(y)e™¥, for all y with
|z|=p

ly —1] < p — 1, an application of the Leibniz rule completes the proof

of Lemma 3.2. [ |

ProOOF OF LEMMA 3.3. Application of the binomial formula yields

S

D (125) = 3= (3) (=) Do (i)

r=0
and, by Lemma 3.2, we obtain

Duntene) =3 (1) 5 (32) romeh)| wo@)
Dy (135 )
- 2 (505 @) emaene)|
10 ()
- _ Z) - ;(—ns—r <,ﬁ - Z) @)k( g (2) b (271))
o -
- 3 ()5 () (e taen )| core
By Leibniz rule, we obtain
<gz)k (=1 g n (=) 3
0 (2k < s),
S DGR @ @) @Rz

Therefore, we have

Dy m (wi, )

- > (e (;)2'“ (g ()1 (7))

k=|(s+1)/2]
+ O (e—cnx)

z=1
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as n — 0o, which completes the proof of Lemma 3.3. |

Proor or LEMMA 3.4. We write the operators D, ,, in the form

Dy (i) = /0 T Ko (ef) f(B) At (2> 0),

with the kernel function

e quym (nt)
e @i (nu) du’

o
Kpm (z,t) =™ Zp,, (nz) —=5
v=0 fO

where the quotient is to be interpreted as zero when the integral in the
denominator vanishes.

Let |f (t)] < ce (t > 0), for some constants ¢, A > 0. Assume that
f vanishes in (x — 0,z + ), where 0 < § < z. Put s = [¢+ 1]. Since
S Ht—=x| >1forallt & (z— 6,2 +6), there holds

|Dn,m (f;2)] < 6%

(0.9}
/ Ko (,8) At — af?® dt‘ .
0
Application of Schwarz inequality yields

[ Dnm ()] (4.2)

00 1/2 o) 1/2
< b7 [/ Kopm (x,t) 24t dt} {/ Kpm (z,t) |t — x\4s dt}
0 0

Since

S (YT Cop v,

n
p=v+m-+1

we have

(n— 2A)/ e~ (=20t (nt) dt
0
gl n—2A\""T"
= > h -
n=0

- () (5 rou)
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as v — o00. Therefore,

fooo e_(”_QA)tq,,er (nt) dt

f[)oo e_ntqu-‘rm (nt) dt
(n—24)7 (525) " (0 (524 + 0 (o))
n=t(h(1)+ O (p7))

_ < n >”+m+lh<”_2‘4)+(9(p‘”) (v — o0).

n—2A n

By Eq. (4.1), this implies
o
/ Kpm (z,1) 24t qt
0

m+1
- n na—24 n n—2A —na(1-p~1)
B <n—2A> ° 2Ag<n—2A)h< n )—i—@(e )

which tends 4% as n — oo. By Lemma 3.3 the second integral term in
Eq. (4.2) is of order O (n~*). This completes the proof of Lemma 3.4. W

PROOF OF LEMMA 3.5. Using the fact that p(yr) () =py—r (z) (v>1r>0)
and pl(,r) (x) =0 (r > v > 0) it follows that

(ddx)r (e7"py (nz)) =n"e™" EV: (;) (=1)" pu—j (nz).

Jj=0

Therefore, we have

d T
7™ Quyjim (nt) f(t) dt

— ple ™™ - 1y (" 3 nx fo
- Z( 1) <]> VZ:OPV( ) fooo et Qu+j+m (nt) dt

§=0
r I
= e S () D 152,
— J
7=0
which proves the assertion. |

PrROOF OF THEOREM 2.1. First we derive the complete asymptotic ex-
pansion of the undifferentiated operators D, . Let f € K4 (z). We can
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assume without loss of generality that f is bounded on [0, 00) since, by
Lemma 3.4, for each ¢ > 0, Dy, s, (f;2) = Dpm (X[m_d,ﬁd]f;:c) + 0O (n79)
as n — 00, where X[;_g4 .44 1S the characteristic function on the interval
[z —d,x +d].

Hence, by Lemma 3.3, the operators D, ,, satisfy the assumption of the
general approximation theorem [22, Theorems 1 and 2] and we conclude
that

Dy (f; )
2q . s :Es_k k o 2k—s . B
_ gfu(x)k:u;m . (_k) (a) (g () (1)) y
—i—o(n‘q)
q 2k 2k—s
= S (L) e (5) (Freene) B

as n — oo. This completes the proof of the first part of Theorem 2.1.

Now we proceed with simultaneous approximation. Applying Eq. (1.4)
we obtain, by the first part of the theorem,

() Putsio
_ nrg()(—n?"—m (") [% — <§Z>k £ ) Fg (2) B ()
+o (n_q_r)]
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q+r . 9 &
- =2 =0T — ) S (za) g (2) b (27
> e () (3)
—I—o(n_q)
q+r
- Z kunlk r <8z> F®) (z2)2% (2 = 1) g (2) h (z_l) +0(n79)
z=1

as n — oo, and application of the Leibniz rule proves Eq. (2.5).
The continuity of f(¥+7) at the point = 1 implies Eq. (2.4). This
completes the proof of Theorem 2.1. |

5 Linear combinations of JLD operators

The aim of this section is to study linear combinations of JLD operators
having a better degree of approximation than the JLD operators themselves
(see [14, 10]). For given m € N we fix certain integers 1 < ffp < -+ < G,
and consider special linear combinations of the type

™ =Y aj Dgn (5.1)
j=0

where in some cases the coefficients a;; may depend on n and m. The «; are

(m)

determined by certain conditions on Dy,
in terms of divided differences:

. Relation (5.1) can be written

D™ = [nBo,...,nBm; ¢(2) D2,
for a certain function ¢, hence

p(np;)

dolnpy GO

j =

where wy, m(2) = (2 —=n o) ... (2 —nfpy).
By Theorem 2.1, for z > 0, m € Ny, and for each f e K[2(atm)] (), we
have the asymptotic expansion

[T]

<CZ;>T " (f5) +ic’“ S 7 o), 62

7=0
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ie.,

AN\ pim s
() Do

q
= @)+ > (fim) [ Bos. . n B 2 F(2)] + o(n )

k=1
as n — oo, provided
[nBo,- ..y nBm; p(2)] = Zaj =1and a; = O (1) (5.3)
j=0
asn—o0 (j=0,...,m).

In order to improve the order of convergence we are looking for constants
a; = a; (m) independent of n such that Dflm>(f; z)— f(z) =0 (n-™ 1)
as n — 0o, for all functions f € E sufficiently smooth in z. To this end we
put ¢ (z) = 2™, i.e.,

D™ = nfo,...,nBm; 2™ D).
Obviously the coefficients
(nB)" 4 -1 .
aj(m)=——=—-= (1—=75,/8) (j=0,...,m)
! W;L,m(n 6]) ,}_I() !
v£]

are independent of n and [n (g, ...,n By; 2™ = 1. By Eq. (5.3), we obtain

AN o
( ) D

= ZC a n/B(]’"')nﬁm; em—k]+0(n_q)

nk

q [7"]
= Z (f;z )[ﬁOa"" Bm; em_k]+0(n—q)
k=0

a. ]
= @+ Y YD el tom) (o).

k=m+1

In particular, if ¢ = m + 1, we have the Voronovskaja type formula

dm et () D) - 10 @) = (- (H 5 ) Al (Fia),

where we used the well-known formula [Bo, . . ., Bn;e—1] = (=1)" [, 3 L
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Rate of convergence of a class of Bézier
type operators for functions of bounded
variation

Octavian Agratini

Abstract. By using probability methods we introduce a general class
of Bézier type linear operators. The aim of the present paper is to
estimate the rate of pointwise convergence of this class for functions of
bounded variation defined on an interval J. Two cases are analyzed:
Int(J) = (0,00) and Int(J) = (0,1). In a particular case, our opera-
tors turn into the Kantorovich-Bézier operators. Also some examples
are delivered.

Mathematical Subject Classification (2000). 41A35, 41A25

Keywords and phrases. Approximation process, bounded varia-
tion, rate of convergence, Bézier type operators.

1 Introduction

Recently, in [1] we introduced A,, n € N, a general class of linear operators
acting on a function real space S, S C R”, J a real interval. Using a
Lipschitz-type maximal function, the Peetre functional Ko and the Hardy-
Littlewood maximal function, has been estimated approximation order in
L,-spaces for smooth functions.

The first aim of this paper is to present the Bézier variant A, o, n € N,
«a > 1, of the above operators. Section 2 contains both this construction
and some direct properties of these integral operators. Our main goal
is to estimate the rate of pointwise convergence for functions f at those

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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points z at which the one-sided limits f(z+) and f(x—) exist, z € Int(J).
Actually, in the last two decades it has been intensively considered functions
of bounded variation. All discontinuities of a such function are only of first
kind, consequently the proposed study is well raised.

We recall: the total variation of a function f € S on [a,b] C J is defined

n—1
as the upper bound of the numbers v(f;A,,) = Z |f(zrs1) — f(xp)], for
k=0

any n € N and all meshes Ay (a = z9g < 1 < -+- < x, = b). Setting
b

\/( f) == supv(f;A,) € [0,00], whenever this quantity is finite we shall
An

a

say that f is of bounded variation on [a,b]. Throughout the paper, BV
stands for the class of all functions of bounded variation on every compact
subinterval of R.

In Section 3 we gather all notations which will be used for enunciation
our main result. We also prove several preliminary results. Mainly these
are estimates of the quantities in which we split the expression

((Anaf)(@) =g " f(z+) = (1= ¢ %) f(2—)]; (L.1)

where ¢ > 1 plays an important role in the structure of the initial operators
A,

Section 4 is devoted to give an upper pointwise bound of the mentioned
deviation under some additional conditions imposed to f. We consider here
both the case J unbounded and J bounded. Considerations concerning the
convergence of our sequence of operators are delivered. Also particular
cases are analyzed. We reobtain the Bézier variant of some Kantorovich
type operators.

At the end of this section we mention that the rate of convergence
of some operators of functions with bounded variation is usually given in
terms of the arithmetic means of the sequence of total variation. A pioneer
work in this direction is due to R. Bojanic and M. Vuilleumier [6], they
deepening a technique later often used in many papers.

In time, for ¢ = 2 and o« = —1 the deviation (1.1) was intensively studied
by a large number of mathematicians. Best of our knowledge, we mention
some of their papers in connection with functions of bounded variation.
F. Cheng [9] established the rate of convergence for Bernstein operators.
His results have been extended by S. S. Guo and M. K. Khan [10] the ap-
proximation of functions of bounded variation on R has been achieved and
several classical operators (Bernstein, Szdsz, Baskakov, Gamma, Weier-
strass) have been discussed as examples. At the same time M. K. Khan
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[15] investigated Bernstein power series operators and later, in a joint paper
with R. Bojanic [7], functions with derivative of bounded variation on R
have been considered. For the same values, ¢ = 2, « = —1, we quote [17],
[14], [13], in which the authors gave estimates of (1.1) for modified Szdsz
and Baskakov operators in Durrmeyer sense, respectively. Actually, Vijay
Gupta has studied this problem in several papers for different classes of
discrete and integral operators. The pointwise convergence of Meyer-Konig
and Zeller operators for bounded functions was investigated by X.-M. Zeng
and J.-N. Zhao [21].

2 The class (A, ,)

Let J be a given interval of the real line. Let I,, n € N, be sets of indices
such that I, C I, 41 holds true. We have in mind the variants: I, finite thus
as a model can be chosen {0,1,2,...,s,}, or I, is infinite thus our model
can be considered Ny := NU{0}. For each integer n > 1 we consider a net on
J namely (kn=%)ycr,, where 8 > 0 is a fixed real number. We start from a
sequence (L, )y, of linear positive operators of discrete type having the form
(Lof)(x) = ) anp(2)f(k/n"), x € J, where any € C(J), ang > 0, for
kel,

every (n,k) € Nx I, and f belongs to a vectorial subspace of R’ such that
the operators are well defined. Setting e; the j-th monomial, e;(t) = ¢/,
j € Ny, for every n € N we require the following conditions to be fulfilled

Lneo = €y, Lnel = €1, Lneg = €2 + ©ns (2 1)
ank(x) < op(x), k €Iy, x € Int(J), ’

where ¢, € C(J), ¢, € Ri are certain functions. These requirements
imply that each operator L,, has the degree of exactness 1.

Next, let X be a non constant real random variable on a probability
space (2, F, P). Denoting by 1 its probability density function, we assume
that ¢ € La(R) and supp(¢)) C [—p, pu] N J, w > 0. A bounded compactly
supported 1 € Ly(R) is automatically in L;(R). Also, one has ¢ > 0 and

il = / S(t)dt = 1. (2.2)
R

We set E(X) := e, Var(X) := 02, the expectation and the variance of
X respectively. Starting from X we generate the random variables X, j
defined by

)

1
Xpk = n—B(X—{—k:—e), (n,k) € N x I,. (2.3)
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Consequently, Px, ,, the distribution function of X, x, satisfies dPx, , =

n,k?
nPy(nP - —k + e) and one has E(X, ) = k/nP, representing exactly the
mesh of the L,, operator.

Letting S := {f € R® : E(|f o X, 4|) < oo for every (n,k) € N x I},

we introduce the operators A,, : S — C(J), n € N, as follows

Anf = ZankE © nk Zank/fo nde (2'4)

k’e[ ke[n

this meaning (A, f)(x —nﬁzank /f VPt —k+e)dt, x € J.
kel,

Following Altomare and Campiti monograph [3; §5.2] this is a positive
approximation process generated by a random scheme on J. Since X is
non-constant, by examining (2.3) we deduce that for any (k1, ko) € I, x I,
the variables X, 1,, Xy, i, are not independent. All these variables repre-
sent scaled versions of the same variable X, they being obtained from it
by contractions (n~?, n € N) and by translations ((k — e)n™%, k € I,).
Moreover, by using (2.1) a simple computation shows us that the operators
A, keep the degree of exactness 1 and Apes = ea + ¢, + 02/ n2s,

The next step is to define the Bézier variant of A, operators. Let a be
a real number, o > 1. We consider the operators A, ., n € N, given as
follows

(Anaf) (@ nﬁZQ(a)x/ft P(n’t — k + e)dt
R

kel,
t +k—e
-3 Q@) v (—5 ), (25)
keln supp(v)
where

Q@) = 82 4(x) = 8% p41(2),  Surl(z) = an(a), (2.6)

ji>k

j€In

for every x € J and k € I,,.
Based on (2.2) and knowing that Z an = 1, we deduce S, j, = 1 for

kel,
k <inf(I,). If k > sup(l,), we agree to take S, = 0.

In the last years the operators of Bézier-type have also been studied. By
using probabilistic tools, X. M. Zeng and W. Chen [19] estimated (1.1) for
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Durrmeyer-Bézier operators (instead of ¢® appeared as valid (a+1)71). X.-
M. Zeng and V. Gupta [20], [11] approached the Bézier variants of Baskakov
and Baskakov-Kantorovich operators, respectively. As regards the Bézier
variant of Szasz-Durrmeyer operators a fruitful investigation has been car-
ried out by U. Abel and V. Gupta [12]. Also a general class of Durrmeyer-
Bézier type operators was recently presented in [2]. A similar technique as
in [2] will be applied in this study. However, the results aim at different
classes of operators and arise from distinct hypotheses.

Remark 2.1 The operator A, o is a linear positive one and it can be writ-
ten as a singular integral of the type

(Ao f)(z /Knaa:t (t)dt, x € J,

with the kernel K, o(z,t) := n Z ngg(a:)w(nﬁt —k+e), (z,t) € J xR.
kel
Clearly, Ay becomes just A, defined by (2.4).

Remark 2.2 For all k € I,, x € J and a > 1, the quantities Qia,z, Sh ks
K.« verify the following direct properties useful in the sequel.

Snk(x) = Sppr1(x) = app(x), 0<S,ip(z) <1, (2.7)
Zan _1 /Knaxt (2.8)
kel

QS‘,Z(&?) < aay k(). (2.9)

Relations (2.7) and (2.8) are implied by (2.6) combined with (2.2). Re-
lation (2.8) means that A, ,, o > 1, reproduces the constants, in other
words Ay, o0 = eg. Further on, if a,b € [0,1] and o > 1 then ¢, between
a,b exists such that [b% — a®| = alb — alcgy 1 < a|b — a|. Based on this
inequality, (2.9) is implied by (2.6) and (2. 7)

In what follows, as regards the family (a,)r, we make an additional
assumption considering that a real number g, ¢ > 1, exists such that

‘ Z <a(n,x), =z € Int(J), (2.10)
k>nfz
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where a(n,-) is continuous on Int(J) for each n € N and a(n,z) = o(1)

(n — o0). Here o(-) represents, as usual, the Landau symbol. In order to

justify that this is not an unusual request we deliver the following examples.
Let J =[0,00), I, = Ny and 8 = 1. We consider the Banach lattice

f(x)
1+ a2

By {f e C([0,00))

is convergent as x — oo}

endowed with the norm || - ||, || f]l« := sup(1 + z?)7|f(z)|.
x>0

Example 2.3 Choosing an(z) = e ™ (nz)*/k!, L, become Mirakjan-
Favard-Szdsz operators, n € N. The domain S can be considered Eo. For
these operators X. M. Zeng [18; Lemma 2] has proved that (2.10) is fulfilled

with ¢ =2 and a(n,z) = /1 + 3z/\/nx.

n+k—1 T K
Example 2.4 Choosing a,i(z) = (1 + x)"( k ) (1 +x> s Ln

become Baskakov operators, n € N, with S = Ey. Again (2.10) holds true
with ¢ = 2 and a(n,z) = (3z + C)/v/nz(l + x) in concordance with [20;

Lemma 5]. In the above C indicates a constant.

As a matter of fact, following (2.1), for these examples we specify that
on(z) = /n and @, (z) = (x + 2?)/n, respectively.

Note that a similar relation as (2.10) was proved for other discrete
operators, like as Meyer-Konig and Zeller, see [21; Lemma 6].

Remark 2.5 We try to construct a true "bridge” between our assump-
tion (2.10) and the approximation processes presenting both a particular
approzimation process for which (2.10) is not valid and some classes of
approximation processes which verify (2.10) for an arbitrary number q > 1.

2.5.1. We consider Lupag operator [16] defined by
n

Suf)o) = 53 [ 2 el £ ().

n n 'n n’
k=0

€ [0,1], f € C(]0,1]), where, for mutually distinct numbers a,b,c, we
denote by [a, b, c; f(t,x)]; the fact that the divided difference is applied on
the variable ¢.

Actually, S, f is the piecewise linear continuous function that inter-
polates f at the points k/n, k = 0,n. Among the properties of S,
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operator, we mention: it is linear positive, Spe; = e; for ¢ = 0 and
i = 1, Spea = ez + z,(1 — 2,)/n? where z,(z) := nz — [nz], [] in-
dicating the integral part function. In harmony with (2.10), we have
ank(z) :=n"(k —1)/n,k/n, (k +1)/n; |t — z|]; and further on

1
D anp(z) = 5 > {lk+1—na|+[k—1-nz| -2k —na|} = z,(z).

k>nx k>nx

Clearly, for any ¢ > 1 the relation |z,(z) — ¢7!| = o(1) (n — o0) is
false. Consequently, the operators S, n € N, satisfy (2.1) but (2.10) is not
fulfilled.

2.5.2. Following [8] we recall the notion of bell-shaped function. A non
negative function b belonging to L;(R) is named bell-shaped if a real num-
ber a exists such that b takes a global maximum in x = a, b is non-decreasing
on (—oo,a) and non-increasing on [a, 00). Here a will be called the center
of the bell-shaped function. The function b may have jump discontinuities.
In what follows we consider that suppb is contained in the interval [-T, T7,

T
T > 0, and the center of b is a = 0. Letting I* := / b(t)dt > 0, the uni-
-T

variate Cardaliaguet-Euvrard neural network operators are given by the
formula

n2

FEh@ = 3 L e ), zer,

*
k=-—n? "

where 0 < o < 1 and f is continuous and bounded on R.

Based on [4, Theorem 2.1], we obtain that (F,) is a positive approxi-
mation process on L1(R) N Cp(R) with respect to Li(R), in the sense of
Altomare and Campiti [3; page 264].

Letting a, k(z) := n=%(n'=%(x — k/n))/I* and following [4; Eq.(2.10)]
we define S} (x) := Z an k(). It was proved, see [4; Lemma 2.1] that

k>[nz]+1

0
S(z) — (I*)7! /T b(t)dt as n — oo. Comparing this result with relation

0 -1
(2.10), it is enough to choose ¢ = I*(/ b(t)dt) . Consequently, for a
T

given ¢ > 1 we can define a bell—shapea function b such that the above
identity holds true. Actually there are an infinity of such functions b, an
easy construction being piecewise constant functions.
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3 Notation and preliminary results

Since an affine substitution maps (a,b), —oc0 < a < b < oo onto (0,1),
(0,00) or R, in general is enough to consider these intervals as being Int(.J).
For the first two situations, we are going to present the rate of pointwise
convergence of A, . operators for functions f € BV and satisfying the
growth condition [f(t)| < Ms(1 + [t|"), t € R, where M; is a positive
constant depending on f. We denote briefly this class by BVy.

For any real numbers a < b set J ™ (a) := (—o0,a), J(a,b) := [a,b] and
JT(b) := (b, 00).

Throughout the paper we will use the quantities w,, = x — zn P,
Ung =0 +an P, Wy =2+ (1— x)n~P. Next we define the real functions
925 €x.q> 91,25 92,0, Oz as follows

f) = flz—), t<uw, ~1, t<uz,
9a(t) = 0, t=1x, cpq(t)= 0, t=u,
f) = flat), t>u, -1, t>uz,

9:(t), t<2x,

g1 (t) 9:(0), ¢ Z 0, P2 (t) = { gz(22), t> 2z,

Il
——
Q
8
—
~
:—/
~
Vv
\'O

The size of the saltus of f at € Int(J) will be denoted by sf(x),
that is sf(x) := f(z+) — f(x—). For any integer s > 0 we introduce
the s-order central moment of the operator A, 4, ufffg = Ay a¥ys,s Where
Vg s(t) == (t —x)°. If & = 1 then these moments will be simply denote by
fn,s. For every (n,s) € N x N and a > 1 one has

:“51625 < Ot 2s- (3.1)

The proof runs as follows. By using the known inequality b*—a® < a(b—a),
0<a,b<1, a>1,and taking into account (2.6) we get

QL) (x) = 83 (x) = ST py1 (1) € A k() = Sppsr (@) = Q) ().

Since A, are linear positive operators, for every 1, 2s > 0 relation
(3.1) holds true.
Some inequalities involving the kernel K, , will be read as follows.
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Lemma 3.1 If x € Int(J) then the following relations hold true
(i) for each y < z,

Qfln 2T
/ Ko, t)dt < G _2;)2, (3.2)
I ()
(ii) for each z > x,
Qlin 2\ T
Kma x,t)dt < = 35)2) (3.3)

Proof. Let x € Int(J).
If y <, then 1 < (t —2)?(x —y)~2 for each t € J~(y).
If 2>z, then 1 < (t — 2)%(2 — )72 for each t € J*(2).
These inequalities combined with (3.1) lead us to the claimed result. [J

Further on, we associate with the kernel K, , the following mapping

AnalT,t) / Ky oz, u)d r e J (3.4)

We are now in position to enunciate some technical results involving
the decomposition of the integral /gx(t)Kma(x, t)dt.
R
Lemma 3.2 If

Apo(z) = / G1,2(t) Ky o(z, t)dt
I~ (un,z)
and
Dy () = / G () K, ),
I (vn.z)

then the following statements hold true

T n—1 T
Ano@)] < P22 (\/(g,) 4 (k4 1P -8 \ (@), n>2
0 k=1

o (I‘) 2x n—1 Vk,x (35)
Daal@)l < 22 (\/(:) + D (k+ D% =8 \/(9.)), n>2
T k=1 T
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Proof. Recalling (3.4), integrating by parts and using the definition of g; ,
we have

Ao (z) = §1,x<t))\n,a(97; t) ‘tGJ*(u ) + / An,a (z, t)dt(_/g\l,x(t))
" J(une)

= g (tno—) Aol tno—) + /O T @ D (—ge @) (37)

€T
We can write gy (tn,e—)| = 92 (Unz—)—gz(x)| < \/ (9z). Fort < up, <,

Un,x

applying (3.2) we get

i 2() n28

(6] 20T
- L Analzt) < Ofin,2()

—) < .
)\n,a($aun,m )_ = (aﬁ—t)Z

Since the mappings ¢ — \/(gw) + ¢.(t) are decreasing for t < z, we
t

have |di(—gz(t))] < dt< \/ ) Gathering these relations, identity (3.7)
t
implies
28,,—2 -2 y
Apa(@)] < apina(z ( \/ / (@ — )2 (\/ (92 )
Un,x t

xT

—ama(o) (s Vg +2 [0 Vigdt).  (8)

0

In the last integral making the change t = z —x/ y?, onegets 1 <y <n
(n > 2) and it becomes

ﬁ " 26—-1 y ﬁ gy ’ 26—1
- T (gn)dy = QZ/ (92)y* " dy
X 1 €T k
x—xy—P k=1 z—zy— B
B n—1 .p41 = 51 1 n—1 ) ) T
SﬂZ/k \/(gcc)?/ﬂfdy:?Z((lﬁ'l)ﬁ—kﬁ)\/(gx)‘
k=1 Uk, x k=1 Uk, x

We took into account that y € [k, k+1) implies [z —2y =7, 2) C [ugz, 7).
Returning to (3.8) we obtain inequality (3.5).
In a similar manner (3.6) can be proved, consequently we omit it. [
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Lemma 3.3 Let f € BVy and Int(J) = (0,00). If
Bra(@)i= [ (9(6) - 0.(0) Koo )t
J=(0)

and
Bpalz) = / (92(8) — g (2)) K (),
J+t(2z)

then the following statements hold true

|Bya()] < aM; (x—%,m n alun,mx)) ENET)

|Ena(z)| < aMy <(2 + (2x)N)x72,un72(:z) + 2N a‘l,un,gN(m)> . (3.10)

Proof. Clearly, both proofs follow the same line. We put the second one in
detail. Because of t > 2z and f € BV we obtain

192(t) = g2(22)| = [ f(t) = F(22)] < Mp((1+¢7) + (14 2%a)).
Further on,
| Ena()] < Mf((2 + 2Nz ) / Koo, t)dt + / tNKn,a(a;,t)dt).
Jt(2z) J+(2z)

For the first integral we apply (3.3) and for the second we use Schwarz
inequality

/ tN Ky oz, t)dt < 2V / (t — 2)N Ky oz, t)dt
J+(2x) J*(2z)

2
§2N{ / (t — )QNKna(xtdt / Kmxtdt}/
Jt(2z) Jt(2z)
< 2N/l (@),

because of t > 2z, J*(2x) C J and (2.8). Relation (3.1) finishes the proof.
U



188 A class of Bézier type operators

Lemma 3.4 If Cp, o(z) := / 9z (t) Kp o(z,t)dt, then one has

J(un,azyvn,a:)

Un,x

Cra(@)] <\ (g0)- (3.11)

Un,x
The same relation is true if we substitute vy, z by Wy 4.

Un,x

Proof. For t € J(un g, Vn) one has |gz(t)] = |g2(t) — gz(x)] < \/ (g92) and

Un,x
knowing that 0 < / Ky o(x,t)dt < 1, inequality (3.11) is proved.

J(u‘lb,"L'7v7L,(l,')
The last assertion of our lemma is evident. O

Lemma 3.5 Under the hypothesis (2.10) one has

[(Anagz,q) (@) < Cogu(@(n, z) + én(z)), =€ Int(J), (3.12)

where Cq g depends on a,q and the length of the set supp(v)).

Proof. We split I, into three subsets. I, 1 :={k € l,: k< nPx+e—t for
every t € supp(¥)}, Iz := {k € I, : k> nPr+e—tforevery t € supp()}
and I3 := I, \ (In,1 U I 2). Taking into account (2.5), (2.2) and (2.8) we

obtain
Anafag=— an DY Q(a)
keln1 kE€ln 2
t+k—
+ Y Q / P(t) < ) dt
Kelns supp(¢)
—o“ (a) (a) t+k—e
-4 Z Q”vk -1+ Z Qn,k(l + / 1/1(75)53[;,11 (’I’Lﬁ> dt).
kEIn,Q k61n73 Supp(¢)

Letting ko := min(], 2), it is evident that any k > ko, k € I,,, will belong

to I, 2. Taking also into account (2.6), we get Z Q(a) = Spk,- Using
kEIn 2
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again the inequality |a® — 1| < ala — 1|, @ > 1, a € [0,1], and observing
that |e, 4| < ¢%, with the help of (2.6) and (2.9) we can write

1
|An,a€aql < aq‘ E An,j — f‘ + a1+ ¢%) E A - (3.13)
]zfo q k‘EIn,g
JEin

Let le be the length of the bounded interval supp(¢)). The construction
of I3 implies Card(I,3) < [ly], where [s] indicates the ceiling of the
number s. If j > ko, then j > n’x+e—t for every t € supp(¢)). At the same

time, for every ¢ € supp(¢)) one has |e — t| = ‘ / (u —t)(u)du| < l~w.
supp(¢)

All these facts combined with (2.10) and (2.1) allow us to get from (3.13)

to (3.12). O

4 Main results

The focus of this section is to present the rate of pointwise convergence of
Ay, o operators for functions of bounded variation. At first we discuss the
case Int(J) = (0,00).

Theorem 4.1 Let Int(J) = (0,00). Let a function f belong to BVy and
Ap.o be defined by (2.5) such that (2.10) is fulfilled. For every real number
8 >0, x>0 and integer n > 2, the following inequality

(Ana)@) — a4 — (1= a)fa)] < L2205, 1)

:z:—i—a:/nf6
+ V (90) + Magnllon (@) + Coguplss(@)|@(n, z) + ¢u(x))

z—z/nP

holds true, where

2z n—1 x4 /kP
An(B, fi2) = \(g2) + M3+ 22)") + Y ((k+1)* k%) \/ (g2)
0 k=1 r—x/kP

and My, My, Co g0 are positive constants depending only on the quantities
which appear as their indices.
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Proof. Having in mind the notation introduced in Section 3, for each t € R
we can write

f@)=q “f(z+) + (L =g ") f(z—) + gz(t) + ¢ "sp(2)erq(t)

+0:(8)(f(t) —q " f(24) = (1 = ¢ ) f(z—)).

In the above we apply the linear operator A, . Since A, o reproduces
the constants and A, 6, is null, we get

[(Anaf)(@) =g~ f(2+) = (1 = ¢ %) f(z—)]

< (Anaga) (@) + ¢ 55 (2)[|(An,ata.q) ()] (4.1)

Further on, examining Lemma 3.2, Lemma 3.3 and Lemma 3.4 as well,
we can write Ay 09z = Ana + Bna + Cna + Do+ Epo.

Using the statements of these mentioned lemmas together with Lemma
3.5, after some arrangements, from (4.1) we arrive at the claimed result. O

In order to discuss the case Int(J) = (0,1) we need the function g3,

defined as follows
Gaa(t) = { g(1), t>1.

Lemma 4.2 Let f € BVy and Int(J) = (0,1). If

Fpo(z) = / G3.2(t)Kp oz, t)dt

TF (wn )

and

Gralz) = / (02() — g2 (1)) K ),
J+(1)

then the following statements hold true

1 n—1 Wi,z
|Foal)] < m(\/@x) (kD2 =)\ (g), 02,
T k=1 x

(4.2)

o)) < @l <<3 2NN ) (1 ) () + QN_I\/Oélﬂn,zN(ﬂf)> |

(4.3)
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Proof. At first step, integrating by parts, we have

Fn,a (l‘) = /9\3,1 (t)An,a ($, t) 1T (wn.0) - / )\n,a (ZL‘, t)dt (§3,w (t))

Jt (wn,z)
1
= gx(l) - gw(wn,x"i_)An,a(x, wn,$+) - / An,oz(x7t)dt(gac(t))-

Wn,z

Since

1
92(1) = gu(wno+) + / di(g2(t)) and 1 — A\, o(, 2) = / Ky oz, u)du

wn, J*(2)

for any real z, we get
Fro(7) = gz (wnot) / Ky oz, u)du
Jt (wn,z)

1

_|_/</Kma(x,u)du)dt(g:c(t))‘

Wn,z J+ (t)

Taking into account the following inequalities

190 (mat)| = 192 (ne) — 92 @) <V (02), ()] < o \/(52))

and the relation (3.3) as well, one obtains

t

Faall < ama@{ o Vo s [ (Vi)

Wn,z

1 1 1 t
= apoale){ = Vle) +2 [ -0V}

Wn,x

In the integral, replacing t = x-+(1—z)z % and using [z, z+(1—2)2~"] C

[z, wy, ;] for any z € [k,k+ 1], k=1,n—1, n > 2, we have

t n—1 Wk, x

1
| Vo525 < g L+ 02 =)V (a0

Wn,z g k=1 T
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Assembling all relations, we obtain (4.2).

The proof of the second statement follows the same line as the proof of
(3.10). There is, though, a slight modification. This time, for x < 1 < ¢,
we use the following inequality ¢V < 2N=1((t — 2)N + 2V). O

+

n,x

As regards the case Int(J) = (0,1), we decompose Ay o9z = Ay
(3.11),

Bpo+ Cna+ Fuo+ Gra, n> 2, and using relations (3.5), (3.9),
(4.2), (4.3) we obtain the following result.

Theorem 4.3 Let Int(J) = (0,1). Let a function f belong to BVy and
Ap.o be defined by (2.5) such that (2.10) is fulfilled. For every real number
B3>0,z € (0,1) and integer n > 2, the following inequality

[(Anaf) (@) = ¢ “f(z4) = (1 = ¢~ ) f (=) < apn2(2)7(2)An (B, f;2)

z4(1—z)/nP

+ V(@) + Magnllan(@) + Coguls(@)@n, @) + ¢u(@))
z—z/nP

holds true, where

1 n—1 :)3+(17:1:)/k5
An(B, fr2) = \/(g2) +Mp(4+2V "1™+ (D7 =8) [ (g0),
0 k=1 z—x/kB
7(z) = max{z™%, (1 — )72} and Mys, My ¢,Co gy are positive constants

depending only on the quantities which appear as their indices.

Remark 4.4 From the point of view of Approximation Theory, we are in-
terested in those sequences (Ap o)n which form an approzimation process,
see [3; page 264]. In this respect, it is natural to assume that (Ay), en-
joys this property. On the other hand, continuity of g, at x implies that

x+29

\/ (gz) — 0 as z1,20 — 0T. By the virtue of Theorem 4.1 these facts
T—21

allow us to state the following.

If
(i) ¢n(x) = o(1) (n — o0) and
n—1 x—i—:c/kﬁ
(i) pn2(z) Y _(k+ 1) = &%) \/ (92) = 0(1) (n — o0)
k=1 z—z/kB
then nlLH;o(A”’O‘f)(x) = Jlat) + (qqo‘a Df(e=) for every f € BV, where

€ (0,00).
A similar statement is true for the case Int(J) = (0,1).
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Remark 4.5 If x is a continuity point of f then Theorems 4.1 and 4.3
establish an upper bound of the expression |(Apof)(x) — f(x)|. This time
sf(xz) =0 and the proved inequalities have a simpler form.

Particular case. In what follows we consider that the random variable
X is uniformly distributed in the interval Iy := (0,26), § > 0. Since
Y(t) = (20)7! for t € Iy and 1 (t) = 0 otherwise, we find E(X) = 6. In this
special case, denoting by Aj, , the operators defined at (2.5), we get

P
(Wral)@) = 55 S Q0@ [ Sy wes @y

keln Ik,n,@

where Iy, 9 = [(k — 0)n =P, (k+ 0)n= ), k € I,.

For a =1, (A;l)n represents a known class of the Kantorovich type
operators. It is self-evident that as discrete operators Ly, see (2.1), should
be chosen Bernstein, Szasz or Baskakov operators. For a similar sequence,
the rate of pointwise convergence for locally bounded functions f measur-
able on an interval I was studied by G. Aniol. It is fair to notice that
those operators [5; Eq. (2)] are constructed by using more general subin-
tervals as ours. However, the established results are not the same because
of a different approach. For § = 1/2 and 8 = 1, the operators defined by
(4.4) represent the Bézier variant of the classical generalized Kantorovich
operators, in a slight modified form.

Consequently, for Aj, , our main results given at this section can be
applied.

Final remark. I am thankful to the anonymous referee for his pertinent
suggestions. Moreover, he indicated a probabilistic look of the operators
Ay o as follows.

(@ (2) —e
(Anaf)(@) = Bf (X UL ) ,

where Z,,(z) is a variable independent of X verifying

P(Z)(2) = k) = P*(Zu(@) = k) = P*(Zu(a) > k +1)
and P(Zy(xz) = k) = apk(z). Certainly, manipulating probabilistic tools,
similar results as ours can be given in terms of the numerical characteristics
of the above random variables.
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Fractional and Other Approximation
of Csiszar’s f-Divergence

George A. Anastassiou

Abstract. Here are established various sharp and nearly optimal
probabilistic inequalities that give best or nearly best estimates for the
Csiszar’s f-divergence. These involve fractional and ordinary deriva-
tives of the directing function f. Also are given lower bounds for the
Csiszar’s distance. The Csiszar’s discrimination is the most essen-
tial and general measure for the comparison between two probability
measures.

Mathematical Subject Classification (2000). 26A33, 26D15,
28A25, 60B10, 60E15

Keywords and phrases. Csiszar’s discrimination, Csiszar’s dis-
tance, fractional calculus.

1 Preliminaries

Throughout this paper we use the following.

I) Let f be a convex function from (0,+00) into R which is strictly
convex at 1 with f(1) = 0. Let (X,.A,\) be a measure space, where \ is
a finite or a o-finite measure on (X, A). And let p1, ua be two probability
measures on (X, A) such that 11 < A, po < A (absolutely continuous), e.g.
A = p1 + p2. Denote by p = dd%, qg= %\2 the (densities) Radon-Nikodym
derivatives of u1, uo with respect to A\. Here we assume that

O<a§2§b, a.e. on X
q

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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and a <1 <b.
The quantity

rym) = [ at@s (5 drGo), (1)
X q(x)

was introduced by I. Csiszar in 1967, see [5], and is called f-divergence of

the probability measures p; and ps. By Lemma 1.1 of [5], the integral (1.1)

is well-defined and I'f(y1, u2) > 0 with equality only when p1q = po. In [5]

the author without proof mentions that I'(u1, p12) does not depend on the

choice of A\. We would like to give a proof of that fact in our setting.

Lemma 1.1 Call
dpuy dpz . _dp o dps

Ao +p2) T A ) P A T T an

[t (53 g+ = [ @ (ED)ar a2

Proof. Since f: (0,400) — R is a convex function then is continuous there

Then

and Borel measurable, making f (%) to be X-measurable.
In general let u,v be o-finite measures on X such that v < p and
g-measurable function on X, then it is known that

dv
/ Qﬁ:dV:/ 9+ (d) dp,
X X 1%

respectively, where g = g+ — ¢g—, g+ > 0. Finally we get

[aw=[ o) (13)

Next let E € A be such that A\(E) = 0, then u1(EF) = p2(F) = 0 and
(u1 + p2)(E) =0, ie. py + pa < A Clearly here we have that

1 <K A+ pp K A, (1.4)
po K g+ pg K A (1.5)

Then it is known that
dp — dpn d(p A+ pe2) (1.6)

A\ d(p +p2) AN
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and
duz _ dpg  d(p1 + p2) (1.7)
dx  d(p +p2) AN '
That is a( )
¥ +
and o )
« +
q" = q%- (1.9)
Here by assumption
0<a§£, p—gb, a.e. on X,
q g

ie. ¢,¢* > 0 a.e. on X. That is W > 0 a.e. on X. Therefore from
the above we get
p*p
— =- ae. onX. (1.10)
q q
Consequently it holds

o (G ) s = oo (55 = oo (G5)

The concept of f-divergence was introduced first in [4] as a generaliza-
tion of Kullback’s “information for discrimination” or I-divergence (gener-
alized entropy) [8], [9] and of Rényi’s “information gain” (I-divergence of
order «) [10]. In fact the I-divergence of order 1 equals

1—\ulogQ u(ﬂl; U2)~

The choice f(u) = (u — 1)? produces again a known measure of difference
of distributions that is called y?-divergence, of course the total variation
distance |1 — po| = [ [p(x) — q(x)| dA(z) equals T, 1|1, p2).

Here by assuming f(1) = 0 we can consider I'f(ju1, u2) as a measure of
the difference between the probability measures 1, po. The f-divergence
is in general asymmetric in p; and pe. But since f is convex and strictly
convex at 1 (see Lemma 2 next) so is

fr(u) =uf (i) (1.11)

and as in [5] we get
Ly(p2, pa) = Tpe(p1, p2)- (1.12)
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Lemma 1.2 Let f: (0,4+00) — R be a strictly convex function at 1. Then
sois f*(u) = uf(2), u € (0,400).

Proof. Let 0 < u; <1 < ug, then % <1l< 1711 Hence

2 . (75} i (%) i
f<u1+u2>_f<<u1+u2>u1+<ul+u2>u>
() () () ()
< fl—
u1 + uo U1 Ul + u2
Clearly we get

<u1—;—u2>f<(m}ru2)><ulf( );uzf( 2

2

Thus we have

« U1+ u2 f (ur) + f*(u2)
f( ! >< L)

proving our claim. |

In Information Theory and Statistics many other concrete divergences
are used which are special cases of the above general Csiszar f-divergence,
e.g. Hellinger distance Dy, a-divergence D,,, Bhattacharyya distance Dp,
Harmonic distance Dy, Jeffrey’s distance Dy, triangular discrimination
Dp, for all these see, e.g. [2], [6]. The problem of finding and estimating
the proper distance (or difference or discrimination) of two probability
distributions is one of the major ones in Probability Theory.

The above f-divergence measures in their various forms have been also
applied to Anthropology, Genetics, Finance, Economics, Political Science,
Biology, Approximation of Probability distributions, Signal Processing and
Pattern Recognition. A great inspiration for this article has been the very
important monograph on the topic by S. Dragomir [6].

IT) In the next we follow [3]. Let ¢ € C([0,1]). Let v be a positive
number, n:= [v] and o :=v —n (0 < o < 1). Define

(J9)(x) = F(ly) /Ow(x 0 lgnd, 0<ae<1,  (1.13)

the Riemannian-Liouville integral, where I' is the gamma function. We
define the subspace C” ([0, 1]) or C™([0, 1]) as follows:

C¥([0,1]) := {g € €™([0,1]): J1_aD"g € C'([0,1])},



G. A. Anastassiou 201

where D := . So for g € C¥([0,1]), we define the v-fractional derivative
of g as
D"g:= DJ,_,D"g. (1.14)
When v > 1 we have the Taylor’s formula
/ " t (n—1) !
) = ¢ 4. n—
9(t) = g(0) +g(0)t + g7 (0) 5 + -~ +yg (0)(n_ ol
+ (J,D"g)(t), forallte|0,1]. (1.15)
When 0 < v < 1 we find
g(t) = (J,D"g)(t), forallte]l0,1]. (1.16)

Next we transfer above notions over to arbitrary [a,b] C R (see [1]).
Let x,xg € [a,b] such that = > xg, where x is fixed. Let f € C([a,b]) and
define

(T2 F) () 1= F(ly) /I(x 4L dt, w0 < <b, (1.17)

the generalized Riemann-Liouville integral. We define the subspace

C}C’O([a, b)) of C"([a,b]):
Cy,([a,0]) := {f € C"([a,b]): J{°,D"f € C*([wo, b))}

For f € C} ([a,b]), we define the generalized v-fractional derivative of
f over [z, b] as

Dy f = DI f™ (f™ = D). (1.18)
Observe that

O e A R AR L

exists for f € Cy ([a,b]).
We recall the following generalization of Taylor’s formula (see [1], [3]).

Theorem 1.3 Let f € C} ([a,b]), zo € [a,b], fized.
(i) If v > 1 then

r—Xx 2

() = fa0) + 7' (a0)(z — 20) + ") T2
x — x)" !
_i_..._i_f(n—l)(xo)((n_oi)!

+ (J7° Dy f)(x), forallx € [a,b]: x> xo. (1.19)
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(ii) If 0 <v <1 then
f(x) = (J;° Dy f)(x), for all x € [a,b]: x > xo. (1.20)
We make

Remark 1.4 1) (D} f) = f0 neN.
2) Let f € CF ([a,b]), v > 1 and fO(zg) = 0,3 =0,1,...,n — 1;
n = [v]. Then by (1.19)

f(@) = (J° Dy f) ().

/x(m —t)"~ 1 (DY, f)(¢) dt, (1.21)

zo

£@) = 533

for all x € [a,b] with x > xo. Notice that (1.21) is true, also when 0 < v <
1.

We also make

Remark 1.5 Let v,y > 1 such that v—~ > 1, so that v < v. Calln := [v],
a:=v—n;m:=[y], p:=~—m. Note thatv —m >1 and n—m > 1.
Let f € Cy (la,b]) be such that fO(zg) =0,i=0,1,...,n — 1. Hence by
(1.19)

f(x) = (J;°Dy f)(x), forallx € la,b]: x> xo.

Therefore by Leibnitz’s formula and T'(p + 1) = pI'(p), p > 0, we get that
Fr (@) = (I3, D4, ) (@), for all x> xo.

It follows that f € CF([a,b]) and thus (D3, f)(z) := (DJprf(m))(:c) exists
for all x > xg.

Easily we obtain

(D3, 0)(@) = D((J72,,f ") (@)
1

T Tw-) /‘”(x — )TN DY @) d, (1.22)

and thus
(DF, f)(@) = (J;2,(DF, ) (@)

and is continuous in z on [z, b].
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2 Main Results

Again f and the whole setting is as in Section 1 (I). Other notations as in
Section 1 (II). We present the following

Theorem 2.1 Leta<b, 1 <v <2, feClla,b]), and a < % <b, a.e.
on X. Then

||Dgf‘|oo,[a,b]

r <
7(p; p2) < T(v+1)

/X (4(@) ™ (plx) — ag(@))” dA().  (2.1)

Proof. Here n := [v] =1 and from (1.21) we get

f(z) = F(ly) /j(m —w) DL (wydw, alla<z<b  (22)
Then
@)l < 55 | o= DL )] du
1D% flloo,iip) [* w1 du
S e AL
DG flloo, 1. .
= W(m —a)’. (2.3)
Ie. we get
]f(w)|§W(x—a)”, for alla <z <b. (2.4)

Consequently we obtain

Ff(ul,uz)z/Xq(x)f <§Eg> dX < /Xq(x)
() o ()

_Dg flloo,fa i .
= Twr1) /X((J(l‘))l (p(x) —ag(x))” dA(x). (2.5)

That is proving (2.1). [ |

The counterpart of previous result follows.
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Theorem 2.2 Let a < b, v > 2, n := [v], f € C%([a,b]), fD(a) = 0,
1=0,1,...,n—1, andagmgb, a.e. on X. Then

q(x)
() < Lo elot) [ (a1 (p(0) - ag@)) d@). (26
- Iv+1) Jx
Proof. As in the proof of Theorem 2.1. |

Next we give an L, estimate.

1=0,1,...,n—1, andag%gb, a.e. on X. Let a,3 > 1:
Then

1D fll o fa,b)
Frlhn i) < 56350, — 1) + 1179

- /X (4@)* ™" P (p(z) — ag(e))’ Hh ar@).  (27)

Proof. From (1.21) we have

1

/I(a: —w)" YD f)(w)dw, foralla<az<b. (2.8)

Also (D% f)(w) € C([a,b]). Hence

1 zx—w'kl Y ) (w)| dw
@) < 555 [ (=0 DLD @) d

iy ([ wrema) 7 ([Ciwencora)
S”D%Qbkw](Azh%—wW@—”dw)Uﬁ

_IPZfllafas) [ (@ —a) D " (2.9)
T () Blv—1)+1 ' |
L.e. we get that
”Dnga, a, v=1+5
)< B - 1) 3 v ot43), (2:10)
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Hence

Ff(m’#z)S/XQIf (5)'61)\

106 fll v fa.t) b\
T TW)(Bv—1)+ 1P /X q <q - a) dx - (2.11)

_ HDZfHoz,[a,b] 92—
T TW) (B — 1)+ 1)1/8 /Xq

proving (2.7). [ |

AN

5(p— ag)’ 15 d),

It follows an L, estimate

Theorem 2.4 Let a < b, v > 1, n = [], f € C%([a,b]), fP(a) = 0,

1=0,1,...,n—1, andag%gb, a.e. on X. Then

Ffml,m)s”DZFf(”;)’[“*’] [ @ o) - aa)y o). (@12)

Proof. Again from (1.21) and (2.8) we have

@)1 < 5 | @ =) 02w o
L95—@”71 Dy w)| dw
S i AT
Lgc—a”*l ’ Y f(w)| dw
<mye—a [Ira
1
= m(m - a)WIHDZle,[a,b]- (2.13)
" D2
F@) < =Fo e - (2.14)

for all = in [a, b]. Therefore

v—1 DZf .
I‘f(ﬂl,/ﬁz)S/XQ‘f(f;)‘d)\g(/}{q(f;_a> dA)W
= M ( 2—v(, v—1 )
I /Xq (p—aq)”™"dX |, (2.15)

proving (2.12). [ |
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Remark 2.5 Let f: [a,b] — R convez,
feC¥a,b), zo€la,b], a#b.

Then
f(x) > f(xo) + f'(x0)(x — x0), for all x € [a,b)]. (2.16)

Then easily one can prove that

ath } (2.17)

b
Aan) = 2y [ ) flaw) 2 fa0) |25 = g

see also S. Dragomir and C.E.M. Pearce, [7, p. 9, Theorem 18]. In this
paper’s setting

0<a§@§b, a.e. on X,
q(x)
and by calling ,
M bia () dz (2.18)
we get
. (pl@) (P@) [atb p@)]
u-r(3) 2 (@) ' -] eemx @
Then
q(x)M —q(x)f (i])g;) > f (Zg;) [q(x) (a—;b) —p(:z)] , a.e on X.
(2.20)
Here q(x) > 0 a.e. on X. Therefore by integrating (2.20) against A we
obtain
p(x)
v [ s (55 i

>[5 (ggjg)(qm)(;”)—p(x)) Az (221)

‘We have established

Theorem 2.6 Let all elements as in Section 1 (I) hold and additionally
assume that f € C'([a,b]), a # b. Then

b—a

L p(p1, p2) < L /abf(m)dx
L o
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Remark 2.7 Let all elements as in Section 1 (I) hold and f € C*([a,b]).
Then by (2.16) we get

flx) = f(1)(x—-1) (2.23)
and
p(x) ! p@) a.e. on
() zro (i) w2
Thus

a(@)f (zg) > )@ — @), ae X (225

Integrating (2.25) against X over X we get

Ly(pa, p2) >0 (2.26)

which is known and mentioned in [5].

Remark 2.8 Letn € N, f € C"!([a,b]), [a,b] C R, such that f("+1D >0
(< 0), then by Taylor’s formula we get that

f@) > (<) 3 FO ()220 (2.27)
=0

i!

respectively, for any x,xo € [a,b]: © > x¢. Inequalities (2.27) are valid also
when n is odd and x < xg. Take 0 <a <1<D, agggb, a.e. on X and
f(1) =0, along with f € C"*([a,b]), n odd, such that f"*D >0 (< 0),
then

fa) = (<) 3 o (2.28)
i=1
for all x in [a,b]. Hence
b - i q(g B 1)i
of (7) 2 () S0 (2.29)
And finally we obtain
") . .

) 2 () PR [ e-gian nod @)
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Remark 2.9 Let n odd, f € C"'([a,b]), [a,b] C R, such that f*1) >0
(< 0), x,x9 € [a,b], then as before we have

Fa) ~ fa0) = (€) 3 O () T2 (2.31)
i=1 '
Then
1t 1
= | Fa)de = fGen) = 52 [ (@) = flaw)) da
b f6)(y
> (@) [ S e wy

nG) (p , ,
b i a > ) [(b—m0)*! — (a —z0)"1]. (2.32)
" !

We obtained

@)
_a/f Jdr =1 x0>()zfz+1

where n 18 odd.

Next let 0 < a < g < b, a.e. on X. Then from (2.33) we get

() (2]

2" (ba —p)' " (ag - p)’“] : (2.34)
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So when n is odd we get

b—a
> (_)Z z+1 <Z/ ’)< > “(bg —p)~ )(aq—p)de)

We have proved

b
/ f(x)de — T p(pr, po) (2.35)

Theorem 2.10 Let n odd and f € C™'([a,b]), such that f"+D >0 (<
0),0<a< % <b, a.e. on X. Then

b
o) < (2) = [ fla)da (2.36)

—ZZH (Z/ (> i(bg — p)\i~ )(aq—p)kd/\>.

Remark 2.11 Let n odd, f € C"'([a,b]), a,b € R, such that f*TD) >0
(< 0), z,xg € |a,b] and p be any probability measure on [a,b], then by
(2.31) we get

) (g |
[ s@in-gw)z ) X [ @
[a,0] -1

[a,b]

Comment 1. Assume all singletons of X belong to A. Let the Dirac measure
0z K A, g € X, then there exists density f > 0 such that

b0 (E) :/ fd\, forall E € A,
E
(here f is the Radon-Nikodym derivative of §,, with respect to A). Clearly

1= 6, ({0}) = /{ J = fa (o)) (2.38)

Since f is real valued we must have A\({zo}) # 0 and

s 1
H0) = X ~°

(2.39)
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Also
0= (X~ fao)) = [ fan
X—{zo0}
Therefore
f X fro} = 0, a.e. on X. (2.40)

So let pg = 6y, then ¢ = f and

Cylpnbeg) = [ £ (?) = FA{roDplao)),  (241)

trivial and of no interest for further study.
Finally we give

Comment 2. Let f € Cy ([a,b]), xo € [a,b] C R and v > 1, the remainder
of fractional Taylor formula (see Theorem 1.3, (1.19)) is

(J20(D%, ) () = F(l) / Sw— N DE (0 d (242)

for all mp < = < b. If (D} f)(t) (i 8) over [z, b] then (JZ°(DY f))(x) (i 0)

over [zg,b]. The last implies (by (1.19)) that

n—1

(0) () & = 20)"
f(@) =2 () ;f (o) (2.43)
where n := [v], for all xg < 2 < b. According to Section 1 (I) we take

here f to be convex from (0,400) into R which is strictly convex at 1 with
f(1)=0. Alsowetake()<a§§§ba.e. on X, witha <1<b.

Let v > 1 and additionally assume that f € C¥Y([a,b]) such that
(D f)(t) >0 (< 0) over [a,b], then we get

fa) > () Y 0T (2.44)
1=0
for all a < a <b, n:=[v]. Then
P S, e —a)
i (1) 20 @S (2.45)
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a.e. on X. Consequently we obtain

— f(i) (a) 1—i i
Lp(p, p2) 2 () i /Xq (p—qa)" dA, (2.46)
i=0 ’
where n := [v], v > 1.
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Ultra Non-vanishing Function Spaces and
Operating Functions

Eggert Briem

Abstract. Associated with a space B of continuous real-valued func-
tions vanishing at infinity on a locally compact Hausdorff space X
and an infinite set A, is the space (3°(B) of all bounded A-nets of
functions from B. This space has a natural representation as a space
of functions on a locally compact space. Separation conditions for
(2 (B) are translated into separation conditions for B. The concept
of an ultra non-vanishing space of functions is introduced and results
about functions which operate by composition on such a space are
obtained.
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Keywords and phrases. ultraseparation, ultra non-vanishing space,
operating function.
1 Separation conditions

Let X be a locally compact Haussdorff space and let A be an infinte set. For
a subspace B of Cy(X,R), the space of all continuous real-valued functions
vanishing at infinity on X, we define the ”sequence” space ({°(B) as

(X(B) = {l~7 = (ba)xea : by € B and ||l~)||OO = iug |bA]|co < 00} .
€

We represent ¢3°(B) as a space of functions on a locally compact Haus-
dorff space: The sequence space £3°(Cy(X,C)), defined analogously to

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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(32 (B) with Cy(X, C) replacing B, is a C*-algebra, with multiplication and
conjugation defined coordinatewise. Thus ¢3°(Cy(X,C)) can be identified
with Cp(y(Ax X),C), where (A x X) denotes the locally compact maximal
ideal space of £3°(Co(X,C)), and A x X is identified with a dense subset
of (A x X) via f(p,) = f(a), where [ = (furen € £(Co(X,0)), for
(p,z) € A x X. Thus £3°(B) is a subspace of Cy(v(A x X),R).

We are interested in which implications separation properties for £3°(B)
have for the space B, especially which implications the condition that
(¥ (B) does not vanish at any point of v(A x X) has for B. When X is
compact y(A x X) = B(A x X), the Stone-Cech compactification of A x X
(A is given the discrete topology). If B contains the constant functions,
then so does ¢3°(B) and thus saying that (3°(B) separates the points of
B(A x X) is equivalent to saying that lat(¢3°(B)), the lattice generated by
(°(B), is dense in C(B(A x X),R). This of course implies that B separates
the points of X and thus in particular that lat(B) is dense in Cp(X,R).
But actually a much stronger statement holds:

There is a number M > 0 and a natural number n such that, given any
f e C(X,R) with ||flleo <1 there are b;,c; € B, with ||b;||co, ||¢illcc < M,
1 <i<n, such that

1f = Aiibi = Ailcilloo < 1/2.

This is proved in [5] for A = N, but the proof goes for any infinite set
A. Now, the above intrinsic condition for B is easily seen to imply that
(3 (B) separates the points of S(A x X)) for any A.

The sequence spaces were introduced by A. Bernard in [1] for the case
A = N. He called spaces B for which (37 (B) separates the points of S(NxX)
ultraseparating on X.

In the locally compact case where the constant functions are absent,
point separation by a subspace need not imply density of the lattice gen-
erated by the subspace. For that to hold a stronger separation condition
is needed: for any pair of points a function must exist in the space whose
values at the points have opposite signs.

In the locally compact case the following conditions are equivalent:

1. There is an infinite set A such that, given a pair §,n € y(A x X) there
is b € (2(B) with b(€) < 0 and b(n) > 0.

2. 1at(¢3°(B)) is dense in Co(y(A x X),R), i.e. given any f € Co(y(A x
X),R) there is n € N and b;, & € (X(B), 1 <i<n, such that

1f = Aiybs = AyGilloo < 1/2.
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3. There is a number M > 0 and a natural number n such that, given
any f € Co(v(A x X),R) with || fllec <1 there are b;, & € L (B) with
16i]| oo, [|Cilloc < M, 1 <i<mn, such that

If = Nybi — ATyl < 1/2.

4. There is a number M > 0 and a natural number n such that given any
f € Co(X,R) with || flleoc <1 there are b;,c; € B with ||bi||oo, ||Ci]loo <
M, 1 <1< n, such that

1f = Aiybs = Ageilloo < 1/2.

5. Condition 1. holds for any infinite A.

The proof of the equivalence of these conditions is similar to the proof
of the equivalence of related conditions in [5], Thm. 6.
If the above conditions hold B is said to be ultraseparating on X.

Remark 1.1 The equivalence of Conditions 1, 2 and 8 shows that point
separation (with opposite signs) for (3°(B) is much stronger than point
separation for B, it implies a bound on the number of functions from {3°(B)
and their norms, needed to approximate any continuous function of norm
less than or equal to 1.

The following example due to O. Hatori [6] shows that even for compact
X and for B ultraseparating on X, the space of functions in B which vanish
at some zp in X need not to be ultraseparating on X \ {xo}.

Example 1.2 Let X = {+1/n:n € N} and let X1 = X U{0}. The space
By, consisting of the constant functions and those continuous functions
f on X for which f(1/n) = 1/2 f(—=1/n) for all n, is ultraseparating on
X1. However, the space B consisting of those functions f on X for which
f(1/n) =1/2 f(—=1/n) for all n and lim, . f(1/n) = 0 is not ultrasepa-
rating on X.

We now come to a much weaker separation condition. Let X be locally
compact and let B a subspace of Cy(X,R) that does not vanish at any
point of X, i.e. for any x in X there is b in B with b(x) # 0. Further let A
be any infinite set.

Suppose (3°(B) does not vanish at any point of y(A x X). Which
consequences does this have for B? To answer this question we first note
that the condition that ¢3°(B) does not vanish at any point of y(A x X)
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is equivalent to the condition that there are, for any compact subset K of
Y(A x X), elements by, ..., b, in £3°(B) such that by V --- Vb, > 1 on K.
Just as was the case with ultraseparation this is seen to imply that there
is, independent of K, a bound on the number n, of functions needed, and
on their norms.

Proposition 1.3 The following conditions are equivalent:

1. There is an infinite set A such that £3°(B) does not vanish at any point
of v(A x X).

2. For any compact subset K of y(A x X) there isn € N and b; € (°(B),
1 <1 <n, such that

l~)1\/---\/l~7n>1 on K.

3. There is a number M >0 and a natural number n, such that for any
compact subset IC of v(A x X)) there are b; € {3 (B) with ||bi]jcc < M,
1 <i <n, such that

l~)1\/-~\/5n>1 on K.

4. There is a number M > 0 and a natural number n such that for any
compact subset K of X there are b; € B with ||bil|cc < M, 1 <i<mn,
such that

byV---Vb,>1o0onK.

5. There is a number M > 0 and a natural number n such that for any
f € Co(X,R) with || f|leo <1 there are b; € B with [|b;|| < M,1<i<
n, such that

|f=FADBLV - Vbl < 1/2.

6. For any infinite set A, £3°(B) does not vanish at any point of y(Ax X).

Proof. Clearly Condition 1 implies Condition 2. Given Condition 2 sup-
pose Condition 4 does not hold. Then there is a sequence (K,,) of compact
subsets of X such that if b1,...,bg arein B and b1V---Vbg > 1 on K, then,
either k > n or ||b;||ec > n for some ¢ with 1 <14 < n. We may suppose that
Nis a subset of A. Let K be a fixed compact of X and K = K for A € A\N.
There is for each A € A a function f) € Co(X,R) with || fal|co < 1, such that
fr=1on Ky. Let f=(fa)rea and let K ={€ € y(Ax X): f(§) =1}, a
compact subset of y(A x X). By Condition 2 there are by, ..., b, in (X (B)
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such that by V -V b, > 1 on K. Since ||b;|s0, 1 < i < n, are finite quanti-
ties, looking at the inequality by V ---V b, > 1 on {\} x K for each A € A
gives a contradiction.

It is fairly obvious that Condition 4 implies Condition 3 and 5. Also,
since Condition 5 clearly implies that there are for any f € £3°(Co(X,R))
clements by, ... b, in £°(B) such that ||f — f A (by V-V by)|leo < 1/2 it
follows that Condition 5 implies Condition 6.

If any of the conditions above are satisfied we say that B is ultra non-
vanishing on X.

Remark 1.4 If a subspace B of Cy(X) does not vanish at any point of X
then for K compact there are by,...,b, € B such that b1V ---Vb, > 1 on
K. In general the number n of functions needed as well as a bound on their
norms will depend on the compact set K. The equivalence of Conditions 1,
2 and 3 shows that for the sequence spaces these quantities are independent
of the compact set.

Example 1.5

1. Let X and B be as in Example 1. Then, given any compact subset
K of X there is b € B such that b > 1 on K and ||b||cc = 2, so that
Condition 8 of Proposition 1 is satisfied with n =1 and M = 2 and
B is ultra non-vanishing on X.

2. Let again X be as in Example 1 and let B consist of the continuous
odd functions on X. Again Condition 3 of Proposition 1 is satisfied,
this time withn =2 and M = 1.

3. As an example of a space not satisfying the conditions of Proposition
we can take any subspace B of Co(X,R) with X containing a line
segment of the dual space B*.

2 Operating functions

If B is a vector space of real-valued functions on a set X, a real-valued
function ¢ defined on an interval I of the real line is said to operate on B if
the composite function wob is in B whenever b is in B and the composition
is defined. Affine functions, functions of the form ¢(t) = at + § (6 = 0, if
B does not contain the constant functions), operate on B and in general
these may be the only functions which operate on B.
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Suppose X is a locally compact Hausdorff space and B a subspace of
Co(X,R), the space of all continuous real-valued functions vanishing at
infinity on X. Operating functions for B are assumed to be continuous.

If X is compact and B is a uniformly closed subspace of C(X,R) which
contains the constant functions and separates the points of X, a theorem of
de Leeuw and Y. Katznelson, ([4], Theorem 4.21), says that if a non-affine
function operates on B, then B = C(X,R). This is a generalization of
the Stone-Weierstrass theorem which in this context says that if p(t) = ¢2
operates on B, then B = C(X,R).

When B contains the constant functions, B = C(X,R) if and only
if B contains every f in C(X,R) which can be approximated from B on
every pair of points in X. This latter condition is not equivalent to the
condition B = Cyp(X,R) if B does not contain the constant functions. It
might happen for some real number a and some pair 1, x2 of points in X
that b(z1) = ab(zg) for all b in B.

It is natural to ask whether the following is true.

Let X be locally compact and let B be a uniformly closed subspace of Co(X,R)
which separates the points of X. If there is an operating function for B, de-
fined in a neighbourhood of 0, and non-affine in every neighbourhood of 0,
then B contains every f in Cy(X,R) which can be approximated from B on
every pair of points in X.

This result is known to be true with some additional conditions on
the operating function ¢, such as |p(t)| < k|¢| for all ¢ and some positive
number k or, limy;_,, ¢(t)/t = oo, [2] and [3].

If ¢ is a continuous, non-affine real-valued function defined on an inter-
val I of the real line, it is easy to see that there is an interior point tg of
and real numbers 6, k, with § > 0, such that the function

$(t) = k(sp(t + to) = p(—t + to) — 2(to)
is defined on the interval (—4,d) and satisfies
P(t) >Y(0)=0 for te(—6,0),t#0.

Thus, if B contains the constant functions and if there is a non-affine
function which operates on B then there is a function, operating on B,
which is defined in a neighbourhood of 0, vanishes at 0, and is strictly
positive otherwise.

With this condition on the operating function and the conditions from
Proposition 1 we obtain the following version of the Stone-Weierstrass The-
orem.



E. Briem 219

Theorem 2.1 Let B be uniformly closed subspace of Co(X,R), which is
ultra non-vanishing on X . If there is an operating function ¢ for B, defined
in a neighbourhood of 0 and satisfying p(t) > ¢(0) = 0 for t # 0, then B
contains every function in Co(X,R) that can be approzimated from B on
every pair of points in X.

Proof. If there is a number «, with 0 < a < 1, such that p(at) = ap(t)
for ¢ in some neighbourhood of 0 then one can easily show that there is a
number k& > 0 such that |p(t)| < k|t| for all ¢. In this case the result is
already known, [2]. So we assume there is no such number « as above.

Let A denote the collection of all compact subsets of X, and let (A x
X) denote the maximal ideal space of £3°(Cy(X,R)). There is a natural
embedding of A x X into y(A x X) given by (A, ) — ¢» ., where ¢y ,(f) =
().

Let K = X for each A € A and let K denote the closure of Uyep {A} X K\
in y(A x K). The set K is a compact subset of y(A x K), since there is
an element g € £(Co(X,R)) with § =1 on K; we let gy =1 on K}, with
[9rllc = 1 and put g = (gx).

The conditions on B show that there is for each £ € K a function
be ¢3°(B) such that b(€) # 0 and hence (porb)(€) > 0, if r is small so that
@ orb is defined. Since K is compact we conclude that there is ¢ € (3°(B)
such that ¢ > 0 on K.

Let us show that given any pair &, 7 of points in K, either £3°(B) does
not separate & and 7 or, there is b € £3(B) such that b(¢) = 0 and b(n) = 1.
If {(b(€),b(n)) : b € £2(B)} is a 1-dimensional supbspace of R?, then for
some number a, b(¢€) = ab(n) for all b € £32(B). Suppose o # 1. Since
@ o (rb) > 0, « is positive. We can assume that o < 1. Otherwise we
write b(n) = a~'b(€). Suppose b(n) # 0. For all sufficiently small ¢, we
have (@ o th)(£) = ap o th)(n) and thus p(ats) = ap(ts), where s = b(n),
for all sufficiently small ¢, contradicting the assumptions on . Thus, if
the subspace of R? defined above is 1-dimensional then ¢3°(B) does not
separate £ and 7.

For b € (X (B), for a Cg°-function 1 with support in a sufficiently small
neighbourhood of 0 and for real numbers r, ¢ with |r| and |¢| small,

/¢ o (ré + th— sé)i(s)ds € £(B) .

Let

d= / 0o (ré — s2)" (s)ds .
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If we differentiate the first expression above twice w.r.t. ¢t and put t = 0 we
find that b2d /&2 can be approximated uniformly on K by elements of £°(B),
and hence the functions déa?/ &2, where @,b € (¥(B) can be approximated
uniformly on K by elements of (3°(B).

Let M denote the set of those f € C(K,R) for which fb can be ap-
proximated uniformly on IC by elements of £3°(B). Then M is a uniformly
closed subalgebra of C'(KC,R) containing the constant functions and sepa-
rating any two points of X that are separated by (3°(B). It follows that
for any b € X(B), b? can be approximated uniformly on K by elements of
(X(B).

Let b € B and let by = b for all A € A and b = (by). For any & > 0 there
is @ € £2(B) such that |b*> — @| < € on K and thus there is for any £ > 0 a
number M > 0 such that there is for any compact subset K of X a function
arx € B, with |jak||cc < M such that |[b> — ag| < € on K. By standard
approximation arguments we have b? € B. It follows that B = Cy(X, R).
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g-Variation and Commutators
for Fourier Multipliers

Joan Cerda and Joaquim Martin

Abstract. If T, is a Fourier multiplier such that p is any (possibly un-
bounded) symbol with uniformly bounded g¢-variation on dyadic coro-
nas, we prove that the commutator [T',T),| = TT, — T, T is bounded
on the Besov space By T(R™), if T is any bounded linear operator on a

couple of Besov spaces By’ (R") (j = 0,1, and 0 < 01 < 0 < 09).
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1 Introduction

In [11] Rochberg and Weiss developed the study of the commutators [T, ]
of bounded linear operators T and certain operators, {2, generaly unbounded
and nonlinear, associated with the complex interpolation method. A simi-
lar analysis was carried out for the real method by Jawerth, Rochberg and
Weiss in [8], where they noticed that, although there are strong analogies
between the two cases, the details are very different.

Finally, it was shown in [3] how some common general principles of
these abstract interpolation methods can be used to prove the bounded-
ness of commutators. The purpose of that paper was to set up a unified

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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method of both theories with an analysis that leads to a simple approach
to commutator theorems, giving the precise role that cancelation plays in
the theory.

A typical application using complex interpolation is the one given in [11],
where the boundedness of [T,b] on LP(R"™) (1 < p < 0o) was proved when
T is a Calderén-Zygmund operator and b the multiplication by a BMO
function. Another application of these ideas was given in [4] using real in-
terpolation. For Besov spaces of periodic functions By = B, (T), it was
shown that the commutator

[T,T,] : By"(T) — By"(T)

is bounded for a wide class of operators T' and symbols p. Here, T}, is the
Fourier multiplier defined by fZ/“,:f = /Lﬁ where f is the Fourier transform
of f.

This result has been extended in [5] to the case B, = By (R™) of non
periodic functions of several variables with a direct proof, but still using
cancellation properties combined with the real interpolation method. The
admissible symbols p may be unbounded, but their variations on closed
dyadic coronas need to be uniformly bounded. This condition allows to use
the Macinkiewicz multiplier theorem (and its extension to n variables) for
symbols that are admissible and bounded.

In this note, we briefly review the main facts needed for the proof of
this commutator theorem and we show how the class of admissible multi-
pliers can be slightly enlarged by considering ¢-variations on closed dyadic
coronas. In the spacial case ¢ = 2, the commutator theorem holds for any
1 < p < o0, and this is an improvement of the main result in [5]. Moreover,
as in [4], we give a new proof based on the abstract method of [3], or [§].

Concerning notation, if A and B are two Banach spaces, we write T :
A — B to mean that T is a bounded linear operator between A and B.
Finally, P < @ means that P < ¢@ for some constant ¢ > 0 independent of
the variables involved, while by P ~ () we mean that P < @ and Q < P.

We always assume 0 < 0 < 1,1 <7, < 00,1 <p<oo, c>0,and
function classes and Banach spaces will be included in Ly = Lo(R"™), the
space of measurable functions on R". If X is a Banach space, ||f|x = oo
will mean that f ¢ X.

For undefined notation and standard definitions concerning interpola-
tion theory we refer to [1].
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2 Preliminaries

Let us recall some facts about Besov spaces and real interpolation theory
(see [1] or [2] for more details concerning interpolation theory, and [6] and [9]
for Besov spaces).

If X is a given Banach space, we say that {V(¢) };>0 is an approximation
family if V(s) C V(¢) when s < t, =V (t) = V(¢), and V(s)+V (t) C V(s+t).
The corresponding distance function is

E(t, f):= inf [f—glx ~If— fillx

geV(t)

if fy € V(t) and || f — fillx < cE(t, f) for some constant ¢ > 1, and then we
say that f; is almost optimal for this distance function.
The associated approximation spaces E™? are defined by the condition

1f s = 17 ECE ) aqarsny < oo

Example 2.1 X = L=, V(t) = {f; |supp f| < t} (|supp f| denotes the
measure of support of f); then E(t, f) = f*(t) and E™? = L™, a Lorentz
space. See [10].

The Besov space By = Bp(R") is the approximation space El/oa
when X = LP(R") and V (t) = {g € S'(R™); suppg C [—t,¢]"}. As usual,
S'(R™) denotes the class of all tempered distributions. Hence,

o) d 1/q
yf\Bg,q:”tﬂE(t,f)HLq(dt/t):(/0 [t"E(t,fﬂqf) :

As a special case, Bg’z = H°?2, a Sobolev space.
Let us also recall that, for a given Banach couple B = (By, By), the
corresponding interpolation Banach space By 4 is defined by the condition

K(t, f)
17000 = | =5 ey <>
where
Kt f)=K(t, f;B) = inf +t
()= K6 FiB) = it [ollo+ ¢l
is the Peetre’s K-functional (we write || - [|; instead of || - [|5,).

In the case of Besov spaces,

(Bgo,qo7BpU17q1)07q = Bg,q7 (J = (1 — 0)oo + o1).
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If A, B are two Banach couples, we denote by L(A; B) the set of all
linear operators T : X(A) — X(B) such that T(A;) C B; (j = 0,1) and
|7 = max(||T| 9,805 |1 TN 41,8,) < o0. If T € L(A; B), then by interpola-
tion, T € L(Ag4; Bog).

The following proposition is a weak type interpolation result as defined
in [1] for Lorentz spaces. For the sake of an easy reading we include its
short proof.

Proposition 2.2 If

= /Otf(s)cfﬂ/toof(s)‘ls

is the Calderoén operator and T : ¥(A) — X(B) is such that

then T : Ap, — By 4 with | Tf

0q < ﬁ”f“&q'

Proof. If in Hardy’s inequalities for averages,

Ht—e/ s)ds HL oty < QHtl b4 (t)HLq(%) (0 >0)

& ds
16 as
H /t 9(s) -

we take g(s) = K(s, f)/s, then

and

1 1-60
La(dt) < m”t g(t)HLq(%) (0 <1),

1Ty = KT oy < ClEPSEC DO g
t 0o
< CHt—e/ K(S,f)‘Lq(?)—l-CHt_et/t Wis‘m(d:)
< mpo B8 L =
and the constant is M = 9(1(19). O
We set
A) == {z € B(A); [lzllya) = S(K(-2))(1) < oo},

where S is the Calderén operator. Observe that o(A) is a linear subspace
of ¥(A) which contains all real interpolation spaces Ap, and moreover
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1Tzlloz) < IT2lloa), (T € L(A; B)). Thus o(-) is an interpolation
method.

The following theorem, whose proof easily follows by combining Theo-
rem 3 and Corollary 1 of [4], may be considered as a special instance of the
general commutator method given in [3] and can also be obtained from the
work by Jawerth, Rochberg and Weiss in [8]. It will be useful in order to
proof our main result.

Theorem 2.3 Let {tj}jeZ C (0,00) be an increasing sequence such that
t;i<lifj<Oandt;>1ifj>1,tjToocasjTooandt; |0 asj| —oo,
and let {pix} e, be any sequence of complex numbers such that

sup > ey — ] < oo
€2y, elan—1,9m)

For a given Banach couple B and for every t; let x = xo(t;) +x1(t;) be
a quasi-optimal decomposition for the K-functional, i.e.

lzo(t)llg + 15 llza ()]l < eK(tj,2) (v € o(B))

where ¢ > 1 is a fired constant.
Let us define

Tyw =Y (zo(tk) — zo(t—1)) -
k=1

Then, if T, : 0(B) — >_(B) is bounded, there ezists a constant C > 0 such
that
K, [T, Tu)(x)) < CTI S(K (- 2))(1)

for any x € o(B) and T € L(B; B).

In order to apply this theorem we shall need a quasi-optimal decompo-
sition for the K-functional for a couple of Besov spaces, which is obtained
in the following proposition.

Proposition 2.4 Let 09 > o1 and § := o9 — 1. Then, for a couple
(B2 (R™), By (R™)) of Besov spaces,

K, f) = I1Pfllo+ | f — Pifla,

where Py =T}, and p = X[_¢4n-
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Proof. Since P; is admissible and bounded, with || P, < ¢, and P;(LP) C
V(?), it follows that || f — Pifl, < If — fillp + 1P (fe — F)llp < cE(t, f) and
P, f is almost optimal. Then the Holmstedt type formula

K@, f) = |Pifllo + |l f — Puflh

holds (cf. [4, Theorem 4]). O

3 Multipliers

A basic tool for the proof of our result is Xu’s sufficient condition for a
function to be a Fourier multiplier of LP(R") via its ¢g-variation on dyadic
intervals (cf. [12]).

Let us denote Q; = [—27,27]", Cy = Qo, C; = Q; \ Qj—1 ( > 0).
To define the g-variation ch(u) of 1 on a closed set C' we only consider
rectangles R with sides parallel to the axes and with vertices in C' and,
with the notation of [12],

Ag(p) = ARAR -~ Afu(a), a=(a1,...,ap)

where, if R = [a1, b1] %" X [apn, by] and x = (1, ..., 3y,), Ak is the difference
operator in the k-th variable

A%u(x) = f(z1, .y Tp—1, bk, Tht1 -« s Tn)— [ (T, ooy Tty Oy Tl -+ -5 Ty

(if n = 2, Ay = p(b1, b2) — u(br, az) — p(ar, ba) + p(ar, az)). Then

1/q
Vo) = sup <Z AR(M)!q> :

ReR

where the supremum is taken over all finite families R of rectangles as
above, with disjoint interior.

In the case n = 1, Vi(1) = sup(3p> (lu(te) — u(tk_1)|q)1/q,7where the
supremum runs over all finite increasing sequences {t;}r>0 C C. We say
that u is g-admissible if V9(u) := sup V7 (u) < oc.

If n > 1, we say that u is q—admissiblje if the following three conditions
are satisfied:

(1) For each 1 < k < n, S := sup; Vi (uk,j) < 0o, where pug j(z1,...,2%) =
w(xy,. .., 5,27, ...,27) is a function of k variables and C = [—27, 27]*.

(2) The condition Sy < oo analogous to (1) is valid for each permutation
m of the n variables.
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(3) Sp :=sup;sg V(%j(u) < 00.

We define V4(u) as the sum of all the quantities S appearing in the
above conditions. Thus, p is admissible if V9(u) < oo.

It follows from the main result in [12] that, if u is g-admissible and
bounded, then T}, : LP(R") — LP(R") for every 1 < p < oo satisfying |%—
%| < %. This extends to n variables the improvement of the Marcinkiewicz
multiplier theorem due to Coifman, Rubio de Francia and Semmes.

A dyadic multiplier will be a function
oo
p={p}iz0 =Y mixe,,
j=0

which is constant on every corona Cj.
For dyadic multipliers and for any 1 < g < oo the admissibility condition
is simply
Vip) = sup i —pj—1] <00 (p—1=0)

and, for any admissible multiplier p,
plD =3 "2, Y)xe, =) e,
j=0 j=0
defines an admissible dyadic multiplier with
V(D) < V(p),

Observe that x¢,, log™ (max{|z1|, - , |zn|}) and {k}2, are g-admissible,
while x{|jz)|<1} for n > 1 and x {4,501 (2) log™ (max{|z1|,--- ,|zn|}) are never
g-admissible.

4 The Main Result

In order to prove the main theorem, let us start with a reduction to dyadic
multipliers.

Lemma 4.1 Let p be a q-admissible multiplier, p'9 its admissible dyadic
multiplier, i.e.

0o 0o
M(d) = Z,Uf(2]7 72])X0j = ZMjXCj,
j=0 Jj=0



228 Commutators for Multipliers

and |1/p —1/2| < 1/q. If T is any bounded linear operator on By (R"),
then
[T,T,]: By"(R") — By"(R")

if and only if

T,T 0] - BY"(RY) — BY7(RY)
Proof. As observed in [5, Lemma 2], [T, T,] [T, T,@] = [T,T,_ ], where
p— 1D is bounded and V9(u — p?) < oo, and it follows from Xu’s result
that T, @ : LP — LPif [1/p—1/2| <1/q. But then T, ) : By — By"
for any o >0 and 1 <r < oo, and [T, T,] - [T, T,@] : By" — By". ]

Lemma 4.2 Let us consider a couple B = (By>®™(R"™), By (R")) of
Besov spaces with § 1= o9 — 01 > 0. Then Lf =3 ~o(f — Pa f) defines

a bounded operator L : 0(B) — X(B).

Proof. We have || Lfls; ) < 2250 If — Pai fll1, where, by Proposition 2.4,

K(2%, f; A
ST If-Pufli S Z(WW
Jj=0 Jj=20
20 ® K(s, f;A)ds 20
— < £ lo(5)-
dlog2 J; S s dlog 2

O

Theorem 4.3 Let oy > 01 > 0, 1 < r,qo,q1 < 00, 0 = (1 — 0)og + oy
0 <6< 1), T € L(BF™ R, BF"™ (R")): (By"™ (R"), BfH (R")))
and p a q-admissible multiplier. Then

[T,T,]: By"(R") — By"(R"),
ifl<p<ooand|l/p—1/2|<1/q.

Proof. By Lemma 4.1, we may assume that p is a dyadic admissible mul-

tiplier, i.e. =Y p Xy, With po = 0 and supy, [pug41 — k| = C < .
Then

Tuf = uk(Pyf = Pyer f),

k=1

since pi (Por f — Por—1f)"= pk(Xq, — XQu_1)f = trxcy f-
Now, by denoting

Ao = p1 — o = H1, A1 = H2 = H1, ey N = [l — M- - -
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we get ”)\uoo = supy, | Ax| = supy [urr1 — pr| < 00, and Ao = p1, Ao + A1 =

M2y -eey Zj:(] Aj = P41
Then, by Lemma 4.2, T, f =372, Aj(f — Py f) and

T,:0(B) — %(B), if B= (B (R"); ByV™ (R™)),
with || T.flsz) < (Mool Lf sy S 1floe5)-
Let § = 09 — o1, an define t, = 2%k (k > 0). By Proposition 2,
[ Por fllg + t | f — Por flly < eK(tg, f)-

Thus, if we define
x[)(tk) = PQkf7

we can write

Tuf =Y i (wo(te) — wo(ti-1))-

k=1

On the other hand, since 2° > 1, we have that

sup Y e — el 2 osup Y ke —
neztke[2n7172n) neztkepé(nfl)72§n)

= Sl}ipmk—kl — pp| = C < o0
(see [7]), and Theorem 2.3 applies. O

Remark. Of course, with the obvious changes, Theorem 4.3 may be
adapted to obtain

[T,T,] : BS"(R") — BI‘,’/’T(R”)

for
T : (BSO®(R™), BW4 (R™)) — (BJo(R™), By (R™)),

if p1 is g-admissible, cp—01 = o —0of and 1 < p < co and |1/p—1/2] < 1/q.
Remark. The interested reader can find in [5] a direct proof that does not

use the abstract methods of Theorem 1. Only the last part of the proof of
Theorem 4.3 needs to be adapted.
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Uniform Integrability, Rearrangements
and Embeddings

Jurie Conradie

Abstract. A theorem of de la Vallée Poussin characterizes a uni-
formly integrable subset of Li(X, 3, i), where (X, 3, 1) is a proba-
bility space, as a set that is bounded in some Orlicz space Lg, with

0 _

limg . oo @T oo. In this paper we investigate the possibility of re-

placing the Orlicz space in this result by other types of Banach func-
tion spaces. The fact that uniform integrability can be charcterized in
terms of rearrangements of functions enables such rearrangement in-
variant spaces to be constructed, and for the results to be generalized
to non-commutative function spaces.

Mathematical Subject Classification (2000). 46E30, 46152

Keywords and phrases. Uniform integrability, rearrangement in-
variant function space, non-commutative function space.

1 Introduction

If (X, 3, ) is a probability space, 1 < p < oo and K is a bounded subset of
L,(X,%, ), then K is a uniformly integrable set. Not all uniformly inte-
grable subsets of Lq(X, X, 1) arise in this fashion, however; for this purpose
the family {L,(X, X, ) : p > 1} is not large enough. A classical theorem of
de la Vallée Poussin (see, for example, [10], Theorem 1.2.2) essentially says
that the family of Orlicz spaces Ly (X, X, 1) for which lim; @ = oo is
adequate for this purpose. The aim of this paper is to investigate whether
there are other adequate families of Banach function spaces, and to attempt

to characterize such spaces.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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In the first section we give an overview of the various characterizations
of uniform integrability and related concepts. This is done as far as pos-
sible for o-finite measure spaces, with specialization to probability spaces
where appropriate. Although most of the results are not new, we attempt
to bring together ideas scattered throughout the literature and indicate the
useful role of the decreasing rearrangement of a measurable function in this
context. Adequate families of Banach function spaces are introduced in
the second section and examples of such families of rearrangement invari-
ant Banach function space constructed. This leads to a new proof of an
improved version of de la Vallée Poussin’s theorem. The fact that a set is
uniformly integrable if and only if the same is true of the set of its rear-
rangements makes it possible to extend these results to non-commutative
Banach function spaces, as is shown in the final section of the paper.

2 Uniformly integrable sets

In what follows (X, X, u) will be a o-finite measure space. The space of
all real-valued measurable functions on X, with the usual identification of
functions that are equal almost everywhere, will be denoted by Lo(X, 2, p).
Asusual, L1(X, %, p) and Loo(X, X, 1) stand for the space of integrable and
essentially bounded real-valued functions respectively. We will frequently
use the abbreviated notation Lo(X), Li1(X) and Loo(X). The norm of
Li(X) is given by || f|l1 = [ |fldn  (f € L1(X). The positive part f* of
f € Lo(X) is given by fT(x) = f(z) if f(z) >0 and fT(z) = 0 otherwise.
The cone {f € Lo(X) : f = f*} is denoted by L (X); with the partial
order induced by this cone, Ly(X) is a vector lattice with L;(X) as a vector
sublattice.

The set of measurable sets with finite measure will be denoted by X,
ie. Yp={AeX:puA) <oo}. If f e Lo(X)and t >0, [[f|] > 1] stands
for the set {x € X :|f(z)| > t}. For a sequence (4,) in X, we write A,, | ()
when (A,,) is decreasing and (N2, A,) = 0 (equivalently, p(BNA4,) — 0
as n — oo for every B € Xy¢).

Definition 2.1 A subset K of L1(X) is uniformly absolutely continuous
if and only if for every e > 0 there is a 6 > 0 and an X. € Xy such that
suppex [4 |fldp < € whenever A € X and p(AN Xe) < 6.

Note that if u(X) < oo, K is uniformly absolutely continuous if and
only if for every € > 0 there is a 6 > 0 such that supscx [, [fldp < €
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whenever A € ¥ and u(A) < §. For future reference, we list some known
or easily checked equivalent forms of the definition.

Proposition 2.2 Let K C Li(X). The following statements are equiva-
lent:

1. K is uniformly absolutely continuous.

2. For every € > 0 there is a 6 > 0 and an X, € Xy such that whenever
AeX and p(ANXc) <6 then supyeg | [ fdu| <e.

3. For every € > 0 there is a 6 > 0 and an X, € Xy such that
supferX\Xe |fldp < € and suppeg [ |fldp < € whenever A € X
and p(A) < 9.

4. supf€K|fAn fdu| — 0 as n — oo whenever A, | 0 in 2.

5. SUp ek | fAn fdup| — 0 asn — oo whenever (Ay,) is a pairwise disjoint
sequence in 2.

Proposition 2.3 Let (X,%, ) be non-atomic and K C L1(X) be uni-
formly absolutely continuous. Then K is bounded.

Proof. Choose A1 € ¥¢,0 < 6 < u(Aq) such that if A € 3, u(ANA;) <6,
then sup e J4lfldu < 1. Since A; is non-atomic, there are disjoint sets
Ay, A3 C A such that ApUA3 = A and ,u(AQ) = %6 Let A= (X\Al)UAQ,
then u(ANAy) = p(Az) <6, so supseg [, 1fldp < 1. Choose n € N large
enough to ensure that %M(Ag) < §. Since Ajs is non-atomic, there are
disjoint sets By, ..., B, € ¥y such that U], B; = Az and u(B;) = %,U,(Ag).
It follows that if f € K, then [, |fldu=37", [ |f|du < n. Hence

sup/ |f|du=sup/|fdu+sup/ fldu<1in,
feK X fEK A feK Ag

g

Corollary 2.4 FEvery uniformly absolutely continuous subset of Li(X) is
bounded if and only if X contains no atoms of finite positive measure.

Proof. If By € ¥ is an atom such that 0 < p(Bp) < oo, then the set
{nxs, : n € N} is uniformly absolutely continuous but unbounded.
Conversely, suppose X contains no atoms of finite positive measure, and
write X = X7 U Xy, where X contains no atoms and X5 is a disjoint union
of atoms of infinite measure. Now let K C L;1(X) be uniformly absolutely
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continuous. Then for every f € K and every atom A in X5, f is 0 on A.
Thus we may assume K C Lq(X). It follows from the proposition that K
is bounded. O

The fact that, in general, a uniformly absolutely continuous set need
not be bounded leads to:

Definition 2.5 A subset K of L1(X) will be called uniformly integrable if
and only if it is bounded in L1(X) and uniformly absolutely continuous.

If w € L1(X) then {u} is uniformly integrable. From this it follows easily
that the order interval [—u,u] = {f € L1(X) : |f] < u} is uniformly
integrable. This example can be stretched somewhat:

Definition 2.6 Let B = {f € Li(X) : ||f||1 < €}. A subset K of Li1(X)
1s order precompact or almost order bounded if for every e > 0 there is
a ue € LT (X) such that K C [~ue,uc] + B, or, equivalently, such that

sup e ||(1f] = ue) Tl = sup e [ 1FI = 1] Auells <e.

The notion of order precompactness makes sense in any normed lattice
(or even a lattice with a locally solid topology). The reader is referred to
[7] and [12], §122 for further information in this regard.

It is easy to check that an order precompact set is uniformly integrable.
The converse also holds:

Proposition 2.7 A subset K of L1(X) is uniformly integrable if and only
if it is order precompact.

Proof. If K is uniformly integrable, it is bounded, say sup ey || f|[1 = C. If
€ >0, we can find a § > 0 and an X, € ¥y such that sup ¢y fX\XE |f]du <
e and suppex [41fldp < e whenever A € ¥ and p(A) < §. Choose m >
0 large enough to ensure that € < 4. Since mu([|f] > m]) < ||f]1 < C, for
every [ € K, u([|f] > m]) < = < 0. Put ue = mxx,. Then uc € Li(X)"
and if f € K,

urfr—rfmueulg/

1 1
\f]du—i—/ Ifldp < ze+ e =,
[1f[>m] X\Xe

2 2
showing that K is order precompact. O
Proposition 2.8 If K C Li(X) is uniformly integrable, sup{f[|f|>c] |f] dp :

fe K} —0asc— oo. When (X,3,u) is non-atomic, uniformly inte-
grable may be replaced by uniformly absolutely continuous.
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Proof. Since K is bounded, C' = sup{||f||1 : f € K} < co. For ¢ > 0 and
feK, eu([|f| >c]) <||flli £C. This shows that u([|f] >c]) <% —0as
¢ — o0. The first result now follows easily from the fact that K is uniformly

absolutely continuous; the second is then immediate from Proposition 2.3.
O

If K is uniformly absolutely continuous, it need not be the case that
sup{f“f|>c] |fldu: f € K} — 0 as ¢ — 0o, as shown by the the set {nxa4 :
n € N}, where A is an atom with x)(A) > 0. The set K = {x[on : » € N}
in L1([0,00) satisfies sup{f[mx} |fldp - f € K} — 0 as ¢ — oo, but is
neither bounded, nor uniformly absolutely continuous.

If p(X) < oo and Supfer[lf\>c] |fldy — 0 as ¢ — oo, then K is
bounded. This is clear from the inequality

/mduz/ Ifdu+/ |fdus/ Fldp+ eu(X).
X [lfI>c] [IfI<c] [IfI>c]

It follows from this observation that our definition of uniform integra-
bility agrees with the usual one in finite measure spaces:

Corollary 2.9 If u(X) < oo, a subset K of L1(X) is uniformly integrable
if and only if sup s f[lf\>¢] |f]ldp — 0 as ¢ — oo.

We note in passing that the condition sup{f“f|>c] |fldp: fe K} — 0as

¢ — oo is not equivalent to sup{| f[\fl>6] fdu|: fe K} —0asc— oo. The
first condition clearly implies the second. To see that the converse does not
hold, let fn(t) = 2"x[,2-n—1](t) — 2"X[2-n-12-n](t) and K = {f, : n € N}.
Since ||fn|l1 = 1 for every n, K is bounded and sup{| f[lfn|>c} fndu|:n €
N} = 0 for every ¢ > 0, but sup{f”fnbc} |frldp : n € N} =1 for every
c>0.

If f e Lo(X), its decreasing rearrangement is the function f* on [0, c0)
defined by

fr(t) = inf{s : u([|f] > s]) < t}.
For f € L1(X) we have f*(t) < oo for every t > 0. More information on
decreasing rearrangements can be found in [2] and [9)].
The following result is a slight improvement of [3]], Theorem 2.1:

Proposition 2.10 Let K C Li(X). Then the following are equivalent:

1. SuprKf[|f|>c] |fldp — 0 as ¢ — o
2. supseg [x(Ifl —¢)Tdp— 0 as c — oo
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3. supfer(;t f*(s)ds — 0 ast — 0.

Proof. The inequality

—o)tdy = —o)tdu < d
/X(If! o du /[f|>d(\f| 0 M_Am]m "

shows that (1) implies (2).
Suppose (2) holds. By considering the cases f*(f) > ¢ and f*(t) < ¢
separately, it can be shown that

[ ras< [1-0" dusa

for all t > 0,c > 0 and f € K. Given ¢ > 0, choose ¢ large enough to
ensure that sup e [ ([f] — )" du < %€, and then choose ¢ small enough
to ensure that 2ct < €. Then for every f € K,

t
* d —o)td = d €
/0f<s> sS/(!f\ O du +ct AMW et < e,

so that (3) holds.

Finally, suppose (3) holds and € > 0. We can choose ¢t > 0 such that
SUD fe i fot f*(s)ds < e. Then it follows as in the proof of [3], Theorem 2.1
that there is a ¢; > 0 such that sup;c f*(t) = ci. Then A([f* > «]) <
A([0,t]) = ¢, where X\ denotes Lebesgue measure on [0, 00). Hence for every

ek,
p([f*>ci] t

[ ntan= [T s < [ s <e
[l f]>c] 0 0

From Corollary 2.9 we immediately get

Corollary 2.11 If u(X) < oo, a set K in L1(X) is uniformly integrable
if and only it satisfies any one of the above three conditions.

The maximal function f** of f* is defined by

PO =1 [ s @,

Let (X1, %1, 1) be a (possibly different) o-finite measure space (with pu(X) =
w1 (X7) if the measure spaces are finite) and f € Lo(X),g9 € Lo(Xy1). If
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f*(t) < g**(t) for every t € (0,00), we say f is submajorized by ¢ and
write this as f << g. For fixed g € L1(X;) we write

Qg) ={feLi(X): f=<<g}

It follows from the definition that if K C Q(g) then sup ¢ fo s)ds — 0
ast — 0 and K is bounded in L;(X). The converse is also true; thls result
(for the case pu(X) < 00) is essentially given in [3], Lemma 4.1. We include
a proof since the techniques used will be useful in the next section.

Proposition 2.12 For a subset K of L1(X) there is a g € L+[0 oo) such
that K C Q(g) if and only if K is bounded in L1(X) and sup je fo s)ds —
0ast— 0.

Proof. Suppose ||f|l1 < C for every f € K. We define the function 1 :

[0, 00) — [0, 00) by
o) = sup [ (s

It follows immediately from this definition that ¢ (0) = O P(t) >0ift >0

(unless K = {0}) and that ¢ is increasing. Also 9 fo f(s)ds <
IS f*(s)ds = [ |fldpu < C for all t > 0. For t > 0,
t I
¥t =sup — [ f*(s)ds=sup f*(¢).
t o rext Jo feK
Since each f** is decreasing ([2], Proposition 2.3.2), so is Q This shows

that ¢ is a quasi-concave function. It follows that if 1/1 is the least con-
cave majorant of 1, we have %¢(t) < Y(t) < ¢(t) for every t € [0,00)
(12], Proposition 2.5.10). Since 9 is concave, it is differentiable almost ev-
erywhere. We define the function g : [0,00) — R such that it is right
continuous and ¢(t) = v/(t) for those ¢ at which ¢ is differentiable. Then
g is positive, decreasing and right continuous on [0, c0). Also

0< %J(O*) <(0%) = ltirgsup{/t f(s)ds: fe K} =0,

and so [, g(s) ds = fo s) ds = limy_.o 1(t) —h(0) < C, showing that
g € L1]0, oo) Thu51ff€Kand0<t<oo

/f ) ds < (1) /w @_/()w

Hence f << g, for every f € K. O
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Corollary 2.13 If u(X) = a < oo, then K C L1(X) is uniformly inte-
grable if and only if there is a g € L1(]0,a]) such that K C Q(g).

Note that if u(X) = oo, Q(g) need not be uniformly absolutely con-
tinuous. As an example, let g(t) = x(0,1)(t), fa(t) = Xp-1,n](t), t > 0 and
K = {f, :n € N}. Then K C Q(g), but K is not uniformly absolutely
continuous, as can be seen by considering the sequence (A,,) in X, with
A, = [m, o) for which we have A,, | § but sup,, [ . | fn| du =1 for every
m.

3 Adequate families

We shall call a Banach space E (with norm || - ||g) contained in Ly(X) a
Banach function space if it is an order ideal in Ly(X) (i.eif f € Lo(X),g €
E and |f| < |g| implies f € E and ||f||g < ||g||z). The Kothe dual of F is
the order ideal E* of Ly(X) defined by

E* :{gELO(X):/ |fg| du < oo for every f € E}.
X

Then for every g € E* the functional on E defined by ¢4(f) = [y fgdp is
in the continuous dual E* of ¥ and

gl = llgllex = sup{/X Foldu: f e B, |Iflls < 1).

With the norm || - ||[gx E* is itself a Banach function space. Further
information may be found in [2], Chapter 1 and [11], Chapter 15.

The closed linear subspace of a Banach function space E generated by
the set of all characteristic functions of sets in X will be denoted by L.
We say that f € E has absolutely continuous norm if ||fxa,||lz — 0 as
n — oo whenever (A,,) is a sequence in ¥ such that A, | 0. The set of
all f € E with absolutely continuous norm is denoted by FE,. We have
E, C E.

Definition 3.1 We call a family £ of Banach function spaces adequate if
(a) E C L1(X) for every E € &;

(b) a subset K of L1(X) is uniformly integrable if and only if there is an
E € & such that K is a bounded subset of E.

It is immediate from the definition that U{F : £ € £} = L1(X). A
necessary condition for a family to be adequate is that any norm bounded
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subset of a member of the family must be uniformly integrable. Our first
result narrows down the field.

Proposition 3.2 Let E be a Banach function space such that E C Li(X).
Then every norm bounded subset of E is uniformly integrable if and only if
Loo(X) C EX. If n(X) < 00, this is equivalent to E = EX .

Proof. It follows from E C Li(X) that Lo (X) C E*. Suppose that
Lo(X) C E) and that K C E is bounded in E, say ||f||g < C for all
f € K. Forany A € &,

sup/ If!duzsup/ Flxadi < sup || fllelxallsx < Cllxallex.
fexJa fek Jx fek

Taking A = X shows at once that K is bounded in L;(X). Let (4,) be
a sequence in X such that A, | 0. Since xx € EJ, it follows from the
inequality above that sup reg fAn |fldp < Clixxxa,l|lgx — 0asn — oo.
It follows that K is uniformly integrable.

Conversely, suppose that B = {f € E : ||f||g < 1} is uniformly inte-
grable and g € Loo(X). For A€ ¥

lgxal o =sup/ |fg><A|du§|\g||oosup/ £l du.
feBJX feBJA

Taking A = X shows that g € E*; the same inequality shows that if 4,, | ()
then ||gxa, ||gx — 0 as n — oo, and hence Lo (X) C E.
The last statement follows from [2], 1.3.13. O

A Banach function space FE is called rearrangement invariant if f €
Lo(X),9 € E and f* = g implies f € B and ||f|lz = |lgllz. 1f f,g € F
and f << g implies ||f||g < ||g||E, then E is symmetric. The reader is
referred to [2], Chapter II and [9], Chapter II for further information.

Proposition 3.3 Let E be a rearrangement invariant Banach function
space over the o-finite infinite measure space (X,%, ). Then we cannot
have Loo(X) C Ejq.

Proof. There is a sequence (X,) in X such that X,, T X. Then A4, =
X\ X, | 0and u(A,) = oo for every n. If Loo(X) C E,, then xx € E, and
hence we must have |[xxxa,||g = [|[xa,|[g — 0asn — co. But x =x%
and so ||xa, ||z = ||xx||g > 0 for every n, a contradiction. O
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If (X,%,p) is either non-atomic or consists of a countable number of
atoms of equal measure and F is rearrangement invariant, then so is E*
([2], Corollary 11.4.4). The above proposition shows that there is no hope
of finding adequate families of rearrangement invariant spaces over infinite
measure spaces of this kind. In the rest of this section we shall therefore
assume that p(X) < oo, and without loss of generality we may assume that
(X, X, u) is a probability space.

Definition 3.4 Let E C Lo(X) be a rearrangement invariant Banach
function space. The fundamental function pp of E is defined by

ep(t) =sup{||xallp: Ae X, u(A) <t}  tel0,1].

If ¢ is in the range of pu, then it follows that for every A € ¥ such that
n(A) = t, we have pg(t) = [|xal|5-

The proof of [2], Theorem I1.5.5 can be adapted to show that if the
measure space (X, X, ) has the property that inf{u(A4) : A € X, u(A) >
0} = 0 (in particular, if the measure space is non-atomic), then E, = E
if and only if ppx(07) = 0. If inf{u(A): A € 3, u(A) > 0} = a > 0, then
vp(t) =0for 0 <t < aand E, = E,. Combining Proposition 3.2 with
these observations we obtain:

Corollary 3.5 Let E C L1(X) be a rearrangement invariant Banach func-
tion space. Then every norm bounded subset of E is uniformly integrable if
and only if opx(0T) = 0.

It follows from Proposition 2.13 that for a family £ to be adequate, we
need to be able to find, for each g € L1([0,1]), an E € £ such that Q(g)
is bounded in E. This suggests a way of constructing an adequate family.
For each g € L] ([0,1]) we construct a Banach function space M, such that
(g) is the closed unit ball of M,. Put

hg(t) = /0 g*(s)ds for t € [0,1] and ¢4(0) = 0, p,4(t) = wgt(t) for t € (0,1].

It is then easy to check that ¢, is a quasi-concave function on [0,1]. It
follows that

1 1laz, = inf{A >0 f € A2g)} = sup{y(t) /7 (#) : t € (0, 1]}

is a rearrangement invariant norm on the subspace

My(X) = U{nSg) : n € N} = {f € Li(X) : [|fl|ar, < oo}
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of L1(X), and that the fundamental function of My is g4 (cf. [2], Proposi-
tion I1.5.8). This construction immediately gives:

Proposition 3.6 A subset K of L1(X) is uniformly integrable if and only
if there is a g € LT ([0,1]) such that K is bounded in My(X). The family
E={My(X):g€ L{([0,1])} is therefore adequate.
Corollary 3.7 A family £ is adequate if and only if

1. for every g € Li([0,1]), there is an E € £ such that My — E and

2. for every E € &, there is a g € L1([0,1]) such that E — My,
where — denotes a continuous embedding.

We are now ready to construct another important adequate family. Let
h € LT (]0,1]) and put

1
AmmzﬁemwwAfWWMﬁ<m}

1
|mm=4fwwmﬂ

Then Ap(X) is a rearrangement invariant Banach function space when

and

equipped with the norm || - ||a,, and its fundamental function is given by
oA, (t fo h*(t)dt (cf. [2], I1.5.12). Note that if h € Lo([0,1]), then
Ly(X ) C Ap(X )

Proposition 3.8 Let (X,X, u) be non-atomic. A subset K of L1(X) is
uniformly integrable if and only if there is a h € L ([0,1])\ Loo([0,1]) such
that K is bounded in Ap(X). The family € = {An(X) : h € Li(]0,1]) \
Lo ([0,1])} is therefore adequate.

Proof. Let K be uniformly integrable. Then it follows from Proposition 3.6
that there is a g € LT ([0,1]) such that K is a bounded subset of M,(X),
say K C C18(g). Since M,([0,1]) C L1([0,1]) but My([0,1]) # L1([0,1]),
we have Lo ([0,1]) C My([0,1])* but Loo([0,1]) # My([0,1])*. Hence there
is an h € My([0,1])* \ Loo([0, 1]) such that fol g (t)h*(t) dt = Ca < oo ([2],
Corollary 11.4.4). If f € K, then f << Cjg and therefore

1 1
rmmzéfwwwmgaﬂgwwwﬁzqa
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by Hardy’s Lemma ([2], I1.3.6). Hence K is bounded in Aj(X).
Conversely, suppose K is bounded in A, (X), for some h € L ([0,1]) \
L ([0,1]). The fundamental function of A, (X)* is given by

t 1
s 0

by [2], I1.5.2. Since h ¢ L(]0,1]) and therefore lim; o h**(t) = oo, it
follows that ¢y, (x)x(t) — 0 as t — 0. It follows from Proposition 3.5 that
K is uniformly integrable. O

Oax)x () =

Let (X, X, 1) be non-atomic and E C Lo(X) be a rearrangement invari-
ant Banach function space. Let ¢g be the least concave majorant of the
fundamental function of . The rearrangement invariant Banach function
spaces M (F) and A(F) are defined by putting

Ay = sup pr) (1), M(E) ={f € Lo(X) : [|fllm) < oo}
0<t<1

and

1
1fllage) = / F(Odop(tydt, A(E) = {f € Lo(X) : || flla) < oo}.

Each of these spaces has fundamental function pg. We have the continuous
norm 1 embeddings

(|2], Theorem I1.5.13). If ¢ (07) = a > 0, it follows from E < M (E) that
[ flloo = supgci<y f(t) < a™ ||| for all f € E. Since Loo(X) C E ([2],
11.6.6), this implies that £ = L (X) in this case.

The definitions in fact make sense with any non-negative concave func-
tion ¢ on [0,00) which is 0 only at 0 in the place of ¢r. The spaces cor-
responding to M(E) and A(F) are known as Marcinkiewicz and Lorentz
spaces respectively and it can be shown that these spaces are symmetric as
well.

Theorem 3.9 Let £ be a family of rearrangement invariant Banach func-
tion spaces over a non-atomic probability space and put ® = {pp: E € £},
where for each E, o denotes the least concave majorant of the fundamental
function of E.

1. If € is an adequate family, then
(a) limy o ﬁ =0 for every ¢ € ® and
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(b) for every g € L1([0,1]) there is a ¢ € ® such that
supg<i<1 9 (t)p(t) < oo.
2. The family £ is adequate if

(a) limg o = o = 0 for every ¢ € ® and

(b) for every g € L1([0,1]) there is a ¢ € ® such that
1 *
g*(t) de(t) < oo.

Proof.

1. If £ is an adequate family and E € &, then limy o ( 5 = PEx (07) =0,
by Corollary 3.5. If g € L;i([0,1]),then Q(g) is unlformly integrable,
so there is an E € & such that Q(g) is bounded in E. Since E —
M(E), it follows that (g) is bounded in M (E). This implies that
SUP req(g) SUPo<t<1 @E(t)f*(t) = supgci<1 pE(t)g™ (1) < oco.

2. The first condition ensures that for every E € £, bounded subsets of E
are uniformly integrable (Corollary 3.5). If K C L;(X) is uniformly
integrable, then there is a ¢ € L1([0,1]) such that K C Q(g). By
(b) there is an F € & such that ||g||cc@r(0h) + fol g (t)lp(t)dt =
fo t)dpp(t) < oco. Hence if ¢ (01) =0 and f € Q(g),

/01 t) dep(t) / fr )@kt dt</ *()lp(t) dt < oo,

showing that K is bounded in A(E). If ¢p(0T) > 0, it follows from
the remarks above that A(E) = E = Loo(X) and g € Loo(X). Then
f € Q(g) implies that f**(t) < ||g||co for every 0 < t < 1, and hence
K is bounded in Lo (X) = A(E).
O
Recall that a function ® : [0,00) — [0,00) which is convex, continu-
ous at 0 and 0 only at 0 is called a Young’s functions. The Orlicz space

L¢,(X) consists of all f € Lo(X) such that there is a A > 0 such that
Jx ®(Af]) dp < co. When equipped with the Luxemburg norm

If]] = imf{A"L /X SN dpu < 1},

L3(X) becomes a symmetric, rearrangement invariant Banach function
space. More information on Orlicz spaces can be found in [2], IV.8, [§]
and [10].



246 Uniform integrability

Let ® be a Young’s function with right-inverse ®~! given by
d7(t) = sup{s : ®(s) < t}.

The fundamental function ¢, of the Orlicz space Lg(X) is given by

¢re(t) = [@71($)]7" ([2], IV.8.17). The fundamental function Prx of the

Kéthe dual of Lg is therefore given by P (t) = Lth T = te1(1) (2],
L
I1.5.2). Hence

1 d1(5s) s
. T o T PR _ 1
W@ =g Q) =t = gy
It follows that lim;|g Prx (t) = 0 if and only if lim; oo @ = 00. In con-

junction with Corollary 3.5 this gives

Proposition 3.10 Let (X,X, u) be a non-atomic probability space and ®
be a Young’s function. The bounded subsets of the Orlicz space Ly(X) are
2(t)

uniformly integrable if and only if limg oo —~ = 0o.

The proposition gives a necessary condition for a family of Orlicz spaces
to be adequate. We show that it is also sufficient, thus recovering de la
Vallée Poussin’s theorem in the process.

Theorem 3.11 Let (X, X, 1) be a non-atomic probability space. The fam-

iy
. : . (1)
E={Ls(X): P is a Young’s function, 1thm - = oo}
—00

s adequate.

Proof. In the light of the last proposition it will suffice to show that every
uniformly integrable set K C L;(X) is bounded in some member of the
family. By Proposition 3.8 we can find an h € L1([0,1]) \ Lo([0,1])
such that K is bounded in Ap(X). It will suffice to find an Lg(X) € €
with the same fundamental function as Aj(X), since we have a continuous
embedding Aj(X) — Le(X) in this case. We know that the fundamental
function ¢ of A(X) is given by ¢(t) = fg h*(s)ds, and that ¢ is concave
and strictly increasing. It follows that it has an inverse ¢~! which is a
convex function on the range of . Let k = (1) and a = k[h*(1)]~!. Then
a > 1. Define
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The choice of a ensures that ® is continuous and differentiable on [0, c0).
Since ¢! and the function ¢ % are both convex and positive functions
on [k~1 00), and t +— (kt)® is positive and convex on [0, k'], the same is

true of ® on [0,00). We also have

lim (I’I(f) = lim [w—l Cﬂ - ~ 1im 28 iy h**(s) = oo,

t—o00 t—o00 s—0 8 s—0

since h ¢ Loo([0,1]). It follows from this that Le(X) is in the family £.
The fundamental function ¥ of Le(X) is given by 9(t) = [@7($)] 71
It can be checked that ¢ (1) = supg,;<; ¥ (t) = k. If 0 <t < 1and s = (¢),
then ®(s~1) =t and since 0 < s < k, t = [®(s71)] "' = »~1(s), so that
P(t) = s = p(t), as required. O

It is possible to refine the above construction to show that the family
of Young’s functions with the As property is still adequate. Recall that a
Young’s function @ is said to satisfy the Ay condition if there are constants
to > 0 and k > 0 such that ®(2t) < k®(¢t) for t > to. If this is the case we
write ® € As.

Suppose K C L1(X) is uniformly integrable and g € L;([0, 1]) is such
that K C Q(g). Let ¢4 be defined as in the discussion preceding Proposi-
tion 3.6 and for fixed 0 < p < 1 put

1
(g (£)]P

Since g, is decreasing on (0,1}, g5 = g, and since ¢,(07) = 0, g,(0") = oo,
50 gp ¢ Loo([0,1]). Furthermore

gp(t) = 0<t<l.

P )
”g””Ag_/o gp(t)wg(t)dt_/o = LT o

so gp € Ag. If f € K then f << g. Hence

1 1
/fwwmﬁs/fwgwﬁﬂmmw
0 0

showing that K is bounded in A,,. The fundamental function of Ay, is given
by ¢p(t) = fg gp(s)ds, and @i (t) = g,(t) almost everywhere in [0, 1]. Since
¢p 1s positive, concave and strictly increasing, ¢, I exists and is positive
and convex on the range of @,. Let k = ¢,(1) and a = k[g;(1)]™!; then
a>1. Put



248 Uniform integrability

Then it follows as before that ®, is convex and lim;_. (I)PT(U

that the fundamental function of Le, is ¢,. It remains to show that ®, €
Aj. Let u> 0,0 <r < 1. Then it is easy to check that 14(ru) > rig(u),
and hence that g,(ru) < r7Pgp(u). From this it follows that ¢,(ru) <
1 1

?-

' Ppp(u). Now let ¢ > k™' and put u = ¢, 1(3), so that pp(u) =

Choose 7 such that 0 < r < 1 and r17P < % Then

1 (1 _ _ _ 1 (11
rey’ (t) =ru <! (rPep(u) < @y (’"1 pt) <@ (u) ’

and hence ®,(2t) < r~1®,(t). We have shown:

= oo, and

Theorem 3.12 Let (X, 3, u) be a non-atomic probability space. The fam-
ily

o(t)

E={Ls(X):® is a Young’s function, tlim - =% D e Ay}
—00

s adequate.

We note that de la Vallée Poussin’s theorem has also been generalized
by Alexopoulos in [1], Theorem 2.5.

4 Uniform integrability in non-commutative spaces

A commutative von Neumann algebra can be represented as an L..-space
over a suitable measure space, and the corresponding Li-space is a predual
for the von Neumann algebra. This motivates the interpretation of von
Neumann algebras as non-commutative L,-spaces, and their preduals as
non-commutative Li-spaces. We look briefly at uniformly integrable sets
in this context.

To have at hand an analogue of a measure, we restrict attention to a
semi-finite von Neumann algebra M equipped with a faithful semi-finite
normal trace 7. We assume that M is a subalgebra of the algebra B(H)
of all bounded linear operators on a Hilbert space H and denote the inner
product on H by (-,-). The set of projections in M will be denoted by M,,.

A closed densely defined operator x on H is affiliated with M if u*zu =
x for all unitary operators u in the commutant M’ of M. For such an
operator x and s > 0 we denote by X(s,oo)(‘xD the projection in M cor-
responding to the characteristic function x (s ) via the functional calculus
for |z|. We call an operator x affiliated with M 7-measurable if there is an
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s > 0 such that 7(x(s00)(|7])) < 0c. The set of all 7-measurable operators

will be denoted by M. It becomes a x-algebra when sums and products
are defined as the closures of respectively the algebraic sum and algebraic
product. For z € M we write z > 0 if (x€,€) > 0 for all £ in the domain
of z and we put M+ ={z e M:z > > 0}. The cone M defines a partial
order on the self-adjoint elements of M.

For © € M, the decreasing rearrangement u (x) of x is the real-valued
decreasing right-continuous function defined on [0, c0) by

pe(r) =inf{s > 0 : 7(X(s,00)) < t}, t > 0.

The relation << is defined on M by

x <<y if and only if / pe(x) dt < / ut(y) dt for every s > 0,
0 0

where z,y € M. .

A normed vector subspace E of M is called rearrangement invariant if
and only if z € M, y € E and p(z) < p(y) implies x € E and ||z||g < ||y||&
and symmetric if and only if z,y € E and << y implies ||z||g < ||y||E-

Since L*°((0,00)) may be regarded as an abelian von Neumann alge-
bra and the Lebesgue integral as a trace on it, we may apply the above
definitions in this context. Measurable operators correspond to almost ev-
erywhere finite measurable functions on (0, c0) that are bounded except on
a set of finite measure. If E((0,00)) is a symmetric rearrangement invariant
space of such functions, we put

E(M) = {z € M: u(x) € E((0,00)},  llellmy = |11(@)]] m0.00)-

Then E(M) is a rearrangement invariant symmetric Banach space. This
applies in particular to the spaces L'(M) and L>°(M), and it can be shown
that L>®(M) = M and L*(M) = M., where M, stands for the predual
of M. This implies that if z € M, then € Ly(M) if and only if pu(z) €
Li([0,1]) and then ||z||; = 7(|z|) fo we(z) dt.

For more information on non- Commutatlve Banach function spaces the
reader is referred to [4], [5] and [6].

For the rest of this section we assume that 7(1) = 1, where 1 denotes
the identity of M.

Definition 4.1 A subset K of Li(M) is uniformly integrable if

i su1p ([0 () = 0.

t—o0
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Every uniformly integrable set K is bounded in L;(M). To see this, choose
t > 0 such that sup,¢x 7(|7|x(1,00)(|2])) < 1. If € K, then

lzlli =7(z)) = 72X (t,00)([2]) + T(l2[x[0,4(|2])
< 1+ 7(xpq(=))
< 1+tr(1) =1+t

Proposition 4.2 A subset K of L1(M,T) is uniformly integrable iff it
is bounded in Li(M,T) and for every ¢ > 0 there is a § > 0 such that
sup,ex T(plz|p) < € for all p € MP with 7(p) < 6.

Proof. Let € > 0 and choose ¢ > 0 such that sup,cz 7(|#[xt,00)(|7])) < g€
Let 6 = 5;. If x € K and p € MP,7(p) < 6, then using the inequality

X0 (I2]) < Exq0.1(I]),

T(plzlp) = 7(plz|x 00 (12])P) + T(PlZ]X[0,4(I7])P)
< Ipllr(x]x t,00) (IZD)I|PI| + 7(ptx (0,4 (|2])P)
1
< §6+t||p>qo,t](l$\)llf(p)
< %e +tr(p) =€

Suppose, conversely, that K is bounded and satisfies the condition. Put
C = sup,ex ||z][1. Given € > 0, choose § > 0 as in the condition and ¢
large enough to ensure that % < 0. Then if t > tp and & € K, we have
X (t,00)(17]) < [2[X(t,00) (|2]) and hence

T (X(t00) ([2]) < T(|2IX(1,00) (|2])) < [J2][1 < C.

It follows that 7(x(,00)([2]) < % < 4, and hence T(|z[x(,00)([2]) =

T(X(t,00) (2D X (t,00) ([2])) <€ .

Proposition 4.3 A subset K of L1(M) is uniformly integrable iff

lim sup / pe(x) dt =0 (%)
0

s—0cK

Proof. A set K satisfying (x) is bounded in L1 (M). To see this, choose s > 0
such that sup,cp [o pe(2)dt < 1. If x € K, then pg(x)s < [ () dt <1,
and hence p5(z) < . Therefore

1—s
s

=C.

s 1
o) < [ @i+ [ < 14— <1+
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For every t > 0, T(X(t,00)((|z)) = A({s > 0 : ps(x) > t}), where A denotes
Lebesgue measure. Hence

tT(X(to0)(lz))) = tA{s>0:ps(x) >t})

/ ws(x) ds
[(z)>1]

1
< /Ous(x)ds
= 7(|z]) <C,

IN

and 50 T(X(t,00)(Ja])) < % for every t > 0. Let € > 0. First use (*) to choose
s > 0 such that sup,cf [ pu(x) du < € and then choose ty > 0 such that
% <s. If t > tg, then T(X(t,oo)|(|:1:\)) < % < s,and so if z € K,

1
(1l xe00) (121) /0 e (2100 [2])) dr

= / () dr
[n(z)>1]
< / pr(z) dr < e.
0
Hence K is uniformly integrable.

Conversely, suppose K is uniformly integrable, ¢ > 0 and choose tg > 0
such that sup,e g 7(|2|X(t,00)(|2])) < § it > to. If s < 5~ and = € K, then

/0 MT(x) dr = /O MT(x)X[u(x)>t0] dr+/() MT(x)X[u(x)Sto] dr

IN

1
/o 1 (TX (t9,00)) AT + t0S

€
< 7(|17IX(t0,00)) T+ B < €.

0

Corollary 4.4 A subset K of L1(M) is uniformly integrable if and only if
the subset {u(x) : x € K} of L1([0,1]) is uniformly integrable.

We note that it follows from [5], Proposition 2.10, the classical Dunford-
Pettis theorem and the corollary above that a subset of L (M) is relatively
o(L1(M), M)-compact if and only if it is uniformly integrable.
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The corollary and the fact that a subset K of L;(M) is bounded in
E(M) if and only if the set {p(z) : x € K} is bounded in E enables us to
generalize the results of section 2 to the non-commutative setting. Since the
Marcinkiewicz, Lorentz and Orlicz spaces used there are all symmetric re-
arrangement invariant Banach function spaces, they have non-commutative
counterparts. As an example of the results that can be obtained we give a
non-commutative version of Theorem 3.12.

Theorem 4.5 Let M be a semi-finite von Neumann algebra. A subset K
of L1(M) is uniformly integrable if and only if there is a Young’s function

® with ® € Ay and limy_, @ = 00 such that K is bounded in Lg(M).
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New Automatic non Interpolatory
Quadrature and Cubature Formulas

Francesco Costabile and Maria Italia Gualtieri

Abstract. Given a real function f € C?%[0,1], & > 1 Costabile,
Gualtieri, Serra, in 1996 [7], proposed an asymptotic expansion for-
mula for the corresponding Bernstein polynomials By, (f,z) in terms
of h = 1/n. Previously this problem had been studied from the point
of view of the search of an expansion formula in terms of the inde-
pendent variable x.

This idea was generalized to multivariate case by several authors
(1], [11], [15], [24], [25]).

In the present paper we apply these results to the numerical inte-
gration problem. In this way we can build some scheme of adaptive
non interpolatory quadrature for univariate and bivariate functions
over rectangular and triangular domains. The theoretical results are
validate by numerical tests.

Mathematical Subject Classification (2000). 65D32

Keywords and phrases. Bernstein polynomials, asymptotic expan-
sion, Richardson extrapolation,automatic quadrature.

1 Introduction

There are several well-known useful quadrature and cubature schemes which
are not derived from interpolatory procedures: Romberg’s quadrature,
based upon extrapolation technique for the error; adaptive quadrature
methods, useful when no properties of integrand are known; Sard’s optimal
quadratures obtained by minimizing the Lo norm of the Peano kernel of

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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the error functional; Euler-McLaurin quadrature; these are someone of the
more known examples. In particular the Romberg scheme, which evaluates
f: f(x)dz by means of trapezoidal rule with step size h; = (b—a)/2¢, is an
important example of application of Richardson extrapolation method.

The aim of this paper is to propose new schemes of non interpolatory
quadrature and cubature, obtained as possible applications of some recent
results about the acceleration of the convergence for the sequence of Bern-
stein operators.

The outline of the paper is the following:

in section 2 we give a survey over the asymptotic expansions of Bernstein
polynomials in the univariate and bivariate case; in section 3 we derive the
quadrature and cubature formulas by Bernstein polynomials with asymp-
totic expansion of the error; in section 4 we formulate the new scheme of
non interpolatory quadrature and cubature by means of the Richardson
extrapolation; finally in section 5 we consider some numerical tests which
prove that the behaviour of the new schemes is comparable with Romberg’s
ones.

2 Bernstein polynomials and asymptotic expan-
sion

The Bernstein operators for a function f, denoted by B, (f, ), are a well
known tool to approximate real functions, with very good qualitative fea-
tures of approximation, but in spite of these properties, they are not useful
from a computational point of view, because of a very slow rate of conver-
gence.

Many authors worked on the possibility of improve the order of conver-
gence, that is exactly n~!, if n is the degree of the operator and f € C?.

In general the question is: can the convergence of a given sequence be
accelerated? The focus has been on the way to obtain the acceleration of
the convergence by a suitable extrapolation algorithm. So the attention
has been shifted on the conditions which allow to use the extrapolation
schemes. To obtain these conditions, the most widespread criterion is the
existence of an asymptotic expansion for the sequence to be accelerated.

In the following some results, obtained in the last years by several re-
searchers, concerning the existence of an asymptotic expansion for Bern-
stein polynomials under suitable conditions of regularity for the function
to be approximated, are showed.
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2.1 The univariate case

The general Bernstein polynomial of a function f within the interval [0, 1]
is defined as [2]

Bu(r.0) = 32 (£) post) )
v=0

where py, () = < Z ) /(1 —x)"".

It’s well known that B,(f,x) approaches f uniformly on [0,1] for f €
C0, 1]; unfortunately, the classical result of Voronowskaja [23]

tim n (Ba(f,) — f(@)] = 2L 42, (2.2

n—oo 2

prove that the order of approximation to f(x) by By, (f, x) is exactly O(1/n),
if f()(z) # 0, that is the convergence is very slow. This make the approx-
imation by means of Bernstein polynomials useless from a numerical point
of view.

By assuming sufficiently conditions of regularity for f, Costabile et al.,
generalized the result of Voronowskaja, in fact in [7] the following theorem
was proved

Theorem 2.1 [7] Let f € C?[0,1], k > 1, then the following expansion

holds
k

Bu(f,) = f(x) + Y B'Si(f,x) + " En(f,z) (2.3)
i=1
where h = 1/n, the coefficients S;(f,x), i = 1,...,k, are independent of h
and Ey(f,x) vanishes as h — 0.

The asymptotic expansion (2.3) in terms of A = 1/n allowed to apply some
extrapolation algorithms in order to speed up the rate of the convergence of
B, (f) to f and in the following allow us to obtain an asymptotic expansion
of the error for quadrature formulas too.

2.2 The bivariate case: squared domains

The definition of the Bernstein polynomials can be spread to the bivariate
case, over a rectangular domain, preserving all properties of approximation
of the univariate case.
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In detail, let D = [0,1] x [0,1] a squared domain, for f : D — R
Bernstein polynomials are defined as

B (fiay) = 20 f (52 ) pit @)
v=0 p=0

wher pnm,;}u (z,y) = Py (z) Pm,u ().

Let us consider the case n = m, the order of approximation for the bi-
variate Bernstein polynomials, does not exceed 1/n also. In fact a Voronowskaja
type result [12] holds

z(1 —2) Pf(x,y)  y( —y) Ff(z.y)
2 Ox? 2 Oy?
(2.4)
and hence the convergence is very slow, but the existence of an asymptotic
expansion in terms of h = 1/n is proved in this case also.
With the same tools of the monodimensional case [7], we can prove the
following result of asymptotical expansion

Jim n [By(f;2,y) — f(z,y)] =

Theorem 2.2 Let f € C?* (D), n > 1, then the following expansion holds

k
Br(fizy) = flx,y) + > WSi(fiz,y) + WP Ep(f, ) (255)
=1
where h = 1/n, the coefficients S;(f,z), i = 1,...,k, are independent of h
and En(f,x) vanishes as h — 0.

Sketch of proof. The proof is based on the remark that the bivariate Bern-
stein polynomials on the square are built in terms of the univariate ones.
If we set the polynomials

n

T (z,y) = Y (k—nz)’ pit (2,9),

k=0
a h
TP (x,y) = > (h—my)P oy (z,9),
h=0
n n
T0F (z,y) = (k —nx)* (h—my)? piit (2,y) = Tns (2) T (),
0 h=0

™= 1

where T, 5 (z) » (k —nz)® py i (x), the proof follows easily in a very simi-
k=0

lar way as the monodimensional case [7]. O
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In this case also, the existence of the asymptotic expansion allow us to
build some extrapolation schemes in order to have a superlinear convergence

to f.

2.3 The bivariate case: triangular domain

In the previous section, we have taken into account a tool to approximate
a function f over a rectangular domain in IR?, by means of Bernstein poly-
nomials. Such polynomials show good properties of approximation over
domains differently shaped also, for example over triangular domains.

Several authors studied about the existence of an asymptotic expansion
for bivariate, and more generally for multivariate, Bernstein operators over
a simplex ([1], [11], [15], [24], [25]). Someone obtained the looked-for re-
sults by using a different system of coordinates: the so-called barycentric
coordinates [24].

For our aims, it seems to be more useful to give an expression of the
expansion in terms of the classical system of cartesian coordinates.

Let us define the Bernstein operators for a bivariate function defined
over a triangular domain. Let

A:{(:U,y)EIR2|()§;1:,y§1,:L‘+y§1}

be a simplex in IR?, the Bernstein polynomials approximating f over A is

defined as
0<7,5<n
i+5<n
where

n n—i—j
B i) (2,y) = ( i i > vy (L—z—y)" ",

and( n >—("><"—)
i, ] ? J
For such polynomials we can give the expression for an asymptotic ex-

pansion formula

Theorem 2.3 [1] If f € C* (A), k > 0, then the following expansion
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holds
i1 ptiz
BR(f;m,y) = my+zzzh5 (f;,9)+
li|<k p=0 v=p
1— 1\ ! 1— 1
w020 (4 1) w<f<zk>, p<p>+>
n n n n

(2.6)
where h = 1/n, w(f,0) is the modulus of continuity of f, the coefficients

Sy(f;x,y) are independent of h for all v and p = p(x,y) = /22 + y2.
In (2.6) we set i = (i1,12) and |i| = i1 + 2.

For details on the proof of the previous theorem [1], [11], [15], [25].
Even in this case we can apply some extrapolation algorithms which
lead to convergent schemes.

3 Quadrature and cubature formulas based on
Bernstein polynomials

The aim of this section is to use the previous results to obtain some con-
vergent non interpolatory quadrature and cubature formulas by means of
the Bernstein approximation.

3.1 The univariate case

The quadrature formula based on the integration of the Bernstein polyno-
mials By, (f,x), is well known [10]

/Olf(x)dxz/oan(f,x):nilyi)f(Z).

It has equal weights and it is exact for f (x) = 1,z. By putting

1 1
To(f) = /0 Bu(f.z), T(f) = /0 f(x)dz, (3.1)

we can formulate the following theorem

Theorem 3.1 [10] Lef f € C[0,1], then

lim T,,(f) = T(f), (3-2)

n—oo
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and, if f € C?[0,1], k > 1, then

k
To(f) =T(f) + > hivi(f) + hF(h), (3.3)
=1

where h = 1/n, the coefficients v;(f) are independent of n and ¥(h) is a
bounded function.

Proof. (3.2) follows on the convergence of B, (f,z) to f, while we can be
deduce (3.3) by integrating (2.3). O

3.2 The bivariate case: squared domains

For the integration of bivariate functions, some cubature formulas by means
of Bernstein approximation, can be derived also. In fact the integration of
Bernstein polynomials on D = [0, 1] x [0, 1] leads to the following convergent
cubature rule

//fxydwdyN// f,ﬂcydﬂcdy—mifq,g),

which has equal weights and is exact for f (x,y) = 1,z,y. By putting

D _ n .
ﬂﬂﬁ—/;BMﬂ%wM@, TP / f(x.y) dady,  (3.5)

then the following theorem holds

Theorem 3.2 If f € C (D), then
lim TP(f) = T2(f). (3.6)

Furthermore, if f € C?* (D), k > 1 and h = 1/n, we can find coefficients
0;(f) independent of n and a bounded function W(h) such that

k

TP(f) =TP(f) + Y h'0:i(f) + h* T (h). (3.7)

=1

Proof. The proof is similar to the proof of theorem 3.1. In fact (3.6) follows
from the convergence of Bernstein polynomials trivially, then we can obtain
(3.7) by integrating (3.5). O
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3.3 The bivariate case: triangular domain

The Bernstein polynomials can be integrated and used to obtain a cubature
formula over the simplex also. In fact, by integrating B (f;x,y), we obtain

//f T,y dwdy%// Bﬁ(f;l‘,y)dﬂcdyz

Z ni]nil )2n—2i—j—p—q+1 1] (38)
o
nz,] _
e e —p+1)(n—q+2) n'n
i+j<n

Wlth023]_< .n. ><n—z—j )(n—z—i—l )
’ 2W] p q

By setting

> f)=‘/Z;B$(fﬂmy)dxdy, Tﬂ(f)==/y;f(w40dxdy

we can formulate a theorem on the convergence of quadrature formula (3.8)
and the related asymptotic expansion, in similar way as in theorem 3.1 and
3.2.

Theorem 3.3 If f € C (A), then

lim T2(f) = T2(f)- (3.9)

n—oo

If f € C** (A), k>0, h =1/n then we can find coefficients (;(f) indepen-
dent of n and a bounded function Z(h) such that

T2 (f) +ZhZCz )+ hFZ(h). (3.10)

Proof. The proof comes along in a similar way as in the previous cases. [

4 A new non interpolatory automatic quadrature
scheme

Now we are ready to use the previous results to obtain some non inter-
polatory procedures for the numerical computation of a defined integral,
with a satisfying order of approximation. The expansions (3.3), (3.7)
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and (3.10), proved in the former section, about the quadrature and cu-
bature Bernstein formulas, allows us to apply the Richardson extrapola-
tion: if f € C?¥[0,1], we chose an increasing sequence of positive integers
{no =n <n; <ng <---} and we set h; = ni_l; now we can define a

sequence of formulas {Xéi)}qu in the following way

x0 = xP(f,2) o
X9 = xP(fa)) = Mt ok
(4.1)
where
T, (f) for univariate functions;
X(()i) (f) = T£ (f) for bivariate functions, squared domain;
TnAi (f) for bivariate functions, triangular domain.

The terms Xéi) are usually arranged in a triangular scheme as follows
0 0 0 0
Xé) Xp Xz() X}E_)l
1 1 . .
Xé ) X§ )
2 2
Xé ) Xf )

I
x Y
The properties of convergence to the exact solution, along the columns and
the diagonals, under suitable conditions on the sequence n;, are well known
[4]. The general theorem on the extrapolation processes assures the the
previous scheme is convergent under the hypothesis hihjl < 1 and gives an
explicit representation of the error

X0 —T(f) = hihis1 .. hg (—1) (0g1(f) + O (hy)),

where T'(f) = T(f), T (f), T2(f) and o441(f) = Ygs1(f)s Oger(f).

Cq+1(f), if we have a monovariate, a bivariate on a square or a bivariate on
a triangle function respectively.

In the following in particular, for the sequence n;, we consider the clas-
sical Romberg sequence n; = p’, with p > 2 positive integer.
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5 The algorithm and some numerical results

In order to obtain an efficient algorithm, we need an auxiliary routine,
CalcPol(n;, f), to generate the first column of the triangular scheme. This
routine is able to calculate the integral on the interval [0, 1], on the square
[0,1] x [0, 1] or on the simplex A, depending on the problem to be resolved.

Now we propose a possible procedure: it is totally automatic and give
the approximate value of the integral with a tolerance given in input.

Let us set h; = 1/n; and let us choose an upper limit n,,q, for the
dimension of the scheme: this limit determine the condition of numerical
non-convergence.

init
ePS, Nimaz, [ hi @ =0, ..., Nyaz, (input)
i=0
Xio = CalcPol(ni, f)
err = 2 x eps;
while i< n,,q, and err> eps
t=1+1
Xio = CalcPol(ni, f)
for k=1,4
j=i—k+1

. _ o hike X k—1—hi X1 k-1
t(, k) =~ th+k_h]-]

end for
err = [t(1,3) — t(2,1 — 1)];
end while

The previous procedure has been performed on a large set of numerical
tests, with the option n; = p’, p = 2 for the sequence n;, that is the
Romberg sequence.

The numerical results prove that the showed formulas work as fine as
the classical ones obtained by applying the extrapolation procedures to the
trapezoidal formula. In some cases the new formulas work better than the
classical ones.

In the following tables we report the test functions performed and the
number of function evaluations necessary to obtain the requested tolerance
for extrapolated Bernstein formula (Np) and extrapolated trapezoidal for-
mula (N7). We used a tolerance ¢ = 1075,
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Univariate case
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Bivariate case
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? 4y
e’ +eY
T4y
sin 72
z+1
x

y2
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Y
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22
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Modified Bernstein Polynomials and
Jacobi Polynomials in ¢-Calculus

Marie-Madeleine Derriennic

Abstract. We introduce here a generalization of the modified Bern-
stein polynomials for Jacobi weights using the g-Bernstein basis pro-
posed by G.M. Phillips to generalize classical Bernstein polynomials.
The function is evaluated at points which are in geometric progres-
sion in ]0, 1[. Numerous properties of the modified Bernstein polyno-
mials are extended to their g-analogues: simultaneous approxima-
tion, pointwise convergence even for unbounded functions, shape-
preserving property, Voronovskaya theorem, self-adjointness. Some
properties of the eigenvectors, which are g-extensions of Jacobi poly-
nomials, are given.

Mathematical Subject Classification (2000). 41A10, 41A25,
41A36

Keywords and phrases. ¢-Bernstein, ¢-Jacobi, Bernstein-Durrme
yer, totallypositive, simultaneous approximation.

1 Introduction

G.M.Phillips has proposed a generalization of Bernstein polynomials based
on the g-integers (cf. [9]). We introduce here a g-analogue of the operators
which are often called Bernstein-Durrmeyer polynomials and denoted M:; 15
(cf. [3],[2]).

Throughout the paper, we shall assume that ¢ €]0, 1[ and, part 5 ex-
cepted, a, 3 > —1.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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For any n € N, and a function f defined on ]0, 1] we set
Mgﬁ ankq nkq (11)

where each [ ,? 4 18 a mean of f defined by Jackson integrals.

The polynomials by, 1 4(2) are g-analogues of the Bernstein basis poly-
nomials and are defined by
b k() = [n] k(1 — z)"F, with [n} = L (g-binomial coef-
nka\ =k, a kg~ W -k
ficients), k = 0,...,n. They verify Y ;_;bpiq(z) =1, (cf. [9]).

We follow the definitions and notations of ([7], p. 10,47,79). For any
real a and z, [a]q =(1-¢")/(1-q), (1-2); = HJ‘?’;OQ_qu) /(1 — gItag),
Ly(a+1) = (1 —q)3/(1 — )% consequently (1 — x)g+b (1-m)3(1—gq :c)

holds for any b. For the integer a > 1, the ¢-integer is [a]q = 1—|—q—i— —+q® 1,

Ly(a+1) = ([a])! and (1 —2)5 = [[;=(1 - ¢’=).
flgz)—f(x)
(g—1)z
It is extended by continuity at x = 0 when it is possible. For example, if

1'(0) exists, then D, f(0) = f'(0).
So, for any real p , DyaP = [p]qxp_l when z # 0 and [DgzP] _, = 0 if
p > 1, (respectively = 1 if p = 1)).
The notations will be simplified as much as possible, the superscripts
a, 0 and the index g when ¢ is fixed, will be suppressed in some proofs.
We introduce the positive bilinear form :

The g-derivative of a function f is D, f(z) = for any x # 0.

(f,g)o? = gl DB (1 ¢ Zq’ PA—gtIF(g P (g, (1.2)
=0

whenever it is defined. It can be written under the form of two definite
g-integrals

B+1

(f, 98 = / 11— g P00 F (1) g(t)dt
and (f,9)5" = a+1>(ﬂ+1>/ t(1 — qt)g f(@" ) g(a” ) dyt.

(the definite g-integral of a function f is [ f(z)dgz = a(1—q) Y20 ¢' f(¢'a)
(cf. [7], p. 69))
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Definition 1.1 We set in formula (1.1) :

(g 1) L (L= qt)g ™ f(qPH1t) dyt

fzé’]f - a8 n— , k=0,..,n,
ol <bn,k,qa 1>q”3 fol thta (1 _ qt)q k+p dqt
(1.3)
to define " (b . ,f>
Mgl fla) =y Rt p (). (1.4)

k=0 <bn,k,q> 1>q

We see that the polynomial Mﬁ‘ f is well defined if there exists v > 0
such that U7 defined by Uf( x) = z7 f(z) is bounded on |0, A] for some

A €]0,1] and a > v—1. Indeed, under this assumption, UJY is g-integrable

with respect to the weight wyg ’B( ) = 2%(1 — qm)ﬁ. We will say, in this

case, that f satisfies the condition C(«). Also (f, > 29 is well defined if the
product fg satisfies C(a), particularly if f? and ¢* do it.
In many cases, the limit of Mf{ ’qﬁ f(x) when ¢ tends to 1 is

tk+a n k+0 f() ; k(x)

Z fO
Ji thte (1 — ¢)n=k+8 dt

k=0
with by, ,(z) = (1) 2"(1 — z)"*.
Numerous properties of the operator MSIB (cf. [2],]4]) will be extended
to Mﬁ‘jf in this paper.

2 First properties

For any n € N, the operator My, ’qﬁ has the following properties.
- It is linear, positive and it preserves the constants so it is non-

expansive (Sup,eo1] ’Mﬁ"qﬂf( )‘ < sup,ejof 1f(2)])-

- Tt is self-adjoint: (Mg f, g)o" = (, Ma7’qﬁg>

- It preserves the degrees of the polynomials of degree < n.

The first two properties are consequences of the definition. The last one
follows after the following proposition.

Proposition 2.1 If f verifies the condition C(«), we have, for any n > 1,
and x € [0,1] :

DgMSP f(2) = ma[%qa—&-ﬁ—ﬂMoﬁ{qﬁ—i—l ( qf< >) (qz). (2.1)
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Proof. We compute Dby, o(x) = — [n] bp—10(qx), if 1 <k <n-—1,
Dby k(@) =[] (bn-1-1(q2)/¢" " = ba-1,(q) /") and
Dby (x) = [n] bn— 1n 1(qz)/q" " to get

DM f(z) = [n] Z bn—1 k(qx)(fgﬁrl - fs?kﬁ)/qk‘

We denote 1/10"6( t) = tk+a(1 — )" k=0,
Recall that the ¢g-Beta functions are By(u,v) fo 1 — qt)o gt =
Ly(u)Ty(v) /Tg(u4v) (cf. [7], p. 78). The rule for the ¢- derlvative of g192

is (Dg(g192))(t) = (Dgg1)(t)g2(qt) + g1(t) (Dqg2)(t). So, if g1 g2 is defined on
[0,1] and continuous at ¢ = 0 and if the series defining the two following
g-integrals converge, we have the q integration by parts
Jo (Dagn)()ga(at)dgt = [(9192) (D] — Jy 91.(t) (Dyga)(t)dgt.
The function ¢ — @Difi’f“(g)f(qﬂﬂt), t €]0, 1], extended by 0 in 0
is continuous at 0. Since f verifies the condition C(«), the function D, f
verifies the condition C(a+1). Hence we may use a g-integration by parts
to write, for k=0,...,n—1:
Bq(l~::+o¢+2,n—l<:+ﬁ+1)[n+a+ﬂ+2](fnkJrl £20)
= =" Jo (DU () @7 ) dgt
1
1 1,8+1 1,5+1
= 3 g (D)@ 0yt~ [0 O fP)],
Hence .
(faﬁ _faﬁ) _ qa+’g+2+k fo tk+a+1(1 - qt)n_kJrﬁ(Df)(qﬁHt)dqt
okt Ik S Iy 44 B+ 2] By(k+a+2,n—k+3+1)
] o +B+2 L (b, DF( )T

n+a+ﬁ+2 B (k+a+2,n—k+08+1)

and

DM’ f(z) =

M

bn—l,k(l')- O
k=0

Remark 2.2 When f is derivable on |0,1[ and f’ has an extension con-
tinuous on [0, 1], the limit of formula (2.1) is, when q tends to 1,

(M) @) =n(ntat 427 MELE (1) @) (ef: (4)
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Theorem 2.3 The following equality holds for any function f such that
MZPf exists and any x € [0,1] :

oo
Mffqﬁ (r) = Z@;ﬁq(m‘)f(qﬁﬁﬂ), where, (2.2)
7=0
n .
(I)?vﬁq(x) = U Zvkbn,kvq(qﬁﬂﬂ)bn,k,q($)a
k=0
uj = (1—qd“a—¢™)y;, jeN,
ol = gD [Z} By(k+a+1,n—k+8+1), k=0,...,n.
q
Moreover, for any r € N, the sequence (ID?,’nﬁ,q, (I)?Lﬁl,n,w ce @81’57(1 1s totally

positive on [0, 1], that is to say, for any family (z;), 0 <z} < ... < Zpy <1,

the collocation matriz <<I>7Of’_%7n7q(mi) - - is totally positive .
i=1,...,m,7=0,...,7

Proof. We set ®; = @zﬁq, bnkq = br,c = ¢°1. The formula (2.2) comes
a7ﬂ

by writing the definite g-integrals (b, f)q"” as discrete sums in (1.4) and
from (b, 107 = g(k+a+1)(5+1) {Z} By(k+a+1,n—k+8+1), k=0,...,n,

To obtain the total positivity 0% the ®;, we have to prove that, for any
m € N and any two families (2;)i=1,...m, (Ji)i=1,..,.m, With 0 < 2; < ... <
Ty <1, 0 < jp, < ... < 1, the determinant det(®;,(x;))s, where J =
{(4,7) |t =1,...,m,l=1,...,m}, is non negative. From the multilinearity
of the determinants, there is a basic composition formula for the discrete
sums (cf. [8], p. 17). We have det(®;,(z;)), = [[2, u;, E and
FE = det(zzzo vkbk(cqjl)bk(aci))J ‘

= D =0+ D=0 Vky - - - Uk, det(by, (cg?) by, (1)) |

= 221:0 . szzo Vky - - -Ukmbkl ((L‘l) - bkm (.Tm) det(bki(cq”))J

= Zogklg...gkmgn Uk, - - . Uk, det(by, (x;)) s det(by, (cg?t)) 5.
We know that the ¢-Bernstein basis is totally positive (cf. [6]). Hence we
have det(bg,(z;))s > 0 and also det(b,(cg’')); > 0 , since cg/t < cg’? <
... < cg’™. So E is non negative and the result follows. O

Corollary 2.4 The number of sign changes of the polynomial Mﬁ’ff on
[0,1] is not greater than the number of sign changes of the function f.

Proof. For any r € N, the sequence ®,,®,_1, ..., Pq is totally positive. We
T

deduce that the number of sign changes of the polynomial ) ®;(z) f (g7B)
j=0
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is not greater than the number of sign changes of the sequence f (qurﬁ+ b,

j = 0,...,r, hence not greater than the number of sign changes of the
function f in ]0,1[ (cf. [5]). When r tends to infinity this property is
preserved hence is true for M, f. O

Corollary 2.5 Let f be a function satisfying the condition C(«).

1. If f is increasing (respectively decreasing), then the function M, ’qﬁ fis
increasing (respectively decreasing).

2. If f is converx, then the function Mﬁ‘jﬁf 1§ conver.

Proof. 1) If f is monotone, for any s € R the function f — s has at
most one sign change. Hence MSP(f — s) = M2 f — s has at most one
sign change and My, B f is monotone. If f is increasing, D f (5) is positive
on |0, g[. Since the operators MP are positive, we obtain for = € [0, 1],

MO <Df (5)) (gz) > 0if n > 1 and, using (2.1), DM f(z) > 0.
So the function M2’ f is increasing if n > 1.

2) Let suppose the function f is convex. Since M, P preserves the
degree of the polynomials, for any real numbers 7, v there exist d1,d2 and
a function g such that g(z) = f(z) — 612 — 62 and MY  f(z) — iz — 7y =
MEP g(z). The number of sign changes of g being at most two, it is the
same for M g. Hence M2 f is convex or concave.

Moreover, if a function ¢ is convex (respectively concave),

3 . .
D%p(z) = (q_(iw(gp(gﬁl’) —1[2] p(gz)+qp(x)) is > 0 (respectively < 0).
Hence, if n > 2, Mgfgﬁﬁ (sz (5>> (¢?z) > 0. Using (2.1) two times we
obtain D2M§’Bf(x) >0 and Mﬁ’ﬂf is convex, if n > 2. O

3 Convergence properties

Theorem 3.1 If f is continuous on |0, 1[ and has a limit on the right at 0
denoted f(0) and a limit on the left at 1 denoted f(1), we have forn >1 :

o 1
HMn,’qﬁf_fHoo SCa,B w fvi )
[,
where ||f|lo s the uniform norm of f on [0,1] and w(f,.) is the usual

modulus of continuity of f, the constant C, g being independent of n,q, f.
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Proof. As My, P is positive, O. Shisha and B. Mond theorem can be applied.
It is sufficient to prove that the order of approximation of f by My P fis
O([le]) for the functions f;(x) = 2%, i = 0,1,2. We compute the polynomials
MPf, i=1forn>1andi=2forn > 2 with the help of (2.1) by
g-integrations (and directly for n = 0 and 1) to obtain :
o+ 6+2] (M fi(2)—2) = ¢ [a+1]—2 [a+F+2] and
[n+a+B+2] [n+a+B+3] (M fo(w) —2?) = ¢?°+2 [a+2] [a+1]
+[n] 2 2(q* TP Ja+2)—¢* TP [a+ §+3]2) — [a+5+3] [a+[+2] 2>
The result follows since 0 < ¢ < 1 and 0 < [a] < max(a,1) if a > 0. O

Remark 3.2 In order to have uniform convergence for all continuous func-
tions on [0, 1], it is sufficient to have lim Mﬁ‘,’qﬁfi = f; fori=1,2, hence
11151010 1/[n], = 0. This is realized if ar?c?%only if ¢ = qn and 71151010 gn = 1.
Indeed, for every n € N, in both cases ¢" < 1/2 and ¢" > 1/2, we have
1—-¢<1/ [n]q < 2max(1 — ¢,In2/n). To mazimize the order of approxi-

mation by the operator Mﬁ‘qﬁn we are interested to have [n]qn of the same
order as n, that is to say to have pn < [n}qn < n, for some p > 0 and, since
[n] g < 1 holds in any cases, this is equivalent with the following property

S for (qn).

Definition 3.3 The sequence (qn)nen has the property S if and only if
there exists N € N and ¢ > 0 such that, for anyn > N, 1 — g, < ¢/n.

Lemma 3.4
The property S holds if and only if the property Py (respectively Py)
holds where :
Py is:
"There exist N1 € N and ¢y > 0 such that, for anyn > Ni, [n]
Py 1s:
"There exist Na € N and ca > 0 such that, for any n > Na, q} > c2”.

»
qn > cn ;

Proof. For any n € N, the function {(x) = (1 — 2™)/(1 — z) is increasing
n [0,1[. If S holds, we have, for any n > N; = N, [n]qn = &(qn) >
&(1—¢/n) > n(l —e ) /c and P, follows. If P; holds, we have, for any
n>N=Np,1/(1-gq,) > [n]qn > cin and S follows. If P, holds, we
have, for any n > N = Ny, n(1 — ¢,) < —nlng, < —Incg and S follows.
If S holds, there exists Ny > N such that, if n > No, 1 — ¢, < 1/2 hence

g > e~ 2(1=an) > ¢=2¢ and P, follows. O
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Theorem 3.5 If the function f is continuous at the point x €]0, 1[, then,

lim M2 f(z) = f(x) (3.1)

n—oo n7qn
in the two following cases :

1. f is bounded on ]0,1[ and the sequence (qn) is such that lim ¢, =1,

n—oo
2. the function U?/’ﬁl defined by U]?I”B/ (z) = 2% (1—2)7 f(x) is bounded on
10, 1] for some real numbers o/, 3" > 0 such that o/ < a+1, 8/ < +1
and the sequence (g,) has the property S.

Theorem 3.6 If the function f admits a second derivative at the point x €
10, 1[, then, in the cases 1 and 2 of Theorem 3.5, we have the Voronovskaya-
type limit :

tim [nl,, (M2 f(z) — £(z)) =

n— oo o dzx

(:BO‘H(I - x)ﬁﬂf'(x)) /:L‘O‘(l — ).
(3.2)

(The limit operator is the Jacobi differential operator for the weight
(1 — z)%)

Remark 3.7 1) We see that the best order of approzimation in (3.2) is in
1/[nl,, - If 1 —gn =1/n7 with 0 < v <1, then nlggo [n],, /n7 =1, hence
[n],, can be replaced by n” in (3.2). If 1 — ¢, = 1/nlogn or 1/n7 with
v > 1, then nh_}rgo [n],, /n =1, [n], can be replaced by n and we refound
exactly the Voronovskaya-limit property of MTCL" 16 ().

2) In the case 2, the Theorems 3.5 and 3.6 are valid for M if wf

n,l
is Lebesgue integrable on [0,1], and this result is new. (In the proof the

Jackson integrals have to be replaced by Lebesgue integrals)

3) As example, for the function f(x) = Y2 we have, for ¢, = 1—1/n,
lim MYY f(z) = 2~ Y/2 and lim n(Mpd, f(x)—a~Y2) = ca=1/2(1—3x)
;L‘oroimy x €]0, 1], where ¢ ~ 0.?1. -

4) If f is extendable by continuity at the point x = 0 (respectively v = 1)
the Theorems 3.5 and 3.6 are still valid at the point © = 0 (respectively
x = 1) in the case 1 and in the case 2 which becomes : U})’ﬂ/ s bounded on

10,1[ and B’ < B+1 (respectively U?/’O is bounded on ]0,1[ and o/ < a+1).

For the proofs of Theorems 3.5 and 3.6 we need some preparation.



M.M. Derriennic 277

Proposition 3.8 We set, for any n,m € N and z € [0,1], ¢ € [1/2,1],

1
n e (1 — gt)o ™ 48 (@ — t)ymd,t
Toma(t) =Y bojog(x) 2

. (3.3)
k=0 / thta (1 — gt)ye "84t
0

For any m, there exists a constant K,, > 0, independent of n and q, such
that :

K/ [n];n/2 if m is even,

z€[0,1] K/ [n]gm“)/? if m is odd.

Sup |Tn,mq(2) <

To prove this proposition we consider the Lemmas 3.9 and 3.10.

Lemma 3.9 We set, for any n,m € N and x € [0, 1],

d Jo 0 (1= at)g™*7 (a — 1)t

Té,m,q<m) = Z bn,k,q(x)

k=0 [tk (1 — gt)g Pyt

The following recursion formula holds for any q € [1/2,1] and m > 2 :
[ntmtat+f+2,q 0T (@) = —a(L = 2)DgT 4 (7)
+Tﬁ,m,q($) [me(x) + x(l — q) [n—l—a—|—ﬁ]q [m+1]q ql—a—m}

+ T - 1,0()P2am (2) + Ty g 4 (2)P3m () (1 = q),

where the polynomials p; m(x), i = 1,2 and 3 are uniformly bounded with
regard to n and q.

Proof. 1) We set T} =T} and, for k=0,...,n,

n7m7q

Dlt) = 8491 — i, 1y (@) = buae) (Ot
We compute
(1 =)Dy T, (x) = w(1 — ) [m] Y5 In(#) [y p(t)(x — £)7 dyt
Y (@) [ () gz — (K] — [))dgt = A+ B.
We have A = z(1 — x) [m] T}, (z). We write, for k =0,...,n,
[k] = [n]z = [-a] + ¢ *([k+a] — gt [n+a+7])
g [ a-+ ] (gz — q™) + a(¢> ™ [n+a-+ ] - [n]), and
01— qt) (Dgthy) () = 52(1 — gty <+ ([k+-a] — gt [n-+a+6])
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to obtain
B=q Y71 o) fy (D) () t(1 — qt)(qz — t)dyt
—q" 0 kB g le() [ k() (qa — )7+ dyt
)

+a(n+atB 0™ = [n]) + Fa)) Sr_g li(x) fy ¥ (t) gz — )7 dgt
= B1 + By + Bs.

m
We ¢-integrate by parts, setting o(t) = %(1 —t) <q:): - é)
q
The q-mtegrals in By become
fo Dyt (8) (1 — qt)(q:c - t)md t
= [t (t)o fo V1, (t)(Dgo)(t)dgt for each k =0,...,n
We expand
U(t) — _q72m(x _ é)gm+2 4 q72m {([3] _ m+2 m} _ m+1

+q*2m+1x{qul+[m](l—q)qm—x<1+[21 a1 —q) m ]}(m—m
g2 [m] (1~ g)(g™ 2 — ) — L),

We obtain
By = ¢ {[m 4 A Th () — [m+1] (8] qm %c —qm) }Tl
—q7?m [m]z {¢™ " + (1= q) [m] ¢™ — x(1 + ¢(1 — q) [2] [m]} T,

+qm PP m =1 [m] 2 (¢ —2) (1= )Ty, o (96)-
Moreover, we have

Bz ¢ [nta+ B] (T (x) — (1= q) [m+1] 2T, (2)),
—{1‘( [8—m+2]=[2—a-m])+[a]}[ Ty, (x) = (1—q) [m] 2T, (z)] -

O
Lemma 3.10 For any m € N, ¢ € [1/2,1], = € [0,1], the expansion of
(x —t)™ on the Newton basis at the points x/q', i =0,...,m—1 is:
(.’L‘—t dek I_Q)m k(m_t)w (34)
k=1
where the coefficients dp, i, verify |dm k| < dm, k=1,...,m, and d,, does

not depend on x,t,q.

Proof. For m = 1, it is obvious. If for some m > 1, the relation (3.4) holds,
we write  —t = ¢ F((x — ¢"t) — (1—q) [k] z) for k = 1,...,m and we obtain

m+1
(=)™ =" dpga k(1 — )™ (@ — 1)k

k=1
with dm-i—l,k = q_k(qdm,k_l - [k‘] {L‘dm7k) ifk=2...,m
and dp, 411 = —q_ldm,lx, dmt1,m+1 = ¢ "y m. Since |dp, k| < di, we have

|dm+17k| S dm+1 == Zm(m+l)dm, k= ]_, e ,m+1 |
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Proof of Proposition 3.8.

At first we prove that, for any z, }Tnl@(x)’ < Hp/ [n]m/2 if m is even
(respectively < H,,/ [n] (m+D/2 5 m s odd), where H,, does not depend
on n,q,z. We have Tg(z) = 1 and the formulae for Mﬁ"ﬁfi,i = 1,2, es-
tablished in the proof of Theorem 3.1, give the result for m = 1 and 2.
The product [n4a+p] (1 —q) = 1 — ¢"t*+P is positive and bounded by
max(1,|1 —27@+A|) and (1 — ¢) < 1/[n]. If the result is true for some
p > 2, p odd (respectively even) and any m < p, the result for p+ 1 follows
from the recursion formula of Lemma 3.9.

Then, we write, for any n,m € N and z € [0,1], using Lemma 3.10,

[T, ()] < d 75 (1= @)™ [T ()]
dn(| T3 ()] + 205 ] ™™ Hy [n]™/%)
< dp T (@)| + P Hy [n]~"1/2) and the result follows. O

Now the following Lemma is the key.

Lemma 3.11 Let (g,) be a sequence possessing the property S. Let o, 3, o/,
B be real numbers such that o/,3 > 0, o’ < a+1, 8/ < f+1. We set
o) =t (1 —t)7, t €]0,1] and L s(t) = 1 if [t —x| > 8, L,5(t) =0
elsewhere. We define the sequence

1
. / P4 (1= gut) (B L 5(8)dy
En($a 5) = kz(] bnvk#ln ($) 0 1

thta(1 — g,t)n "84, ¢
0
It verifies lim nE,(x,0) =0 for any x and 0 such that 0 <6 <z <1—9.

Proof. Let @ (respectively 3) be the smallest integer such that @ > «
(respectlvely 3> ) and 7 (respectively 7') be a real number such that
a+p+ a+p+2
a—ao' +1 ﬁ—ﬂ’—kl)'
We set I, 5(t) = 1if0<t<:n—5and[£5(t) =lifz+d <t <1,
I s(t) = I;(;(t) = 0 elsewhere.
We split the interval (0,1) introducing e, = 1/n7, ¢, = 1—1/n" ,n € N,
and we define, usmg again 0 (1) = thre(1 — gt)2 " and I, 4 4(z) =

n,k,q
nk’,q /fo nkq
=D ko nkan (T fen tkw (1= gut)g, Py, t,
A%=Zzzoln,k,qn( )feln ghto—e’ (1 gnt)g "L (), t,

(respectlvely >
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/ k' 12
AS = g g (@) Jom (1 = gut)a T f (1= g )P L s(8)d,

L= Yl (@) [ 80— g (1= g2 a,
If t > x, (respectively if ¢ < x) then t=® < 2= (respectively (1 — qﬁ“t)ﬁ,
>(1—gla)? > (1 —2)7).
Hence, we have, if ¢, > 1/2,
En(x,8) < (1/2)7 0 (1 — )7 (A} + A%) + 27 (43 + A7)
and it is sufficient to prove that lim nA! =0 fori=1,2,3,4.

n—0o0

If g} > c and e, < 1/2, we have [Z]q I thta—a'(1 — g, )0~ k+’6d =

q_k(ﬁﬂ) 0 " bk 7Q(q£+1 )ta_a/(l_% )gndqnt < viep @ "+ yfor k=0,...,n,
where v, does not depend on k,n,x, since q(ﬁﬂ)k > A0 <byg qn(qﬁﬂt)
<1, and, (1 — gy )qn <1if > 0andt € [0,1], (respectively (1 — qnt)gn
<(1-e,) t<2if3<0andte]0e,]).

Moreover, for any k= 0,...,n, we have

Lk —k+ﬁ 1 kta k4B, , _ [k+a][n—k+B]!

> [ (n+a+ﬁ+1) “W”) .
Hence, we have AL < v, (n+a+g+1)@F+1p-7(@=a'+1) The choice of T
and the property S on (g,) give lim nAl = 0.

n—oo

We choose m € N such that m > 7a/+1 and we write
A <8ISR g (@) [, 85T — qut)g " (= )P t

< nTa/(;iQanQm,qn (l’) < K2m572m To! —-m,
hence lim nA2 = 0 by the choice of m.

n—o0
Now we have, if t < e/, (1 — 7 > (1—€,) =n" hence
A3 < ST e () fO” thre(1 — gut)agn k+ﬂl+ s(t)dg, t. We choose
m’ € N such that m’ > T’ﬁ'—l—l to have
A< 78 S nan (3) Jy 101~ ant)i = )
g2 Th2m/ qn<K2m(52mn H—m’
hence hm nA3 = 0 by the choice of m'.

To finish, we need to prove that (1 — qnﬁ )ﬁ; < (1 —w)? for any
u € [0, g%+

If 3 € N — {0}, we have (1—q 7' u)? =[] (1—¢7*u) < (1-u)?.

If0 < ﬂ < 1, we use the ¢-binomial Theorem (cf. [1],p. 488) to write
(1= a7 u)g, = 2ol — ™)k /(1= )k, uF

=143 Hj:l [—6'+j—1] n /[j]qn u,
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Then the inequalities [—ﬁ’] . < -3 <0and [—ﬁ’+j—1]qn / [j]qn >
(—5'—1—]'— 1) /7 > 0 for any integer j > 2 give the result.

In the other cases, if [ is the integer such that [ < 3’ < [+1, we use the
rules of product of ¢g-binomials to write
(1—g¢q ﬁlu)q/ (1-— qnﬂ )ln(l q_ﬁ +lt)q/8n_ and the result follows from
the two first cases.

Then, with the same rules, for any £k = 0,...,n and t € [0, 1], setting

ﬁ“t = u, we write

(1= ant)i, "7 = (1= gt (1= g 7105, (1 = g2 05k

< (=gt )7 (1= qut)e (1 — g Te)nt.

We deduce if ¢! > ¢ and e > 1/2

k _al
A< 0w T (@) S 190 = ) b, (a1 )yt
< vo(nta+ 3+ 1)a+5+1(1 )B F'+1 where 7y, does not depend on
k,n,z. The choice of €/, and 7/ gives lim nAL = 0. O
n—oo

Proof of Theorem 3.5.

Suppose f is continuous at = €]0,1[. Let ¢ > 0 be an arbitrary real
number. There exists ¢’ > 0 such that |f(x) — f(t)| < € for any t €]0,1]
such that |z —t| < ¢’. Let § = ¢’/2 and N’ € N such that (1 — qﬁﬂ)x <90
for n > N’. Then we have, if |z —¢| < § and n > N’, the inequali-
ties —6 < —gh™' < @ — qﬁ“t — -+ (- q’BH)x < 26 and
@) = fal )| <=

Hence, we have, for any t €]0, 1],
if |f| is bounded by k, ‘f(x) - f(qff“t)’ < e+ 2k, 5(1)
and, in the case 2, if U}X”ﬁ/
£(2) — F@ED] <+ (@) + @D (1 - ) 500,

We apply the operator Mf:jqn at the function h,(t) = f(t) — f(x).

We have Mg, £(2) = f(2)] = [Mif ha(2)| < (M, ha]) (@)

£+ 26Tp.24,(2)/6%, in the case 1,
= e+ |f(@)] Tnog (7)/6* + K Ey(2,0), in the case 2.

is bounded by &',

The second terms of the right hand side vanish when [n] 4, tends to
infinity hence when n tends to infinity in both cases (remark 1). The result
follows from Lemma 3.11. 0
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Proof of Theorem 3.6.
We write Taylor formula at the point «,

f) = f(2) + (t—2)f'(2) + (t —2)*f"(2)/2+ (t — 2)%(t — 2)

where lin}) e(u) =0.
We apply the operator Mff 0. at the function f of the variable ¢ to obtain

ML F(@) — f(2) = — @) Togn @) + LTy 0 () + Ru(z) where

R,(x) = nqncm( ) with (,(t) = (t — z)%e(t — x). We use lini [a], = a for
q—)

any a € R and we verify, with the help of the formulae established in the
proof of Theorem 3.1, that lim (], Tnig.(z) = (@+B+2)z —a—1and
lim (], Tn2.g.(x) =22(1 z :Uo)o So, to obtain the result, we have to prove
Zhaoto nh—>ngo [n],, Bn(z) = 0. We proceed in the same manner as in the proof
of Theorem 3.5. For any arbitrary n > 0, we can find 6 > 0 such that, for
n large enough, |e(x —t)| < n if ‘a: - qﬂﬂt‘ < 6.
We obtain the inequality ¢, ()] < n(z — )2+ (pg + | f(t)]) Lo.s(g~B+D1)
for any ¢ €0, 1[, where p, is independent of ¢ and 6. We deduce

(g, (MTn2.4, () + (py + K) n4qn( x)/6%), in the case 1,
[y, [Ba(@)] < § [n]y, (0Tn2.4,(2) + e Tnag, (€)/6") + K'nEy(2,0),

in the case 2.

The right hand side tends to 2nz(1 — z) when n (hence [n], ) tends to
infinity and is as small as wanted. (|

Theorem 3.12 If the function f has a deriative f' continuous on ]0,1]
which is extendable by continuity at 0 and 1, we have, for ¢ > 1/2 and
n>2:

| Daazz 1) -

o0

ﬁ b (rii-g) |+

],
where C’ o, s a constant independent of n, q, f.
Hence, if lim ¢, =1, then lim D, ( nqnf) 1" uniformly on [0,1].
n—oo n—oo

Cg,ﬁ w f,a

Proof. We write, using (2.1), for any z € [0, 1],
DM f(x) - f'(x)
= a2 (M (Df () (g2) - Df(@) + Df (@) - f'())
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+ (et - 1) £1@)

Since 0 < quﬁﬁﬁ < 1, we have

DM f (@) = /()
< [pg2 7 (D () (a) = DI@)| + D5 @) = f(@) + 252 |7 (@)).
The Theorem (3.1) for the function D f (5) gives

M (D (5)) (02) = DFG)(a)| < Casnpw (Df(L;), [1_1}> :

Moreover |Df(z) — f'(x)| = |f'(y) — f'(z)| for some y with gz <y <z
hence |y — x| <1 —q and |Df(z) — f'(z)] < w(f’,1 — q). The modulus of
continuity of D f (5) is linked with the modulus of continuity of f’. Indeed,

for any y; € [0,1] and i = 1,2, there exists z;, such that , y; < z; < y;/q
and Df(7)(yi) = f'(z)-
As |21 — 22| < [y1 — w2l fq + (1 — q)/q we get
w (DF()t) = By, gzt |DIG)w1) = DI (12)
< suppy, g, <e(Lf/(21) = f1(22)] < 2(w(f', 1) + w(f',1—q))
and the result follows. O

Corollary 3.13 Under the hypothesis of Theorem 3.12, we have, if 1—q, =

o(1/n?) : /
lim (Mﬁ‘éif) (x) = f'(x) uniformly on [0, 1].

n—o0

Proof For any x € [0, 1] there exists u € (g, x) such that
Dy, (M3, f)(x) = (M, £)'(u) and (¢ — ) < 1 g,. Hence

]an S D) @) = (LY @)] < (- an)
| D, 0125 1) — 0 gy

via Markov inequality.

( nqnf)”( )) for some v and

<TL (1_%

R

qn

| <nt=a) £l
O

4 Self-adjointness properties

In this part ¢ €]0, 1] is independent of n.
On the space of polynomials (., .>3”3 is an inner product. Let (Pf‘ (’]B )

be the sequence of the orthogonal polynomials for (., .)‘;’ﬁ

reN
such that degree
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of P4 =1 and P%(0) = [

a:r]q [a+r]q...[a+1]q.

- [r],!
1/2
We set v, = ((Pf&ﬂ7pféﬁ>gﬂ> :

We define Uy # which is a g-analogue of the Jacobi differential operator
by:

U@ = Dy (a0 = D, () ) fan(i- P ()
q
Proposition 4.1 The operator Uqa’ﬁ is self-adjoint with respect to (., .>2"ﬂ.
It preserves the space of polynomials of degree < r, r € N. Consequently,
for any r € N, Pf‘(}ﬁ is etgenvector of Uqa”g for the eigenvalue

P = —q P a4 1],

Proof. U%P is a g-differential operator of order 2. We compute with ¢-
binomial relations,

U f ()=

{~a* B+ 1]+ [o+1] (1 - ¢~7'2} Df(2) + 2(1 - ¢a) [qD2f(2),
hence the operator U preserves the degree of polynomials. If f and g are
polynomials (U f,g) is well defined. We write, since the g-integration by

parts is valid,
gf+1

Uf.g) = [t (1 = g0 DF(L)g(t)]
g°t!

_ / (¢)* (1 — g *1); " D f (1) Dy (t)dyt
0

and the first term vanishes.

We compute U%P f () for f(z) = 2" to obtain
UPf(x) = ¢" " [r] ([a+r] 2"~ (1 — ) — ¢ P~1 [B+1] 2" where the coeffi-
cient of 2" is the eigenvalue u&” if r > 1. 0O

Proposition 4.2 The eigenvectors of the operators Mﬁf’qﬁ,n € N, are the
polynomials Pf‘(’f,r € N and, if f satisfies C(«), we have

n
MY f = Zo AZB(f, PSP PYB U2 with the eigenvalues
r—=

(r+a+8+1) [} Ty(nta+B+2)

)\aﬂ: r
nr = 4 [n—r] ) Ty(ntrtati+2)

if r <m,

)\f{f = 0 otherwise.
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Proof. Since M, is self adjoint and preserve the degree of polynomials,
the orthogonal polynomials P, are eigenvectors. The eigenvalue )\%Tﬁ is

obtained by computing D" M,, f(x) for f(x) = 2". We use (2.1) r times to

r A (O I e e
get D" M, f(x) = n+a+p+2]...[n+tr+a+p+1 ™" [r]!. d

Corollary 4.3 1. For anyn,m € N, the operators My} B and MO‘ mlq COM-~
mute on the space of functions satisfying C(«).

2. For any n € N, the operators Mffq’g and Ug”g commute on the space
of functions f such that [’ is defined in a neighbourhood of 0 and is
extendable by continuity at the point 0.

Proof. 2) For any r € N the ¢-integrals (f,UP,) and (Uf, P,) are well de-
fined if f’ is defined in a neighbourhood of 0 and is extendable by continuity
at the point 0. We go from one to the other by two g-integrations by parts
which are valid because ili% Df(7) = f/(0). Then we write

UMyf = > M\, (f, PT>HTPT/1/$ = > M (Uf, PT>PT/1/% = M,Uf. [l
r=0 r=0

Remark 4.4 This proposition and its corollary open a field to study
1im Mﬁ,’ff for q fized. Formally we have

hm M ff S ﬂf Z q r+a+ﬁ+1)<f P! :ﬁ> ’ﬂPTof”B/U%
and if Qs a polynomzal
Tim MiQ = z gt BE(Q, PR T P () V2.

So hm My, ’Bf f, if and only if f is a constant.

n+ﬁ)\a,ﬁ B

Moreover, )‘zﬂ,r - /\gf = B [n+(:r;+1] , 7 €N, hence
n+p ! !

q
[n], [n+a+B+1],
(cf. [2]) that, if ' is defined in a neighbourhood of 0 and is extendable by
continuity at the point 0,

|5t s = $321] < nspcgoov
k+08

Mg’_’%f - MyPf = UBMEP £ and it is easy to prove

U’ f(x)

n+G+1

9

X q q
where = ~
= 2 W ke At T,
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Proposition 4.5 The polynomials Pﬁ(’f are q-extensions of Jacobi poly-
nomials with respect to the weight x®(1 — )% denoted Pra’ﬁ,T € N. They

have the following properties which are the g-analogues of the well-known
properties of Jacobi polynomials.

1. For anyr € N, lirriPr‘f‘f: PP,
q—?

2. For any r € N, the polynomial Pfféﬂ s a q-hypergeometric function
(cf- [7], p- 43)

-r qr+a+ﬁ+1

q ", _
Pef(x) = [*]7] 2@ o i g, ¢ Pz

So we have P () = [*F7] pr(aP 1230, ¢% 1 q),

T

where py(x;u,v : q) is the shifted little g-Jacobi polynomial of degree r
(cf. [1], p. 592).

3. They verify a q-analogue of Rodrigues formula :

| Dy (21— g )l

[r]q! (1 — q_ﬁx)qﬁ

Frif(@) =
4. We have the relation for the q-derivative r > 1 :

Proof.
2) We look for the analytic solutions of the equation
U’ f — i £ = 0.
We write f(z) = 3 apa®, so
k=0
U (@) = 15 () =l 1 ar = i ag
+ 3 (Ib+1] (k+a+1] P apss — (K] [b+atB+1] =i ¢*+9)ax ) ¢™~Bak.
k=1
— [k]) [k 1
We abtain @1 oo (1= (F) [k +r-+a4+1]
ak [k+1] [k+a+1]
. (q—r _ t—l)(qr-i-oz-i-ﬁ-i-l _ t_l)
k e N, with R(t) =
B [ e
3) For any polynomial @ of degree < r, we verify, with the help of

Dy (w1 (1~ )t Q)20 = 0
av(l-q-Px); T T

= ¢ PR(¢"), for any

and the result follows.

g-integrations by parts that (
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We compute Py, (}ﬂ (0) by using a g-extension of Leibniz formula:

(DI (g192))(@) = 3 [1] (DEgu)(a™ %) (D~ gs) ().

We write Dy, (xa+7"(1 — qfﬁfrx)qm—r)
r Fyla+r+1)Iy(B+r+1) " I
(6% 1 _ ,8
= i) Fylat kDB ar—hrD)” (7 s
= k(k+a—B—r+(k—1)/2) and
($) = DZ <£CO‘+1(1 _ q—,@—rx)qﬁJrr) /l‘o‘(l B q_B:L')qﬁ

q°F, where

O

r Ty(a+r+1)Ty(B+r+1) T——
; e F T (a+k+1)Cy (B+r— kﬂ)x’“(l ) Ay
We obtain A(0) = Ty(a+r+1) /Ty(a+1) = [r]! ["T%] hence

P () = Az)/ 7).
, oy la+r+1)I(B+r+1) _
1) We take lim A(z) _go(k) T(a+k+ ) (B+r—k+1) -2yt

It is 1P’ () (Rodrigues formula).
4) We use (2.1) to prove that DqPﬁ(}ﬂ(;) is eigenvector of ijﬁf“.
Hence, it is equal to PO‘Jrl A+l up to a constant.
We compute DqPr’q (0) = ay = p&P g, hence
o= [T ot B+1]/ [at]
= —q¢ P [r+a+B+1] [rta] and the result follows. O

5 The case a=(=—

In this part, we study the operators M,?jgl,n € N. They are built for
functions defined on the closed interval [0,1]. They are obtained from the
operators MSqu as Kantorovich operators are obtained from Bernstein
operators with the help of Proposition 5.3, formula 5.1.

Definition 5.1

For any n € N— {0} and a function f defined on [0,1] the polynomial
Mﬁfé'l is defined by replacing a = 8 by —1 in formula 1.1. It is :

ankq nk,q
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with fnloé = f(0), fﬁfﬁ:f] = f(1) and the coeﬁficzents f kq, for k =
1,...,n—1, are given by (1.3) taking a = f =—1

1
The bilinear form is (f, g)[f"l = / f(t)g(t)dqt.
0

t(1—t)

The polynomial M;j;{l f is well defined for any function f bounded in
a neighbourhood of 0 (condition C(-1)). It verifies M5 f(0) = f(0) and
M; 7 £(1) = f(1), hence it preserves the affine functions.

Proposition 5.2 If the function f is continuous on [0,1], then
lim1 MESf(x) = My f(x) for any x € [0,1].
a—-

Proof. The g-binomial coefficients b,, ;, 4(x) are positive and form a partition

of the unity. Hence it is sufficient to prove that alinjl fg,? 0= In k p ! for any

k.For k=1,...,n—1, we compute
fa,a 11
n,k,q n,k,q

= [ the (1 — gt)i Rt (f(qoFM) — f(1)) dyt /By(k+a+1,n—k+a+1)

[y R (1= gt)i e f(1)dgt /By(k+a+1,n—k+a+1)

= Jy 71 (U= at) TR (0)dgt [ By(k,n— k)

=F + F> + F3.

Jo te (1= gty e (flae 1) - Fult)) dt
By(k+a+1,n—k+a+1)

fo(t) = £(0), fu(t) = £(1) and fy(t) = f(t), k = 1,...,n—1 and prove
that lim I =0, for k =0,...,n. We use the additivity of the modulus of

a——1

We consider I, = , with

continuity of f, ¢g-Beta integrals and we set § = %

We have |£(q*+16)  £(0)] < w(f.1) < w(f.6)(1 + /6), hence
ol < w(£,0)(L+ J 6951 (L= qtygedt /12 (1= q dyt)
< 2(f, pronttar):
For k =n, we have |f(¢**'t) — f(1)] < w(f,1 - ¢*™t), hence
[Tl < w(£,0)(1+ Jy 247 (1= t)g Lt /(8 J3 127 (1 = at)g dgt)
< 2u(f, %).
As 14 04— f(0)=1Ipand fﬁ,’f’q — f(1) = I, the result follows for £ = 0 and
n.

For k=1,...,n—1, we have | f(¢®T't) — f(t)| < w(f,1—¢**!) and
] < w(f,1—q*h). Hence, Fy = I}, vanishes when « tends to —1.
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In F the g-integral is (1 —¢q) >°7_ g ktat)(q — grthyn=kta £(43) This
series is uniformly convergent, hence its limit when « tends to —1 is the ¢-
integral of F3. At last the ¢g-Beta function in F5 tends to the ¢-Beta function
in F3 because I'y is continuous. O

Numerous properties shown in the case a, 3 > —1 are still true if a =
B = —1. Some of them are given in the following.

Proposition 5.3 If the function f is continuous at the points 0 and 1, and
verifies the condition C(-1), we have :

DM f(z) = MY <qu (q)) (qz),z € [0,1]. (5.1)

Proof. The expressions for (fr' ’,g_l - %) established in the proof of Propo-

sition (2.1) holdifa=f=—-land k=1,...,n—2.

For the two other terms we have .
(fri ' = F(0)) = = [(L = )37 (F(1) = FO))] o+ Jo (1= at)3 = Dy f(£)dyt and
(F) = £ = = [72F ) = FO)]g + Jo ()" 2Dy f(t)dgt.

The first terms vanish since f is continuous at 0 and 1. O

Theorem 5.4

1. If f is continuous on [0, 1], then HMﬁf(}'lf — fH < Ctew (f, [1] ) ,
o0 n q
(Theorem 3.1).
2. If lim ¢, = 1 and if the function f is bounded on [0, 1], then

(a) nhqngo M%7 f(x) = f(x) if f is continuous at the point x € [0, 1],
(Theorem 3.5).

(b) lim [n],, (Mp 2 f(x) — fx)) = 2(1 — ) f"(x) if the function f
admits a second derivative at the point x € [0,1], (Theorem 3.6).
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Overconvergence of Some
Next-to-Interpolatory Polynomials
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Abstract. The next-to-interpolatory polynomial of an analytic func-
tion f(z) is the unique solution of the following problem:
given n + 1 distinct complex numbers zg, 21, . .., 2, (nodes), given
an integer p > 1, find a polynomial P(f;z) of degree at most
p(n+ 1) — 2 with

PO(fiz) = fD(z), 0<k<n, 0<i<p—2 (a)

and that, at the same time, minimizes

(=D . _ flp—1)
Jmax | PPTO(frz) — 770 ()| (b)
For p = 1 only condition (b) is imposed, condition (a) has to be

omitted.
In this paper the solution will be given explicitly for the nodes given
by the zeros of the polynomial

w(z) = (z+a)" ™ =" 14+ a2)"™ 0<a<1, 0<r<1.

It will be proved that this solution converges geometrically and uni-
formly to f(z) on compact subsets of its domain of analyticity.

Moreover, overconvergence for n — oo of the difference of two
next-to-interpolatory polynomials will be shown in the case that f(2)
has a singularity on the boundary of its domain of analyticity.
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1 Introduction

The concept of Hermite interpolation (see [3]) is well known and some facts
will be given here without proof.

Given n + 1 pairwise distinct points, 2g, 21, . . ., 2, in the complex plane
(the nodes) and an integer p > 1, the Hermite interpolation problem con-
sists of finding a polynomial P(z) of degree at most p(n + 1) — 1 that
satisfies

PO(z)=¢, 0<k<n, 0<i<p-—1, (1.1)

where the complex data ¢}, are arbitrary.

This problem has a unique solution for any set of data, i.e. it is reqular,
and the so-called fundamental polynomials (c}€ = 0;, Kronecker’s delta)
can be given explicitly.

In the case that the data are derived from a function that is (p — 1)
times differentiable at the nodes, i.e.

G =fD(%), 0<k<n 0<i<p-—1, (12)

the unique solution of (1.1) is called the interpolating polynomial of f.

It is a matter of simple linear algebra that the restriction of the degree
of P(z) to be at most p(n + 1) — 2 leads to a problem that does not have
a solution for all sets of data! This was addressed in [4] by modification of
the interpolation problem in the following way.

Given data ci, find a polynomial P(z) of degree at most p(n + 1) — 2
that satisfies

PO(fiz) = ¢, 0<k<n, 0<i<p-2, (1.3)

(this condition has to be omitted for p = 1) and that, at the same time,
minimizes

PO (frz) — &7, 1.4

Jnax (fs2r) — ¢ (1.4)

In [4], Theorem 3, the solution is proved to exist, to be unique and is
exhibited explicitly as a weighted sum of the solutions of Hermite problems
that omit one of the nodes in the conditions for the (p — 1)th derivative:

|w’ (z1) |~

S Tl (5 (15)

P(z) =Y gear(2), gr =
k=0

where
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and gx(z) is the unique solution of

a (z) = ¢, 0<j<n, 0<i<p-2, (1.6)
—1 _ .
QI(gp )(zj): j 17 ~J Sn, ]7&1{3

In the next section the interpolation nodes will be taken at the zeros of the
polynomial indicated in the abstract and the next-to-interpolatory poly-
nomial will be given explicitly with the aid of Cauchy’s integral formula.
Moreover, it will be shown that this polynomial converges to the function
f(2) on its domain of analyticity for n — oo in the case that ¢} = f()(z;).

In the study of different interpolation processes, the notion of equi-
convergence or overconvergence appears, going back to [6]; it has been
studied in different settings, see a.o. [1], [2], [7].

In [6] the author considered a function

f2) =) az",
k=0

analytic on |z| < p, not on |z| < p, p > 1. If P,(z) is the Lagrange
interpolating polynomial to f(z) on the roots of unity (the zeros of "1 —1)
and if

Sn(z) = Z apz"
k=0
are the partial sums of f(z), Walsh showed that

lim (P,(2) — Sn(2)) =0 on |z| < p?,
n—oo
locally uniformly and geometrically.
In [5] Sharma and Ziegler combined the two concepts next-to-interpo-
latory and overconvergence, using as nodes the Mobius transforms of the
(n 4+ 1)th roots of unity in the case that p = 1 and they stated in a remark

Motzkin and Sharma [4] have also defined next-to-interpolatory
polynomials on sets with multiplicities.

Cavaretta et al. [2] have proved an equiconvergence theorem on
roots of unity when the multiplicity is 2.

It would be interesting to obtain its analogue on the perturbed
roots of unity.
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The layout of the paper is now as follows: in section 2 the next-to-
interpolatory polynomials will be given in integral form for p > 1, it will
be stated that these polynomials converge for n — oo to the function
they were derived from on the domain of analyticity (locally uniformly and
geometrically). Furthermore two interpolation processes will be compared
and an over-convergence result for the difference will be stated. The results
reduce to those in [5] on taking p = 1.

Section 3 contains the proofs of the results and the paper concludes
with a short list of references.

2 New results
Let R, r, o € R be real numbers satisfying
R>1,0<a<1, 0<r<l, (2.1)

and let the function f(z), analytic on |z + «| < R+ « but not on |z + a| <
R + a, be given by

[e.e]
. |

f(z)= Z a;j(z +a), limsup |a;|"7 = <. (2.2)
i=0 I R

For an arbitrary integer p, with p > 1, and «, r as in (2.1), the interpolation
nodes are given by the zeros of the polynomial of degree n + 1, n > 0:

(z 4 a)n+1 _ T,nJrl(l + az)nJrl

1— Tn—&—lan—i—l (23)

w(z) = Wpar(z) =

In the sequel, the dependence on «, r and n will not be indicated explicitly
for w(z).

Theorem 2.1 The next-to-interpolatory polynomial P,(f;z) of degree at
most p(n + 1) — 2, satisfying

PO (f;21) = O (z), 0<k<n, 0<i<p-—2 (2.4)
and at the same time minimizing

(p—1)( £. _ flp—-1)
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where the z, (0 < k < n) are the zeros of w(z) from (2.3), are given
explicitly by

1 t) wt)? —w(z)P " w(z)P
Putrie) = o [ ()wu)p()dt”pkzzog’fz(—ik’ 26)

with

1 f(®) 11 — rawkpt-1
Po2mi Jp w(t)p e g Sio |1 — rawf|pn=1) O<k<n). (27)

Here w is a primitive (n + 1)th root of unity and T is a closed, positively
oriented smooth curve that has z and all the zeros zy, of w(z) in its interior:
|t + a| = p+ «a for a certain p with 1 < p < R.

Remark 2.2 From (2.6), we see that the next-to-interpolatory polynomial
of order p is just the Hermite interpolation polynomial (cf. [3]), with a
correction given using (2.7). If now f(z) = Qm(2) is a polynomial of degree
m < p(n+1)—2, then the ‘full’ Hermite interpolation problem (use in (2.4)
0 <i<p-—1) has as solution Q, itself. Indeed: the interpolation problem
has a unique solution of degree at most p(n+1) —1, so the ‘candidate’ Qp,
is recovered (although the degree is lower).

That formula (2.6) leads to the same result follows from the fact that
the integral representation for A\, in (2.7) now has as integrand a rational
function with numerator of degree at most p(n + 1) — 2 and denominator
degree p(n + 1). Thus the integral, actually —Res[Qm(t)/w(t)P,t = o], is
equal to zero.

Remark 2.3 The error made in (2.5) for the solution, turns out to be
independent of k: for each k with 0 < k < n we have

Pép_l)(f; ) — f(p_l)(Zk) = max Pflp_l)(f; zj) — f(p_l)(zj) :

0<j<n

For the proof, the reader is referred to section 3.

Just as in the case of Hermite interpolation, the interpolation process “re-
covers” f(z) when n — oo:

Theorem 2.4 Let p, a, 7, f(z) and P,(f;z) be as before, then

lim P,(f;2z)=f(z) on|z+a|] < R+ a, (2.8)

n—oo

geometrically and locally uniformly.
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Introduce now a sort of ‘shifted’ coefficient gy:

1

ak:gk—m,ogkgn. (2.9)
This allows us to rewrite (2.6) as
Pu(f;2) = Pp(f;2) + Bu(f; 2) (2.10)
with
) F(t) wt)? —w(z)? — FEw' (2w (z)P~
P (f;z)= 27” R w(t)p dt  (2.11a)
Rn(f;z):—ﬁ ftt Z k P (2.11b)

Remark 2.5 From the explicit form of gy in (2.7), it follows that 51: =0

for all k when o = 0. In that case the interpolation nodes are rw® (0 <

k‘ <n, w a primitive (n+ 1)th root of unity, and the “error term” Ry(f;z)
n (2.10), (2.11) is identically zero.

In the sequel we need an expression for P}(f;z) in (2.11) in terms of the
coefficients of the power series for f(z), this will be done in the following
theorem, after the introduction of some abbreviations.

Put
w*(z) = (1 — "o Mw(z) = (z + o)™ — (1 + az)" 1, (2.12)
Ki(t,2) := (t + a)"w* ()P~ — (z + a)"w*(2)P7}, (2.13)
Ko(t, z) == (1 + at)"w* ()P~ — (1 + az)"w*(2)P71, (2.14)
and for arbitrary m, N with 0 <m < N < o0
al =1\ [ 14at)/0T
Sﬁ@):%%(“j, ><rt+a> , (2.15)

then we have

Theorem 2.6 P)(f;z) can be rewritten as

f(t)  Ki(t2)
omi Jp t—z (t + a)p(nt1)
f(t)  Ka(t,2)

1 n (o)
T 2mi Jp t—z (t+ apmiD) L+ at)Sg7(0dt (2.16)

Pr(f;z)= (t 4+ ) S5 (t)dt
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Remark 2.7 Note that Ki(z,z) = Ka(z,2) = 0, showing that the inte-
grand is analytic at t = z.

In order to compare two different interpolation processes, in the vein of
‘comparing data from a full function’ with ‘data from a part of the function’,
we introduce a cut-off parameter ¢ that is used to define a cutoff of (2.16)

Definition 2.8 Let £ > 1 be an arbitrary natural number, write

L[ K
2mi Jr t — z (t + a)p(ntD)
L[Sl Ks(t2)
2mi Jr t — z (t + a)p(ntD)

Syi(f32) (t+a) Sy (1)t

1 at)SETEA(Hdt (2.17)

(for £ =1 the second integral has to be omitted).
Introduce with Ry (f;z) from (2.11b)

Su(f32) = Sy (f32) + Ra(f; 2)- (2.18)
Remark 2.9 To keep the expose within moderate length, we just state the

effect of the introduction of £:

working out the integral in (2.16) explicitly, one sees that all coefficients
aj of f(2) appear in P;(f;2),

using the cut-off as in (2.17) leads to the same range for the index j of
the a; that appear in the explicit form of both integrals; the use of £ — 1 in
the first and £ — 2 in the second integral is fundamental here.

Now we can formulate the overconvergence result:

Theorem 2.10 Introduce the difference

A(f;2) = Pu(f;2) = Si(f32) = Pr(f32) — Syt (f; 2), (2.19)
then the limit
nh_»nolo A(f;2) =0, (2.20)

holds geometrically and locally uniformly on

¢/p
L Rta > : (2.21)

|z 4+ o < (R+ a) (7“1+aR
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3 Proofs

First we prove two lemmas that will be used in the sequel.
Lemma 3.1 Let k with 0 < k <n be fixed and define

n

me)= [ o8- ) (3.1)

P w'(zk)(z — 21)
Then:
0, k+#m,
T (2m) = Okym = (3.2)
1, k=m,
and (41)
(4) L™ 0(z)
= , 1. 3.3
Trk (Zk) ’L+ 1 wl(Zk;) (e ( )
Proof. Follows by applying induction and I"Hospital’s rule. O

Lemma 3.2 Let x € R, |z| < 1, then for any integer £ > 1:

0o -1 i
pHi+L—1\ i R p+l—1 z \’

: = — . — | . 4

;( j+e )x D i+ J\1-2 (3.4)

Proof. For real x with |z| <1 and D = % we have

> /-1
= 71 pr—1 Z ZPHiH=1 1 ppr—1 (prr >
(p—1)! = (p—1)! 1—x

“Gmn g (5 )7 e ()

7=0
1 .
1 = (p-1 jlaitt
= ) /-1 0—2)--(j+44+1)———
<p—1>!jz%< j )<p+ o+ L=2) () g
B 2 P2 p+Lf—1 xz \’
Cl—=x j+/L 1—=2
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Now we turn to the explicit form of the next-to-interpolatory polynomial
and prove Theorem 2.1:

Proof. According to [4], Theorem 3, the polynomial P,(f;z) is given by
(1.5), (1.6) in the following form

P.(f;2) = Z Ik k(%) (3:5)
k=0
with ) )
W) =g 0sjsmosispoa o
QIE:p_l)(Zj) = f}p_1)7 0<j<n,jJ 7é k,
and / —p
|w’(2k)] | (3.7)

9k = >
2o [w'(z)|7P
where w(z) is defined in (2.3).
Note that we could use w* from (2.12) instead of w in the form (3.7) as
the factors (1 — r"*t1a™*1) cancel.

The construction of gx(z) is done in two steps. First we write

a(2) = 0(2) + w(2)" lup(z), ¢ € Upiny1y—25 uk € Up—1, (3.8)

with a fixed polynomial ¢(z) to be determined later.
Because

D' (w2’ tup(2))|,_, =0,0<j<n, 0<i<p—2,  (3.9)
-~
we thus have to construct ¢ € II,(,41)_2 satisfying
P D(z) = fD(z), 0<j<n, 0<i<p-2. (3.10)

As we have (p — 1)(n + 1) conditions only, this leaves a total degree of
freedom n.

In the second step we determine uy € II,,_; in such a way that
q,ﬁp*”(zj) =P U(z), 0<j<n, j#k (3.11)
Thus
FP D (z)) = 0PV () + DP7L (w(2)P g (2)) aes,

= "D (z) + (p — D' ()" Mun(z)), 0<j <, j#F,
(3.12)
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which implies, using w’(z;) # 0 since the zeros of w(z) are simple, that

wn(ey) = 100G = 1><z>
e (p— 1)lw'(z;)P~

L0<j<n, j#k (3.13)

We see that for a fized j (0 < j < n), the quantities {ug(z;) : 0 <k <
n, k # j} do not depend on k. This will be exploited later on.

The explicit formula for wug(z) then follows using standard Lagrange
interpolation on the zeros of m;(2z) as introduced in (3.1), using the values
from (3.13):

e T (ZJ) z=z
Jj=0,j#k

- Uk (Z]) w )(Zj - Zk)
j—Ozyék w'(z5) (2 = 2)(2 = 21)
ug(zj) w(z w(z) & u(z) (3.15)
B J=0,j#k wiz)z=z 2= j=§j7§k "()

Taking into account that the weights g; sum to 1, this shows

=3 e (0(2) + w2 ug(2))
k=0

n i n
= p(2) + > gmw Z /\’wgk (3.16)
k=0 |j=0,j#k TS0k
n [ n n
w(z)P w(z)P
=p(2) + Z Gk j CF_ Z Ak,j Gk )
— | &= z—zj “ z— 2k
k=0 _3—0 j=0

with

uk(zj) _ fP7D(z) =PV () :
Mg = }’?(zjfx ) <1)'1>U/(Z) A (3.17)
) p— 21 )— P z .
e for j =k
This, for the moment rather arbitrary looking definition of Ay 1, is allowed
because the terms with j = k in the inner sum of (3.16) cancel (this can

also be seen from the first line of (3.15) for wy).
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Take r (0 < r < n) fixed and let I', be a small circle centered at z,,
traversed once in counterclockwise direction, then

[ SO, L[ S0 d
2mi ry w(t)p 27 r, Ty (t)p w/(zr)p(t - Zr)p
I S i el
(- 1)!W'(Zr)pD ( T ) —
p—1
— ESITI AT 'w N 2 < > < F9) () — @(’)(zr)) P17 (77)

t=2zp
(3.18)
Because of the way ¢(z) is constructed, we see that only the term with
j =p — 1 is different from zero and therefore

L[ f®) =), fP V() =P D)
2ri r, w(t) dt = (p— 1)l (z,)P = Ny (3.19)

This calculation shows the reason of the form for A j introduced in
(3.17).
Now apply the residue theorem to find for A, from formula (2.7)

RS L[ =)
Ap = rz::O Al = ;0 2mi Jy,  w(t)P dt

[l

) 1 ()

27t Jp w(t)P dt 27t Jp w(t)P dt
£0)

2mi Jp w(t)?

)

since the integral with ¢(¢) in the numerator vanishes as ¢ is a poly-
nomial of degree at most p(n + 1) — 2 and the value of the integral is just
—Res[p(t)/w(t)P;t = o] = 0.

Moreover, we now see explicitly that the sum of the )\, over r does
not depend on the value of k as a result of the adequate definition of Ay j
from (3.17).

We can now rewrite formula (3.16) as
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Pu(fi2) = ¢(2) + Gk Ak,j - Z Z Ao | Gk :
— — Z—Zj — . Z — Rk
7=0 Lk=0 k=0 | =0
(3.21)
Now (3.20) implies that the coefficient between brackets in the second
sum is equal to A, and does not depend on k. Also the sum between
brackets in the first sum can be written

n
DA = D Ak 9Ny
k=0 k=0,k#j

(=1 (5.y — p®=1) (4,
= > @ ! (Z]i 1 - .p(Z]) +gig (322
0T (p — Dhw'(z5)

= (1= gj)Njj +9iNij
= Ajj-

With (3.21) and (3.22) the formula (3.16) for P,(f;z) finally turns into

n

w(z)P - w(z)P
Pu(f;2) = 0(2) + ) Mg = X (3.23)
- Z — 2; — Tz — 2
j=0 k=0
In view of Remark 2.2, formula (2.6) now follows if we prove
~ " w(z)P .
D p(2)+ D> Ajj——— — fD(z), 0<m<m, 0<i<p—1,
z—zj
=0 ’

2=2Zm
as these are the conditions for the full Hermite interpolation polynomial.

This follows immediately from (3.10), (3.17) and (3.24) below:

n .
; w(z)P 0, 0<i<p-2,
D Z)\j’jz—z- :{)\ (p— D' (zm)?, i=p—1
=0 J . m,m\P . m) =p )

(3.24)
Indeed, this gives for 0 <m <n, 0<i<p—2

n

D' o(2)+ Y Ay

j=0

w(z)P

Z—Zj

= ‘P(i)(zm) = f(i) (2m),

2=2Zm
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and for0<m<n,i=p—1

n
Dt pz) + 30 Ay, -
P z 55 , =
= z— 2
2=2Zm

= ‘P(p_l)(zm) + (p = D' (2)P M = f(p_l)(zm)-
Finally, the form of g in (2.7) follows from (1.5). The zj satisfy

(2 + )" — "1 £ az)" T =0,

and can be written as

k

2 = u, w a primitive (n + 1)th root of unity. (3.25)
1 — rawk
Insert
n n n
1 —a? wk — Wt
W(z)= [ (x—2)= <7“k> I ———
(=0 1tk 1—raw (=0 1tk 1—raw

into (1.5):

U [ (€1
o 1w ()] 7

. k|pn TP |1—ro¢we|P
11— raw®| He:(),g;ék Tk —otp

- . 1— L|p
>0 1 —rawd PP ITi g o %

11— Tawk\pn H?:o,e;% 11— Tawqp H?:o,e;% ‘wk - wé|_p

T T = rawl P Ty 11— rawt P TTE . epy o — wl] P

_ 11— rawkPr H?:O,é;ék 11— rawtP B 11 — rawk[P(=1)
T = rawl P gy L —raw®P Sy [1— rawipo)’
(3.26)

while the product over differences of powers of roots of unity does not
depend on k

n n n

[T Wf—of7= [ It 7—w 57 =] h—-wf™

0=0,0+£k 0=0,0£k (=1

The final form of (3.26) is just the value of gj from (2.7). O
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We now turn to the proof of Remark 2.3.
Proof. Introduce

en(Pa) = [PV (fr2) = fO ()|, 0<k<n,  (3.27)

where P,(f;z) is the next-to-interpolatory polynomial from Theorem 2.1
and let
e = max ex(Py). (3.28)

0<k<n
Assume that for a certain value ¢ with 0 </ <n

ee(Pn) < e.

Now define
Qn(f;z) = Pn(f;z) - 56(2),

with £(2) the unique polynomial of degree at most p(n + 1) — 2 satisfying

£0(z) = 0, 0<k<n 0<i<p-2
PV (z) = PPV (fr20) = [P V() 0<k<n, k#L,
and 0 € (0,1) satisfying
3167V (z0)| < & — e(Pa)-

Then
£4(Qn) = [ QU (f52) = F7V(z1)

= (1= 8) [PV (f52) = £ ()
=(1—-0)ex(Py) <e
for 0 <k <n, k+# ¢, while

2(Qn) = QYD (fi20) = F7V (z0)|
< ‘Pép_l)(f; ) — f(p_l)(ze)‘ +0 ‘f(p_l)(ze)‘
<ep(Pp) + (e —eo(Py)) =e.

Thus

o2, M@n) <<

in contradiction with the fact that the next-to-interpolatory polynomial P,
is the solution of the mini-max problem (2.4), (2.5). O
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The proof of Theorem 2.4 runs as follows.
Proof. Let z, fixed, belong to |z + a| < R+ «, then there exists a p with
1 < p < Rsuch that I' = {t | [t + a| = p+ a} encircles z.

Introducing d9, 0 < d2 < 1, by

1 p+1
0y = — 2
? p+a< 2 —|—a), (3.29)

we see that the fixed z belongs to D defined by
Di={z] |z +al < &a(p+a)}, (3.30)

and, moreover, we have that I" lies inside the boundary of D

1
oD = {z | |+ +a| = %m}. (3.31)
Now (3.30) implies that
z€D=|1+az|<d(l+ap), 0<i3<1. (3.32)

After these preliminaries, we use (2.6) and

PR P (O Sy B (O R0l

Comi Jpt—2z 2w Jpt—zw(t)P

to find

F(2) = Palfiz) = —— [ LW w5 > ok L

C2mi Jp t— 2z w(t)P "
Equation (2.7) implies
gl <1, 0<k <n. (3.34)

Using
t+al=p+a=|1+at| <1+ pa,

it easily follows that for ¢ on I'

1 t 1 1
r o <|r +ra < +ra =0 < L. (3.35)
t+a p+a p+a
Therefore we have from

ol = T mrignr
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the bounds

(1= 07" (p+ )" < |w(t)] <

(p+ )", tel. (3.36)

1—ar
Then (3.20) gives, together with the fact that f(¢) is bounded on |t + a] <
p + a, the inequality

My
(p+ D’

Combining (3.30), (3.32), (3.35) and (3.36), it follows that for t € T
n+1

N < M; > 0. (3.37)

n+1

24+« 4 Tn—i—l 1+az

t+o t+o

T (Lpe)H
e

8a(pta) \" T (83(14pa) \ "
pta Tt

- 1— 6711+1
- 5£L+1 + 5?+16§L+1
— +1

1— 4"

< M25Z+1, Mo >0, 0<dg <1.

‘w(Z)
w(?)

(3.38)

Again using that f(t) is bounded, we can now estimate the integral in the
difference (3.33):

1P wz)P
27i Jp t —z w(t)P

Then we can find a d5, 0 < J5 < 1, such that the sum in (3.33) can be
estimated by

dt‘ < My MESETY = Aot > g (3.39)

" wer] - e
<
9| < ) {[52(p+ Q)" 4 [r83(1 + pa)] } —
k=0 k=0
p(n+1) p(n+1)
< (n+ 1)Msdy (p+a) , M5>0, 0<65 <1.
(3.40)

Here we used 65 = max (d2,3), (3.30), (3.32), (3.34), (3.35) and the fact
that w(z)/(z — 2x) is an analytic function and the maximum of its absolute
value over z with (3.30) is assumed on the boundary i.e. according to (3.31)
and (3.36)

w(z)

Z— 2k

< max
z€0D

< i —
< max jw(z)|/ min |2 — 2,
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and

max [w(z)| < [8a(p + @) + [rd5(1 + pa)]™! < 255(p + )",

z€0D
p+1 p—1
— > > — —-1>—.
zne%%p 2k nénn llz +a| — |z + af| > 5 to >
In this lower bound we used for the zero z; the estimate
; — 2arcos g + o
=re"?(1 = |z = <1l= |zl <1
2z +a=re¥ (1l + azk) = |zl | arcosp  oZ? = EA
The inequalities (3.39) and (3.40) imply (2.8). O

Next we have the proof of Theorem 2.6.
Proof. Start with (2.11) and put a star on each occurrence of the polynomial
w(-) (see (2.12) for w*):

F(t) wH ()P — w*(2)P — FRw (2)'w* ()P
271'2 rt—z w*(t)P

Pr(f;z) = dt (3.41)

and rewrite the numerator as follows

* P * p_ t—2z !k _

w1 — (2 - n+¢wzw<> -
=w* ()P —w*(2)P —2){(z+a)" ”+1(1—|—az)”}w*(z)p_1
= w'(t)" —w*(2)" (t*Z)(ZJra) ()P

Pt
+ar™ 1t — 2)(1 + az)"w*(2)P!
= w*(t)? —w*(2)P — {(t+a) — (z 4+ )} (z + @)"w* (2)P "1+

+ " (1 Fat) — (14 a2)} (1 + az)"w*(2)P~!
=w ()P — (t +a)(z + Q) "w* (2)P L+ "1+ at) (1 + az)"w* ()P

(3.42)
w* ()P = (t + a)(t + ) "w* ()P~ — "1+ at) (1 + at)"w* ()P},
(3.42) can be written as

(t+a) {(t+a)"w )P = (z+ &) "w ()P} +
— " (14 at) {(1+ at)"w* ()P~ — (14 az)"w*(2)P '} . (3.43)
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The binomial series leads with

' 1+ at

1
T < +ap<
t+«

T opta

1

to the expansion

w(t)™P = (t + o) P+ {1 B <r1 + at)nﬂ}p

t+«
00 j(n+1)
—o(n —p 1+ at)’

= (t4a)™ +1)Z(j)<rt+a) (3.44)
=0
o0 , J(n+1)

_ —p(n+1) p+j—1 1+at

(t+a) Z( j ><Tt+a '
7=0
Formulae (3.41), (3.43) and (3.44) imply (2.16). O

Finally we prove Theorem 2.10.
Proof. Using (2.16), (2.15), (2.17) and (2.18), the difference in (2.19) can
be written as

L[ K 2)
A(f,Z)—ﬁ - t—Z(t—l—a)p(n'H)

1 fR) Kot 2)
271 r t— 2z (t + a)p(n-{-l)

(t+ @) S5 (t)dt

TN+ at)S5° (t)dt.  (3.45)

In view of Remark 2.7, the location of z is now arbitrary.
Introduce for integer m > 1 the series

0 . (G+6)(n+1)
N p+j+m—1 14+ at
T(m;t) == g < itm ) <r o ) (3.46)

=0

and shift the summations in (3.45) to find

_ L[ f) Kt 2)

Alfi2) = t+ )T (4; t)dt
(f’Z) 21 Jr t—z(t+a)p(n+1)( —|—Oé) (a )
1 f<t) KZ(th) +1
T omi "+ at)T (0 — 1;t)dt. (3.47
27TZ Ft—z(t+a)p(n+1)r ( +Oé) ( ,) ( )
Because ,
'T +at §1+O‘p<1
t+a p+a




