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The Small Ball Property in Banach

Spaces - Quantitative Results
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Abstract. A metric space (M,d) is said to have the small ball prop-
erty (sbp) if for every ε0 > 0 there exists a sequence (rn) of positive
numbers with rn ≤ ε0 for every n and lim rn = 0 such that M is the
union of the closed balls B(xn, rn), n = 1, 2, . . . for suitable elements
xn of M .

In joint work with V. Kadets this property has been investigated
systematically, some facts will be reviewed at the beginning of the
present note.

The main results here concern two quantitative versions of this
notion. We assign to M the infimum of the ε0 with the above property.
Surprisingly, for many natural subsets of Banach spaces this infimum
is either zero (which corresponds to the sbp-case) or one. We also
investigate the positive sequences (rn) for which sequences (xn) exist
such that the union of the B(xn, rn) covers M . The special case when
this collection consists of all positive (rn) is of particular interest since
a long time. It is known that results into this direction can depend
on the underlying set theory.
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1 Introduction

In many parts of mathematics one needs a notion to express the fact that
some subset is “small” or “negligible”. It depends, of course, on the particu-
lar structure of the sets under consideration which approach is appropriate.
“Small” can mean that the measure is zero, that the set is of first category,
that the Hausdorff dimension is zero or something else. Interesting con-
nections between the classical notions of smallness are discussed in [8], for
more recent results we refer the reader to chapter 6 of [2].

In a joint paper ([1]) of Vladimir Kadets and the author another notion
of smallness has been studied. The definition can be found in the abstract, it
applies to arbitrary metric spaces. The main results of [1] are the following:

1. The unit ball of an infinite dimensional Banach space does never have
the sbp. However, there are incomplete spaces with an sbp unit ball.

2. If X is the bidual of an infinite dimensional Banach space then the
collection of extreme points of the unit ball of X fails to have sbp.

3. σ-precompactness implies sbp, but the converse doesn’t hold.
4. If K has sbp then this is not necessarily true for K ×K.

In this note we provide quantitative refinements of this approach. Here are
the relevant definitions:

Definition 1.1 Let (M,d) be a metric space and A a subset of M .
(i) Consider the collection of all ε0 > 0 such that there exist a sequence

(rn) of positive numbers with rn ≤ ε0 and lim rn = 0 and suitable
xn ∈ M such that A ⊂

⋃
n B(xn, rn); here B(x, r) denotes the

closed ball with center x and radius r.
We denote by sbpM (A) the infimum of these ε0.

(ii) Let SM (A) be the collection of decreasing sequences (rn) of strictly
positive numbers such that A ⊂

⋃
n B(xn, rn) for suitable xn ∈ M .

If SM (A) contains all positive decreasing sequences, then A is said
to have the Borel property.

Borel has asked in [3] whether only the countable subsets of [ 0, 1 ] can satisfy the
previous condition. This question has attracted the attention of many mathemati-
cians, a final answer has been given in Laver’s paper [6] where one also finds a
sketch of the history of the subject: The assertion “Borel’s conjecture is true” is
consistent, i.e., the answer depends on the underlying set theory.

The sbp-function will be discussed in section 2 , in section 3 we investi-
gate the sets SM (A) and the Borel property.
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2 Properties of the function sbpM(·)

General properties

The collection of the admissible ε0 in the definition of sbpM (A) is always
nonempty since we deal only with bounded sets A. (This boundedness
condition will also be tacitly assumed in the sequel.) The function sbpM (·)
is obviously monotone, also it is clear that sbpM (A) ≤ r if A is contained
in a ball with radius r. Note that it might happen that sbpM (A) = r when
A is a ball B(x0, r): see proposition 2.3 below.
Here are some further properties:

Lemma 2.1 Let (M,d) be a metric space.
(i) For A ⊂ M and r > 0 one has sbpM (A) ≤ r iff one finds for any

sequence ε1 ≥ ε2 ≥ · · · with r ≥ ε1 and εn → 0 suitable finite sets
∆n ⊂ M such that

A ⊂
⋃
n

⋃
x∈∆n

B(x, εn).

(ii) If A1, . . . , Ak are contained in M , then

sbpM

(⋃
i

Ai

)
= sup

i
sbpM (Ai).

(iii) The preceding formula also holds for countably many Ai’s contained
in M if there is a k0 such that the Ai with i > k0 have the small
ball property. It is, however, not true in general.

(iv) Suppose that A ⊂ M ′ ⊂ M . Then

sbpM (A) ≤ sbpM ′(A) ≤ 2sbpM (A).

It is not true in general that sbpM (A) = sbpM ′(A).

Proof: (i) This is obvious.
(ii) By monotonicity we have sbpM (Ai0) ≤ sbpM

(⋃
i Ai

)
for every i0 which

proves that
sbpM

(⋃
i

Ai

)
≥ sup

i
sbpM (Ai).

Conversely, let ε0 > supi sbpM (Ai) be given. By assumption one finds
positive sequences (ri

n) tending to zero and bounded by ε0 and centers
xi

n such that Ai ⊂
⋃

n B(xi
n, ri

n) for every i. Any mixture of the ri
n with
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associated centers xi
n gives rise to sequences (rn) and (xn) such that rn → 0,

rn ≤ ε0,
⋃

i Ai ⊂
⋃

n B(xn, rn). This proves the other inequality.

(iii) The inequality “≥” is again obvious, for the reverse inequality one has
to argue a little bit more subtly. Choose, for given ε0 > supi sbpM (Ai),
sequences (ri

n) and (xi
n) for i = 1, . . . , k0 as in the preceding proof and also,

for i > k0, sequences (ri
n) and centers (xi

n) such that limn ri
n = 0, ri

n ≤ ε0/i
and Ai ⊂

⋃
n B(xi

n, ri
n). Then again any mixture of the ri

n (i, n = 1, 2, . . .)
will tend to zero, it will be bounded by ε0 and

⋃
n,i B

(
xi

n, ri
n

)
will cover⋃

Ai.
In order to prove that equality does not hold in general consider any

infinite dimensional separable Banach space X. If B denotes the unit ball,
then – as will be shown later in proposition 2.3 – one has sbpX(B) = 1.
Therefore sbpX(C) = 2, if C stands for the ball with radius 2.

Since the space is separable C can be covered by a sequence (Bn) of
translates of B. Each of these translates satisfies sbpX(Bn) = 1, and this
proves our claim.

(iv) The first inequality is obvious. For the proof of the second suppose that
A ⊂

⋃
B(xn, rn), with rn ≤ ε0, rn → 0 and xn ∈ M . We may assume that

all B(xn, rn) meet M ′ (otherwise they are not necessary for the covering
of A), and therefore we can choose yn ∈ M ′ with d(xn, yn) ≤ rn. Then
it follows from the triangle inequality that A ⊂

⋃
n B(yn, 2rn), and this

proves the second part.
For an example where equality does not hold we consider a metric space

where there exists an uncountable set A consistig of elements of mutual
distance two such that A lies in a ball of radius one. (One could choose M
as the Banach space l1(S) over an uncountable index set S and A as the
collection of unit vectors.) Then sbpM (A) ≤ 1 but sbpA(A) = 2. (For a
more natural example see proposition 2.4.) �

Products
As it has been already noted, the product of two sbp-spaces needs not

be sbp. The counterexample K ⊂ X := l∞(l∞) in theorem 5.3 of [1] can
be used to show that also the function sbpX(·) behaves “badly” if products
are considered.

Proposition 2.2 The space K of [1], theorem 5.3, has the following prop-
erties:

(i) K lies in a ball with radius 1/2.
(ii) sbpX(K) = 0, i.e., K has the small ball property.
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(iii) If X ×X is provided with the maximum distance, then

sbpX×X(K ×K) = 1/2,

i.e., this number is as large as possible.

Proof: (i) K lies in the ball B(x, 1/2), where

x =
(
(1/2, 1/2, 1/2, . . .), (0, 0, 0, . . .), (0, 0, 0, . . .), . . .

)
.

(ii) This has been shown in [1], theorem 5.2.
(iii) It is clear that sbp(K × K) ≤ 1/2 since K × K lies in a ball with
radius 1/2. Let ε0 < 1/2 be given. We have to prove that K ×K cannot
be covered by a sequence of balls in X ×X for which the radii (rn) tend to
zero and are bounded by ε0.

Let such a sequence (rn) and centers c1, c2, . . . ∈ X × X be given, we
argue as in [1]. With the notation of this paper we have K×K =

⋃
i,j Ki×

Kj , where the Ki ×Kj have mutual distance one. Thus every ball Bn :=
B(cn, rn) will meet at most one Ki ×Kj . Choose m1 such that rn ≤ ε0/2
for n ≥ m1 and then an a1 with the property

(
Ka1 ×K1

)
∩

(⋃m1
n=1 Bn

)
= ∅.

We write Ka1 × K1 as the disjoint union of the sets Ka1 × K1n. The
mutual distance of these buildung blocks is 1/2 so that every Bn with
n > m1 meets at most one of these. Select an m2 > m1 so that rn ≤ ε0/2a1

for n > m2 and then a Ka1 ×K1a2 which is disjoint to the B1, . . . , Bm2 .
If this construction is continued, one gets an

x =
(
Φ(a1a3a5 . . .),Φ(a2a4a6 . . .)

)
such that x ∈ K ×K but x /∈

⋃
n Bn. �

Balls and spheres in Banach spaces

Unit balls in Banach spaces are always “big”:

Proposition 2.3 Let X be an infinite dimensional Banach space and BX

the closed unit ball of X. Then sbpX(BX) = 1, i.e. sbpX(BX) is as large
as possible.

Remark: It has been kindly pointed out to us by the referee that this result
is also an immediate consequence of theorem 1 in [4].
Proof: It is clear that all ε0 ≥ 1 are admissible so that sbpX(B) ≤ 1.
Now let a number ε0 < 1 be given. We have to show that, whenever (rn)
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is a sequences of positive numbers tending to zero and bounded by ε0, it is
impossible to find centers x1, x2, . . . in X such that BX ⊂

⋃
n B(xn, rn).

Let such a sequence (rn) and any x1, x2, . . . ∈ X be given. We choose
a positive δ such that ε0 + 2δ < 1 and then an index n1 with the property
that rn ≤ δ/10 for n ≥ n1.

The Riesz lemma allows us to find a y1 in BX such that ‖y1−xn‖ ≥ 1−δ
for every n ≤ n1; in particular we have

B(y1, δ) ∩B(xn, rn) = ∅

for these n.
Now we need the following consequence of the Riesz lemma: Whenever

K is a ball with radius r there are z1, z2, . . . in K such that

• B(zn, r/10) ⊂ B for all n, and
• ‖zn − zm‖ > 3r/10 for n 6= m.

We apply this to the ball B1 := B(y1, δ). Since rn ≤ δ/10 for n ≥ n1

we know that B(xn, rn) will meet at most one ball B(zi, δ/10), i = i(n),
for these n. Choose n2 > n1 such that rn ≤ δ/102 for n ≥ n2. By the
preceding observation there must be a ball1 B2 := B(zi, δ/10) which has
an empty intersection with the B(xn, rn) for n = n1 + 1, . . . , n2. One even
has B2∩B(xn, rn) = ∅ for all n ≤ n2 since B(xn, rn)∩B1 = ∅ and B2 ⊂ B1

hold.
It should be clear how to continue. We repeat the construction with B2

instead of B1 to get a B3 of radius δ/102 in B2 such that

B3 ∩
( n3⋃

n=1

B(xn, rn)
)

= ∅,

where n3 is such that rn ≤ δ/103 for n ≥ n3.
In this way we obtain a sequence BX ⊃ B1 ⊃ B2 ⊃ · · · of closed balls

the radii of which tend to zero such that

Bk ∩
( nk⋃

n=1

B(xn, rn)
)

= ∅,

where n1 < n2 < · · · . By completeness there exists an x0 in
⋂

Bk ⊂ BX ,
and this x0 cannot be contained in

⋃
n B(xn, rn). This completes the proof.

�

With a similar proof one can provide a more natural example to the asser-
tion made in lemma 2.1:

1There are even infinitely many such balls.
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Proposition 2.4 Let X be the Banach space l1 and S the unit sphere of
X. Then sbpX(S) = 1 and sbpS(S) = 2.

Proof: Let ε0 < 2 be given, (rn) a sequence tending to zero with rn ≤
ε0 and x1, x2, . . . any points in S. One has to find an x ∈ S with x /∈⋃

n B(xn, rn). Choose first a δ > 0 with ε0 + 2δ < 2 and then an n1 such
that rn ≤ δ/10 for n ≥ n1. The special structure of l1 allows us to find
y1 in the unit sphere such that ‖y1 − xn‖ ≥ 2 − δ for n ≤ n1; the vector
y1 could be chosen as a unit vector associated with a “large” index. Then
continue as in the preceding proof, this time working in the sphere. �

Remark: More generally it can similarly be shown that sbpS(S) = 21/p for
the unit sphere S in lp, where 1 ≤ p ≤ ∞.

Boundaries
We recall that a boundary of a Banach space X is a subset B of the

dual unit ball such that for every x ∈ X there exists x′ ∈ B such that
x′(x) = ‖x‖. It is an elementary exercise to show that the collection of
extreme functionals is a boundary.

It depends on the geometry of X how large boundaries must be. Con-
sider first the space X = c0. Then X ′ = l1, a space with countably many
extreme points: this shows that boundaries can have the small ball prop-
erty. On the other hand it is known ([7]) that the collection of extreme
points in infinite dimensional reflexive Banach spaces is always uncount-
able. Theorem 4.2 of [1] explains this different behaviour: boundaries for
infinite dimensional reflexive Banach spaces never have the small ball prop-
erty, in particular they have to be uncountable.
Here we will show more: boundaries in infinite dimensional reflexive spaces
are always “as big as possible”:

Proposition 2.5 Let X be an infinite dimensional reflexive Banach space
and B ⊂ X ′ a boundary. Then sbpX′(B) = 1.

The proof will depend on the following lemma which is a refinement of
lemma 4.1 in [1]. (In [1] it was only necessary to deal with centers in BX′ ,
now they might be anywhere in X ′.)

Lemma 2.6 Let X be a Banach space and Y ⊂ X an infinite dimensional
closed affine subspace. Further let ∆ be a finite subset of X ′ and a and ε
numbers in ] 0, 1 [ such that there exists y0 ∈ Y with ‖y0‖ < a. Then there
is an infinite dimensional closed affine subspace W of Y such that
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(i) there exists w0 ∈ W with ‖w0‖ < a + 2ε;
(ii) for every y′ ∈

⋃
x′∈∆ B(x′, ε) with ‖y′‖ ≤ 1 and every y ∈ BX ∩W

one has y′(y) < ‖y‖, i.e. none of these y′ recognizes ‖y‖.

Proof: Define Z as

Z := {y | y ∈ Y, x′(y) = x′(y0) for every x′ ∈ ∆}.

This is a closed infinite dimensional affine subspace of Y which contains y0.
The next steps are to select any w0 ∈ Z such that

‖y0‖+ 2ε < ‖w0‖ < a + 2ε

and an x′0 ∈ X ′ with ‖x′0‖ = 1 and x′0(w0) = ‖w0‖. Then we define

W := {y | y ∈ Z, x′0(y) = x′0(w0)};

we claim that W has the desired properties.
W is obviously a closed infinite dimensional affine subspace of Y , and

w0 ∈ W has the claimed property. Now let x′ ∈ ∆ and z′ with ‖z′‖ ≤ ε
and ‖x′ + z′‖ ≤ 1 be given. We have to show that x′ + z′ does not assume
its norm at any y ∈ W ∩BX .
Select any such y. Then, on the one hand, we have

‖y‖ ≥ |x′0(y)| = |x′0(w0)| = ‖w0‖ > ‖y0‖+ 2ε.

On the other hand we can obtain the following inequality:

(x′ + z′)(y) = x′(y) + z′(y)
= x′(y0) + z′(y)
= (x′ + z′)(y0) + z′(y)− z′(y0)
≤ ‖y0‖+ 2ε.

This completes the proof of the lemma. �

We now turn to the proof of proposition 2.5 . Let B ⊂ BX′ be a bound-
ary for X. In order to show that sbpX′(B) = 1 we will use lemma 2.1(i): for
given ε0 < 1 we have to provide a sequence (εn) with εn → 0 and ε0 ≥ εn

such that for no choice of finite subsets ∆n ⊂ X ′ one can have

B ⊂
⋃
n

⋃
x′∈∆n

B(x, εn).
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Choose for such an ε0 a sequence (εn) with ε0 + 2ε1 + 2ε2 + · · · < 1.
Suppose that ∆1,∆2, . . . are any finite subsets of X ′. First we apply the
preceding lemma with Y = Y1 := X, a = ε0, ε = ε1 and ∆ := ∆1. Let
Y2 ⊂ Y1 be the space W of this lemma, we note that Y2 ∩ BX 6= ∅ since
‖w0‖ < ε0 + 2ε1 < 1.

We continue with another application of the lemma, this time with
Y := Y2, a := ε0 + 2ε1 and ε := ε2. In this way we get a sequence
Y1 ⊃ Y2 ⊃ · · · of closed infinite dimensional affine subspaces of X with the
following properties:

• The sets Yn ∩BX are nonempty and decreasing.
• No y′ ∈ BX′ ∩

(⋃
x′∈∆n

B(x′, εn)
)

assumes its norm on Yn ∩BX .

Now the reflexivity of X comes into play. Since the Yn ∩ BX are weakly
compact one finds a y in the intersection of these sets. Since no y′ in

BX′ ∩
(⋃

n

⋃
x′∈∆n

B(x′, εn)
)

assumes its norm at y, the set
⋃

n

⋃
x′∈∆n

B(x′, εn) cannot cover a boundary.
This completes the proof of proposition 2.5. �

Remark: With a similar proof as in in the discussion of the small ball
property in section 4 of [1] even more can be shown: boundaries B in infinite
dimensional biduals satisfy sbp(B) = 1. The main technical difficulty is to
guarantee that the space W of lemma 2.6 can be chosen to be weak*-closed
if X is a dual space. This enables one to use the Alaoglu-Bourbaki theorem
in order to show that the intersection of the Yn ∩BX is nonempty.

3 The sets SM(A) and the Borel property

General properties
To illustrate the definition we start with two simple examples.
1) First we consider A = [ 0, 1 ] as a subset of the metric space M = R. Let
(rn) be in SM (A), i.e. [ 0, 1 ] ⊂

⋃
n [xn − rn, xn + rn ] for suitable x1, x2, . . .

in R. It follows that

1 = λ(A) ≤
∑

n

λ
(
[xn − rn, xn + rn ]

)
= 2

∑
n

rn.

On the other hand, if positive rn satisfy 1 = 2
∑

n rn, we may put

x1 := 1− r1, xk := r2 + · · ·+ rk for k ≥ 2 ;
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then [ 0, 1 ] =
⋃

n [xn − rn, xn + rn ], and it follows that

SM (A) = {(rn) | (rn) is decreasing, and
∑

rn ≥ 1/2}.

2) Let C := {0, 1}N be the Cantor set . As usual C is provided with the
following product metric: d

(
(xn), (yn)

)
is zero if the sequences (xn) and

(yn) are identical and 21−k otherwise, where k is the first index n with
xn 6= yn.

On this metric space we consider the product measure µ associated with
the uniform distribution on {0, 1}. This µ is a probability measure on C
for which a ball B = B(x, 2−k) satisfies µ(B) = 2−k (k = 0, 1, . . .). More
generally µ

(
B(x, r)

)
≤ r is true, and this implies that

∑
n rn ≥ 1 whenever

C ⊂
⋃

B(xn, rn) for suitable x1, x2, . . ..
We denote, for r > 0, by α(r) the largest number 2−k with k ∈ N0 and

2−k ≤ r; this is a useful definition here since one has B(x, r) = B
(
x, α(r)

)
for all x and r > 0. With this notation we may rephrase the preceding
observation as

SC(C) ⊂ {(rn) |
∑

n

α(rn) ≥ 1}.

Suppose that
∑

α(rn) > 1. Then there exists an m such that
∑m

n=1 α(rn) ≥
1 and it is easy to find centers z1, . . . , zm such that

C ⊂
m⋃

n=1

B
(
zn, α(rn)

)
⊂

m⋃
n=1

B(zn, rn).

If, e.g., r1 = 1/2, r2 = r3 = 1/4 one could work with z1 = (0, 0, 0, . . .),
z2 = (1, 1, 1, . . .) and z3 = (1, 0, 0, . . .).

So far we have proved that SC(C) contains the positive decreasing (rn) with∑
α(rn) > 1 and is contained in the collection of the (rn) with

∑
α(rn) ≥ 1.

Even more can be said. If
∑m

n=1 α(rn) < 1 for every m and z1, z2, . . . are
abitrary, then

(⋃m
n=1 B(zn, α(rn))

)
m=1,2,...

is an increasing sequence of open
proper subsets of C so that – by compactness –

⋃
n B(zn, α(rn)) cannot

be all of C. In this way we arrive at a characterization of SC(C): A
decreasing sequence (rn) of strictly positive numbers belongs to this set iff∑

α(rn) > 1.

In the definition of SM (A) we have restricted our attention to decreasing
strictly positive sequences. This is a reasonable restriction since positive
sequences tending to zero have a decreasing rearrangemant. The following
statements are obviously true:
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Lemma 3.1 Let (M,d) be a metric space and A,B bounded subsets of M
such that A ⊂ B .

(i) SM (B) ⊂ SM (A).
(ii) The collection SM (A) has, as a subset of the space s of all se-

quences, the following properties:
• Let (xn) ∈ s be strictly positive and decreasing. If (xn) con-

tains a subsequence which is in SM (A), then (xn) ∈ SM (A)
also holds.

• (xn) ∈ SM (A) and yn ≥ xn (all n) imply that (yn) ∈ SM (A).

Remark: It would be interesting to know which properties characterize
the sets SM (A). More precisely: Suppose ∆ ⊂ s is a collection of positive
decreasing sequences with the properties described in (ii). Is it true – and
if not, which additional properties are necessary – that there exist (M,d)
and A ⊂ M such that SM (A) = ∆?

The Borel property
In order to study the “size” of a set A by means of the collection SM (A)

it is necessary to know that it contains some nontrivial information. Clearly
one can decide whether A has the small ball property and one can also
calculate sbpM (A) if SM (A) is known. In this subsection we deal with
a very modest question: Does SM (A) recognize whether A is countable?
This is the Borel conjecture, the answer is rather complicated. Note that
SM (A) is the collection S of all decreasing strictly positive sequences if A is
countable so that the problem can be rephrased by asking whether SM (A)
is a proper subset of S for uncountable A.

A canonical generalization of the ideas which have been used in the
discussion of [ 0, 1 ] and the Cantor set {0, 1}N immediately leads to the
following

Lemma 3.2 Suppose that there exists a probability measure µ on M with
the following properties:

(i) µ(A) > 0.
(ii) There is a function K : ] 0,+∞ [ → ] 0,+∞ [ with limr→0 K(r) = 0

such that µ
(
B(x, r)

)
≤ K(r) for arbitrary x and r.

Then SM (A) is a proper subset of S.

Proof: This is easy: A ⊂
⋃

B(xn, rn) implies 0 < µ(A) ≤
∑

n K(rn), and
since lim K(r)=0 this cannot be true for all positive sequences (rn). �

There remain many cases where this idea cannot be applied directly.
For example, what about the Cantor set when considered as a subset of
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[ 0, 1 ] with the usual metric? Since the Lebesgue measure is zero one has
to argue differently. In fact, the preceding idea can be used to treat the
case of arbitrary uncountable compact sets:

Proposition 3.3 Let K be an uncountable compact metric space. Then
SM (K) cannot be all of S.

Proof: First we will prove the following

Claim: If L is an uncountable compact metric space then there exist an
ε > 0 and subsets L1, L2 of L with the following properties:

• Both L1 and L2 are uncountable and compact and the diameter is
bounded by ε.

• d(x, y) ≥ ε for x ∈ L1 and y ∈ L2.

Proof of the claim: Suppose that the assertion is false. We will prove that
L is countable.

Given ε > 0 we may cover L with compact subsets L1, . . . , Lk of diame-
ter at most ε. Suppose the first l of these sets are uncountable. Then they
must lie in some ball with center in L1 and radius 3ε since otherwise the
claim were true. This shows that for every ε our space is countable up to a
possible subset of diameter 3ε. Iterating this this procedure we know that
L is a countable union of countable sets plus the intersection of possibly
uncountable subsets the diameters of which tend to zero. Then L must be
countable.

We now are ready for the proof of the proposition. By the claim one
finds positive ε1 > ε2 > · · · and uncountable compact subsets Li1i2...ik of
K for k = 1, 2, . . . and iκ ∈ {0, 1} with the following properties:

• The mutual distance of L0 and L1 is at least ε1, and the mutual
distance of Li1i2...ik−10 and Li1i2...ik−11 is at least εk for arbitrary k ≥ 2
and i1, . . . , ik−1.

• The diameter of Li1i2...ik is at most εk (all k and iκ).

• lim εn = 0.

The proof can now be completed easily. We note that for any (in) ∈ C
the intersection of the decreasing family (Li1i2...ik)k=1,2,... contains precisely
one point which we will call xi1i2...; here it is again essential that K is
compact.

Define φ : C → K by (in) 7→ xi1i2.... It is then routine to show that φ is
one-to-one and continuous. Denote by ν the image measure of the measure
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µ on C which we have defined above. By construction, a ball of radius εn

has measure 2−n. Therefore the assertion follows from lemma 3.2. �

The Borel property obviously passes to subsets. Thus it follows from
the preceding proposition that SM (A) will be different from S whenever
A contains an uncountable compact subset. This happens for “nearly all”
uncountable sets. To make this precise it is necessary to repeat some notions
from set theory.

Denote by N the space of sequences in N, i.e. N := NN; we provide
N with the product topology. Call a subset A of a Polish space analytic
if it is the continuous image of N . This is a very general class of sets, it
contains not only all Borel sets in arbitrary Polish spaces but even contin-
uous images of such sets (Lemma 39.2 in [5]). It can be shown that every
uncountable analytic set contains a homeomorphic image of the Cantor set
C: cf. theorem 94 and lemma 4.2 in [5]. Therefore, by proposition 3.3,
there are only countable sets which have the Borel property and are at the
same time analytic.

To phrase it differently: For all analytic sets A one may hope to find
essential properties of A encoded in SM (A). Recall, however, that we have
already noted that for sets which are not necessarily analytic this can not
be guaranteed since the assertion

“Every set with the Borel property is countable” might be true or false
depending on the model of set theory under consideration (see [6]).
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1 Introduction

Throughout the paper T denotes a locally compact Hausdorff space, C0(T )
the space of real continuous functions on T which vanish at infinity, G
a finite dimensional subspace of C0(T ) and PG : C0(T ) → P(G) the set
valued metric projection of C0(T ) onto G, that is PG(f) denotes the set of
best uniform approximations from G to f ∈ C0(T ).

The purpose of the paper is to tell a story, to add something to it and
to demonstrate that it is unfinished. It begins with P. L. Chebyshev, from
whose work the concept of a Chebyshev subspace G of C0(T ) is derived, A.
Haar, who characterised those G which are Chebyshev, and J. C. Mairhuber
who determined for which spaces T there do exist non-trivial Chebyshev
subspaces G of C0(T ). Precise statements are given in Section 4.

The first of the five properties of the title is Chebyshevity, the others
are the property of being almost Chebyshev, and the properties of having
a metric projection which is lower semi-continuous, which has a unique
continuous selection and which does have a continuous selection. Of each
of these properties the Haar and Mairhuber questions can be asked: which
G have the property ? and for which T do there exist non-trivial subspaces
G of C0(T ) with the property ? The five properties are introduced in
Section 3. Section 4 presents most of what is in print concerning these
properties and the two questions.

In 1987 Thomas Fischer, working in a more general optimisation con-
text, defined a submapping of PG which here is denoted PF

G and is called
the Fischer submapping. He established remarkable properties of PF

G and
related them to the existence of a continuous selection for PG. In Section 5
a summary account of Fischer’s work (retricted to the approximation the-
oretic context) is given and it is shown that it provides a new approach to
the last three of the five properties. For the existence of a unique continu-
ous selection for the metric projection and for the existence of a continuous
selection the results will be described (the latter will appear elsewhere).
Section 6 presents a new characterisation of those G for which the metric
projection is lower semi-continuous and obtains from it a structure the-
orem for T and G which provides an answer to the Mairhuber question;
the theorem is surprisingly and satisfyingly expressed in terms of the Haar
condition.
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2 Preliminaries

First we must establish our context and notation. Consider a real normed
linear space (X, ‖ · ‖) and a non-empty subset G of X. If f ∈ X then

d(f,G) = inf{‖f − g‖ : g ∈ G}

is the distance of f from G and the set of best approximations to f from
G is

PG(f) = {g ∈ G : ‖f − g‖ = d(f,G)}
= B′(f, d(f,G)) ∩G
⊆ S(f, d(f,G))

(where B′(f, d) and S(f, d) denote the closed ball and the sphere in X of
centre f and radius d). The set-valued mapping

PG : X → P(G),

which in general may have empty values, is the metric projection of X onto
G.

Our concern is with G which are finite dimensional linear subspaces of
X. In this case for each f ∈ X the set PG(f)is a non-empty closed convex
subset of G and the metric projection is upper semicontinuous.

Let T be a locally compact Hausdorff space and let X = C0(T ), the
space of those continuous real functions on T which vanish at infinity; let
C0(T ) be equipped with the uniform norm, that is ‖f‖ = maxt∈T |f(t)|.
Throughout the paper G will denote a finite dimensional subspace of a
space C0(T ) and we are concerned with properties of the metric projection
PG and their relations with properties of G and properties of T .

Later there will be a need for a natural mapping

e : T → G∗

which will now be defined.
If X is a normed linear space let X∗ denote its normed adjoint space

and let J : X → X∗∗ be the canonical embedding. If dimX <∞ then J is
an isomorphism.

For any finite dimensional space G of real continuous functions on T ,
equipped with a norm topology, we introduce the mapping

e = eG : T → G∗
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defined by e(t)(g) = g(t) for each g ∈ G and each t ∈ T ; that is, e(t) is
the restriction to G of evaluation at t. The mapping is continuous and
sp e(T ) = G∗, where spS denotes the linear span of S. The space G can
be recaptured from the mapping:

G = {φ ◦ e : φ ∈ G∗∗}.

The space G is a subspace of C0(T ) if and only if e(t) → 0 as t→∞.
More generally if F is a finite dimensional real linear space, equipped

with a norm topology, and e : T → F is a continuous mapping such that
sp e(T ) = F , then G defined by

G = {φ ◦ e : φ ∈ F ∗}

and eG : T → G∗ are such that e : T → F is a copy of eG : T → G∗; if
J : F → F ∗∗ is the canonical isomorphism and ψ : G∗ → F ∗∗ is the adjoint
of the isomorphism F ∗ φ→φ◦e−→ G then J ◦ e = ψ ◦ eG.

Thus there is a correspondence between spaces G and mappings e : T →
F , and a property of G can be regarded as, or is equivalent to, a property
of e : T → G∗. In Section 6 the development will be largely in terms of
e : T → G∗.

Given a mapping e : T → F and A ⊆ T we will write

E(A) = Ee(A) = sp e(A),

and
Eu(A) = Eu

e (A) = ∩{Ee(U) : A ⊆ intU,U ⊆ T}.

By the finite dimensionality of F , if dimE(U) is minimal subject to the
condition A ⊆ intU then E(U) = Eu(A).

3 Five possible properties of a metric projection

P. L. Chebyshev in the 1850s discovered the phenomenon of uniqueness
of best uniform approximation from the space of polynomial functions of
degree ≤ n to continuous funtions on an interval [a, b]. This was the origin
of the first and strongest of the five properties with which we are concerned:

(P1) cardPG(f) = 1 for all f ∈ X.

It is a classical result that for each non-negative integer n and each interval
[a, b], with a < b, the space of real polynomial functions of degree ≤ n has
the property (P1) - it is now said to be a Chebyshev subspace of C([a, b]).
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The set PG(f) is a convex set and so is a single point if and only if
its dimension is zero. G. Sh. Rubinshtein ([27], see also [29]) generalised
property (P1):

(P1k) dimPG(f) ≤ k for all f ∈ X.

The next property was introduced and studied by A. L. Garkavi [16,
17, 15].

(P2) X \ {f : cardPG(f) = 1} is a meagre subset of X.

If G has the property (P2) it is said to be almost Chebyshev. If X is a
Banach space, G is proximinal and PG is upper semi-continuous then (P2)
is equivalent to the formally weaker property:

(P2’) {f : cardPG(f) = 1} is a dense subset of X.

A mapping s : X → G is a selection for PG if s(f) ∈ PG(F ) for each
f ∈ X. The questions whether, and when, there exists a continuous selec-
tion for a metric projection arose naturally c. 1960 (v. [7, 8]). Sufficient
conditions for the existence of a continuous selection for a set-valued map-
ping are provided by a celebrated theorem of Michael, of which one principal
hypothesis is the lower semi-continuity of the set-valued mapping. Let X
and Y be topological spaces and P : X → P(Y ) a set-valued mapping of
X into Y .

Definition P : X → P(Y ) is lower semi-continuous (lsc) if P (f) 6= ∅ for
all f ∈ X and {f ∈ X : P (f) ∩ V 6= ∅} is an open subset of X for each
open subset V of Y .

In our considerations Y is a metric (in fact Banach) space and in this
case lower semi-continuity can be visualised as meaning that, for each x ∈
X,

d(y, P (x′)) → 0 as x′ → x for each y ∈ P (x).

Michael’s Selection Theorem If X is a paracompact Hausdorff (e.g.
metric) space, Y is a Banach space and P : X → P(Y ) is a lower semi-
continuous set-valued mapping such that P (f) is a closed convex set for
each f ∈ X then there exists a continuous selection for P .

There is a simple corollary to the theorem from which it follows that,
under the hypotheses of the theorem, there is a unique continuous selection
for P if and only if P is single point valued.
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Corollary 3.1 If the hypotheses of the theorem are satisfied, f ∈ X and
g ∈ P (f) then there exists a continuous selection s for P such that g = s(f).

In the case of G ⊆ C0(T ) all but one of the hypotheses of Michael’s
theorem are automatically satisfied by X = C0(T ), Y = G and P = PG

and the existence of a continuous selection for PG is implied by the third
of the properties we consider:

(P3) PG is lower semi-continuous.

Relatively recently J. Blatter [3, 5, 4] investigated in detail a fourth
property:

(P4) There exists a unique continuous selection for PG.

Blatter, partly in colloboration with Fischer, has extended the classical
theory of finite dimensional Chebyshev subspaces G of C(T ), where T is a
compact space, to subspaces G of C(T ) which have property (P4). Bian-
chini [1] has further extended much of the theory to the case of locally
compact T .

The last of the five properties to be formally listed is:

(P5) There exists a continuous selection for PG.

If G is Chebyshev then the single point valued metric projection PG is
continuous. So (P1) implies each of (P2), (P3), (P4) and P(5). It is easily
seen that P(2’) and (P5) imply (P4). It has been noted that (P3) implies
(P5).

4 The questions of Haar and Mairhuber

Haar’s theorem [18] answered, for a compact subset T of a Euclidean space,
the question ‘What subspaces G of C0(T ) have property (P1) ?’ The result
was extended to locally compact Hausdorff spaces by Phelps [26]. We state
the result as:

(P1H) A subspace G of C0(T ) is Chebyshev if and only if

card g−1(0) ≤ dimG− 1 for each g ∈ G \ {0}

or, equivalently,

card e−1(M) ≤ dimG− 1 for each hyperplane M of G∗.
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Either of these two conditions can be referred to as the ‘Haar condition’.
The trivial cases of the theorem will be significant for us in Section 6.

If dimG = 0 then G = {0} and G is by definition Chebyshev. If dimG = 1
and G = sp{g0} then G is Chebyshev if and only if g−1

0 (0) = ∅. Note that
there exists such a G ∈ C0(T ) if and only if T is σ-compact.

If, for example, T = [0, 1]2 and dimG ≥ 2 then there exists a g ∈ G
which changes sign and then g has a continuum of zeros, so that, by Haar’s
theorem, G cannot be Chebyshev. Mairhuber [25] answered, for compact
T , the question ‘For which spaces T does there exist a subspace G of C0(T ),
of finite dimension ≥ 2, with the property (P1) ?’ His result was extended
to locally compact T by Lutts [24]. We state the result as:

(P1M) There exists a Chebyshev subspace G of C0(T ) of finite
dimension ≥ 2 if and only if T is homeomorphic to a subspace
of the circle S1.

One can in these two questions, originating with Haar and Mairhuber,
substitute for (P1) any possible property of a metric projection PG of C0(T )
onto a subspace G. The rest of this section summarises most of what is
known and in print about these two questions applied to (P1k), for k ≥ 0,
(P2), (P3), (P4) and (P5).

For T compact and for (P1k) the Haar question is answered [27, 29].

(P1kH) If T is compact a subspace G has the property (P1k) if
and only if

dimG|{t1,...,tn−k} = n−kwhenever t1, . . . , tn−kare distinct points of T,

or, equivalently,

dimE(A) = cardA whenever cardA ≤ n− k.

The Mairhuber question for (P1k) has been considered by Shashkin et al
[6, 28]. The results are elegant but partial and the question might perhaps
be reconsidered.

Garkavi obtained the following characterisation, in the case of compact
metric T , of almost Chebyshev subspaces.

(P2H) If T is compact a subspace G of C0(T ) is almost Cheby-
shev if and only if, for each open subset U of T

dim{g ∈ G : g|U = 0} ≤ max{n− cardU, 0}, (4.1)
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or, equivalently, if, for each hyperplane M of G∗,

card int e−1(M) = dimE(int e−1(M)).

A proof of the characterisation for compact T , and further equivalent
conditions, are given by Blatter in [4]. The author does not know whether
the characterisation remains valid for locally compact T .

It is convenient to recall here the definition of a Z-space: G is a Z-space
if for each g ∈ G \ {0}, int g−1(0) = ∅. A Z-space G satisfies Garkavi’s
condition.

The Haar question for lower semi-continuity has been considered by
Wu Li [21] in greater generality than here. His results contain the following
characterisation.

(P3H) The metric projection PG is lower semi-continuous if and
only if, for every g ∈ G \ {0},

card bdy g−1(0) ≤ dim{p ∈ G : int g−1(0) ⊆ p−1(0)} − 1, (4.2)

or, equivalently, for each hyperplane M of G∗

card bdy e−1(M) + dimE(int e−1(M)) ≤ dimG− 1. (4.3)

This and a related condition are considered in detail in Section 6.

Li gives, as a corollary to the preceding result, the following partial
answer to the Mairhuber question.

(pP3M) If T is connected and PG is lower semi-continuous then
G satisfies the Haar condition. Consequently, if dimG ≥ 2, then
by Mairhuber’s theorem itself, T is either an interval or a circle.

In Section 6 a more comprehensive result is obtained.

The following result appears to have been obtained independently by
Li [22], for compact metric T , and Blatter [3], for compact T .

(P4H) If T is compact and G satisfies (P4) then it satisfies
(P2).

There follows immediately the following equivalence.

If T is compact then a subspace G satisfies (P4) if and only if it
satisfies both (P2) and (P5).
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The Mairhuber question applied to (P4) is answered by a theorem of
Blatter [3, p. 205]. We state here an abbreviation of Blatter’s theorem;
his theorem contains more detail - for example in the case that T is non-
metrisable necessarily dimG = 2.

(P4M) If T is compact and there exists a subspace G of C0(T ),
of dimension at least two, with property (P4) then either T is
homeomorphic to a subspace of a circle or T is non-metrisable
and is homeomorphic to a subspace of an ‘interval with split
points’. (If A ⊆ [0, 1] then [0, 1]× {0} ∪ A× {1}, equipped with
the lexicographic order toplogy, is said to be an interval with split
points).

The conclusion of the theorem, as stated here, was obtained in [10]
under the stronger assumptions that G is a Z-space with property (P5).
Bianchini [2] has considered the extension of this result to locally compact
T but his results are not complete.

Finally in this section the situation concerning property (P5) - there
exists a continuous selection for PG - will be described.

In 1971 an example was given in [9] of a subspace G of C([−1, 1]), of
dimension 5, which is not Chebyshev but has a metric projection for which
there exists a unique continuous selection. The example was considered by
G. Nürnberger and M. Sommer who, in the nineteen seventies, together
and separately, investigated subspaces G of C([a, b]) with property (P5);
they paid particular attention to spline spaces. Their work culminated
in a paper by Sommer [30] which completed a characterisation of such
subspaces. The result is complicated and the full account extends over
several papers. For some, the work cried out for extension to spaces of
functions on more general topolgical spaces. Wu Li, starting in part from
the work and ideas of Nürnberger and Sommer, identified a condition on
G which is necessary and sufficient for the metric projection to have a
continuous selection.

(P5H) There exists a contiuous selection for PG if and only if
G is a regularly weakly interpolating (RWI) space.

Li’s account in his monograph [23] is long, complicated and fascinating,
but difficult to read. It is also rather technical and not amenable to brief
summary. A condition equivalent to ‘not regularly weakly interpolating’,
equivalent to Li’s definition and derivable in a straightforward way from it,
though somewhat different in spirit, is stated in the next section.
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The preceding results yield the following characterisation of those G
with property (P4).

(P4H) A subspace G has property (P4) if and only if it satisfies
Garkavi’s condition (4.1) and is regularly weakly interpolating.

Blatter [3, 4] gives an alternative, equivalent, set of conditions char-
acterising those G with (P5) which he names the weak Haar conditions.
The conditions, obtained by Nürnberger and Sommer, which characterise
those G ⊆ C([a, b]) with the property (P5) are not visible in the (RWI)
condition. Li [23] discusses the relation between his (RWI) condition and
those of Nürberger and Sommer for C([a, b]). Li proves, in particular, the
following theorem which has an important position in his work.

If G is regularly weakly interpolating then for each g ∈ G \ {0},

card bdy g−1(0) ≤ dim{p ∈ G : int g−1(0) ⊆ p−1(0)} (4.4)

or, equivalently, for each hyperplane M of G∗,

card bdy e−1(M) + dimE(int e−1(M)) ≤ dimG. (4.5)

The latter inequality should be compared with (4.3).

Li says that G is a Quasi-Haar space if it satisfies two conditions, both
consequences of (RWI), of which (4.4) is the first. He gives an example
which shows that in general a Quasi-Haar space need not be (RWI). How-
ever the second of Li’s conditions is the first of a sequence of conditions,
dimG in number, and all can be shown to be consequences of the (RWI)
condition.

The theory so far has generated a small forest of conditions: the Haar
condition, weak Chebyshevity (see, for example [30, 23], Blatter’s weak
Haar conditions, Li’s Quasi-Haar conditions and their extension, the weakly
interpolating condition [13] the disjoint leaves condition of Section 6 below
(v. [12]) and others. It does not yet appear possible to give an efficient
tour of all these conditions and the relations between them.

5 The Fischer submapping of PG

Definition If f ∈ C0(T ) and g ∈ PG(f) then, for η = 1 and η = −1,

critη(f, {g}) = {t ∈ T : f(t)− g(t) = η‖f − g‖}.
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If f ∈ C0(T ) and ∅ 6= H ⊆ PG(f) then, for η = 1 and η = −1,

critη(f,H) = ∩g∈H critη(f, {g}).

If f 6∈ G then critη(f,H) is compact, for η = 1 and η = −1. Write

crit(f,H) = crit1(f,H) ∪ crit−1(f,H).

If g ∈ PG(f) then crit(f, {g}) is non-empty for each f ∈ C0(T ).
If H is convex and g ∈ relintH then, for η = 1 and η = −1,

critη(f, {g}) = critη(f,H)

so that crit(f,H) 6= ∅. It is easily shown that the restriction of H to
crit(f,H) is a single function.

It is convenient to add here a new definition which is used in Section 6.

Definition If (C1, C−1) is a pair of compact subsets of T it will be said to
be a critical pair if there exists f ∈ C0(T ) such that Cη = critη(f, PG(f))
for η = 1 and − 1.

The critical sets crit(f,H) play a fundamental role in the development
which follows.

The rest of this section is a summary account of work of Thomas Fischer
[14]. It differs from that in [14] in that Fischer’s notation and terminology
has been modified, it is restricted to the approximation problem whereas
Fischer considers a more general optimisation problem, and it considers
locally compact spaces T whereas Fischer’s development is, formally, re-
stricted to compact T . In the context of the approximation problem Fis-
cher’s development and the results of his which are quoted extend straight-
forwardly to the case of locally compact T . A self-contained exposition of
all but Thm 5.6 below is given in [12].

Fischer’s results, some results of Li [20] and the relations between them
were considered in [11].

The foundation of Fischer’s work is the sequence of definitions which
now follows.

Let f ∈ C0(T ) and let H be either PG(f) or a non-empty face, that is
an extremal convex subset, necessarily closed, of PG(f). Then R(H −H)
is a linear subspace of G. Define

FH : T → R(H −H)∗
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by
FH(t)(h) = h(t), for t ∈ T and h ∈ R(H −H).

If t ∈ crit(f,H) then FH(t) = 0.
For η = 1 and η = −1 let Aη(f,H) be the set of ξ ∈ R(H −H)∗ \ {0}

such that there exist a net ((tα, θα) : α ∈ Λ) in (T \ critη(f,H))× R+ and
a point t ∈ critη(f,H) such that

ξ = lim
Λ
θαηFH(tα), t = lim

Λ
tα.

The set Aη(f,H) is a closed subset of R(H −H)∗ \ {0}. Let A(f,H) =
A1(f,H) ∪ A−1(f,H).

If A(f,H) 6= ∅ and ξ ∈ A(f,H) choose any h0 ∈ H and let

λf,ξ(H) = {h ∈ H : ξ(h− h0) = sup ξ(H − h0)}.

Then λf,ξ(H) is a non-empty proper face of H; it is independent of the
choice of h0.

If H ′ = λf,ξ(H) for some ξ ∈ A(f,H) we will say that H ′ is an immedi-
ate successor of H and will write H ′ ≺ H. Define H ′ to be a successor of H
if H ′ = Hk ≺ Hk−1 ≺ . . . ≺ H0 = H for some H1, . . . ,Hk−1. Let H∗(f,H)
be the set of sequences H = H0 � H1 � . . . � Hk. Then H∗(f,H) is a
directed tree with root H.

If (H0,H1, . . . ,Hk) ∈ H∗(f,H) then

dimH = dimH0 > dimH1 > . . . > dimHk ≥ 0

and so k ≤ dimH ≤ dimG. Therefore every sequence in H∗(f,H) can be
extended to a maximal sequence, a leaf of the tree H∗(f,H). Clearly, a
sequence (H0,H1, . . . ,Hk) ∈ H∗(f) is maximal if and only if A(f,Hk) = ∅.
In this case it will be said, abusing the language, that Hk is a leaf for
(f,H). Fischer defines, but in our notation,

PF (f,H) = ∩{H : H is a leaf for (f,H)};

that is, PF (f,H) is the intersection of all successors of H. Further, we
write

PF
G (f) = PF (f, PG(f)).

It is appropriate to refer to the set valued mapping PF
G : C0(T ) → P(G) as

the Fischer submapping of PG, and if PF
G (f) is non-empty to refer to it as

a Fischer face of PG(f).
The following lemma gives an important property of leaves.
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Lemma 5.1 If f ∈ C0(T ) and H is either PG(F ) or a face of PG(F ) then
the following statements are equivlent.

(1) PF (f,H) = H.

(2) A(f,H) = ∅.
(3) There exists a neighbourhood W of crit(f,H) such that H|W is a single

function.

A successor of H is a proper face of H and so the equivalence of (1)
and (2) is immediate. It follows from the definition of A(f,H) that (3)
implies (2). The proof that (2) implies (3) follows straightforwardly from
the definition of the sets A(f,H).

To (3) of Lemma 5.1 we add the following lemma and definition from
[12].

Lemma 5.2 Suppose that f ∈ C0(T ) and that H is a leaf for (f, PG(f)).
If g ∈ G and

critη(f,H) ⊆ int{t : ηg(t) ≥ 0} for η = 1 and η = −1 (5.1)

then crit(f,H) ⊆ int g−1(0).

Definition A pair (C1, C−1) of subsets of T will be said to satisfy the leaf
condition if C1, C−1 are disjoint compact subsets of T , not both empty,
such that if g ∈ G and

Cη ⊆ int{t : ηg(t) ≥ 0} for η = 1 and η = −1 (5.2)

then C1 ∪ C−1 ⊆ int g−1(0).

If one negates Li’s definition of regularly weakly interpolating then a
pair of finite sets satisfying the leaf condition appears. The following the-
orem is given by [12, Theorems 4.9 and 4.11].

Theorem 5.3 Let G be a finite dimensional subspace of C0(T ). The fol-
lowing three conditions are equivalent.

(1) G is not regularly weakly interplating.

(2) There exists a disjoint pair (A1, A−1) of finite subsets of T such that

(nRWI)(1) (A1, A−1) satisfies the leaf condition, and
(nRWI)(2) Eu(A1 ∪A−1) 6= E(A1 ∪A−1).
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(3) There exists a disjoint pair (A1, A−1) of compact subsets of T such that
the conditions (nRWI)(1) and (nRWI)(2) are satisfied.

Two of Fischer’s results, properties of the submapping PF
G , are now

stated.

Theorem 5.4 Either all faces of PG(f) which are leaves for (f, PG(f))
coincide and PF

G (f) 6= ∅ or there exist leaves H and H ′ for (f, PG(f))
which are disjoint.

Theorem 5.5 If PF
G (f) 6= ∅ for all f ∈ C0(T ) then the submapping

PF
G : C0(T ) → P(G) of PG is lower semi-continuous, and so, by Michael’s

Selection Theorem, there exists a continuous selection for PF
G .

Perturbation theorems and arguments have been a recurrent feature of
this theory. The following theorem was proved in [11] under the assumption
that T is compact. The proof extends to the case of locally compact T . The
development of the theorem can be traced through the papers [19, 9, 14, 20].

Theorem 5.6 If f ∈ C0(T ), H is a successor of PG(f) for (f, PG(f)) and
ε > 0 then there exists f ′ ∈ C0(T ) such that

(i) ‖f − f ′‖ ≤ ε,

(ii) PG(f ′) = H.

The following theorem is also due to Fischer [14].

Theorem 5.7 If there exists a continuous selection for PG then PF
G (f) 6= ∅

for every f ∈ C0(T ) and PF
G is the largest lower semi-continuous submap-

ping of PG.

Proof Suppose that s : C0(T ) → G is a continuous selection for PG, that
f ∈ C0(T ) and that H is any successor of PG(f) for (f, PG(f)). It fol-
lows from the perturbation theorem 5.6 that s(f) ∈ H. Consequently
s(f) ∈ PF

G (f). Thus s is a submapping of PF
G . It follows from the corol-

lary to Michael’s Selection Theorem that if P is a lower semi-continuous
submapping of PG then it is a submapping of PF

G .

It is now time to return to properties (P3), (P4) and (P5) and to con-
sider them in the light of the preceding Fischer theory.

Property (P3) The theorem which follows is an obvious consequence of
Michael’s Selection Theorem and Thm 5.7. The consequences of the theo-
rem are the subject of Section 6.
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Theorem 5.8 The following conditions are equivalent.

(1) The subspace G has property (P3).

(2) PF
G = PG.

(3) PG(f) is a leaf for (f, PG(f)) for each f ∈ C0(T ).

Property (P4) If G has property (P4) then PF
G (f) 6= ∅ for all f ∈

C0(T ) (Thm 5.7) and, by the corollary to Michael’s Selection Theorem,
cardPF

G (f) = 1 for all f ∈ C0(T ). Then by the perturbation theorem
it follows that G has property (P2’) and is almost Chebyshev, so that we
have a further proof, but for locally compact T , of the fact that (P4) implies
(P2).

Property (P5) The next theorem is contained in the results of Fischer
[14]. It follows immediately from Theorems 5.4, 5.5 and 5.6.

Theorem 5.9 There does not exist a continuous selection for PG if and
only if there exists f ∈ C0(T ) such that there are disjoint leaves H1 and H2

for (f, PG(f)).

The theorem provides an alternative approach to the problem of char-
acterising those subspaces G for which there is a continuous selection for
PG and an alternative solution which is more efficient than that of Li [23].
The first steps are straightforward.

Theorem 5.10 ([12]) Let G be a finite dimensional subspace of C0(T ).
Suppose that f ∈C0(T ) and that H1 and H2 are disjoint leaves for (f,PG(f)).
If gj ∈ relintHj, for j = 1 and 2, g = g1 − g2 and Cε,η = critη(f,Hε)
for ε = 1 and 2, and η = 1 and −1, then the pairs (C1,1, C1,−1) and
(C2,1, C2,−1), together with the function g, satisfy the following conditions.

(DLC)(1) The pairs (C1,1,C1,−1) and (C2,1,C2,−1) satisfy the leaf condi-
tion.

(DLC)(2) ∪η=1,−1C1,η ∩ C2,η 6⊆ int g−1(0).

(DLC)(3) (a) ∪η=1,−1C1,η ∩ C2,η ⊆ g−1(0),
(b) For η = 1 and η = −1,

ηg(t) < 0 for t ∈ C1,η \ C2,η,

ηg(t) > 0 for t ∈ C2,η \ C1,η,

(c) For η = 1 and η = −1, if t ∈ C1,−η ∩ C2,η then g(t) = η‖g‖.
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The proof of the theorem is straightforward. The condition (DLC)(1)
is a consequence of Lemma 5.2. Condition (DLC)(2) depends upon the
definition of leaves and expresses the fact that g2 ∈ H2 but that g2 + g 6∈
H2. Conditions (DLC)(3) are simple consequences of the definitions of the
critical sets critη(f,Hε) = critη(f, {gε}). The definitions which follow are
central to [12].

Definition If subsets Cε,η of T and function g ∈ G satisfy the three con-
ditions of the theorem it will be said that they satisfy the disjoint leaves
conditions (DLC)(1), (2) and (3). If such subsets and function exist then
G will be said to satisfy the disjoint leaves condition (DLC).

It follows from Thm 5.9 and Thm 5.10 that if PG has a continuous
selection then G does not satisfy the disjoint leaves condition. The converse
is true.

Theorem 5.11 (Alternative (P5H)) There exists a continuous selec-
tion for the metric projection PG if and only if the subspace G does not
satisfy the disjoint leaves condition.

The proof is completed by showing that if G satisfies the disjoint leaves
condition then there exists a function f ∈ C0(T ) such that no selection for
PG is continuous at f ; the proof in [12] is a refinement of Li’s proof in [23]
that if G is not RWI then there is such a function f .

There now remains the question how one reconciles the two character-
isations of (P5). It is easily shown that G is not RWI if and only if there
are pairs (Cε,1, Cε,−1), ε = 1, 2, and function g ∈ C0(T ) which satisfy the
disjoint leaves conditions together with the further conditions that the sets
are finite and C1,η = C2,η for η = 1,−1. Thus if G is not RWI then G
satisfies the disjoint leaves condition. A substantial part of [12] is devoted
to giving a direct proof of the converse and so of the following theorem,
which, together with Thm 5.10, provides an alternative and significantly
shorter proof of Li’s characterisation (P5H).

Theorem 5.12 A finite dimensional subspace G of C0(T ) is not regularly
weakly interpolating if and only if it satisfies the disjoint leaves condition.

6 The function s and property (P3)

The aim of this section is to use the characterisation of those G with prop-
erty (P3) obtained from Fischer’s theory (Thm 5.8) to obtain an alternative
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answer to Haar’s question applied to (P3) (Thm 6.3) and a structure the-
orem (Thm 6.6) for the mapping e : T → G∗ which provides an answer to
the Mairhuber question.

First, working in the context of the mapping e : T → G∗, the conditions
(4.3) and (4.4)) are investigated.

Let e : T → F , where F is a finite dimensional linear space, be a
continuous mapping such that E(T ) = F . We define a function s on the
family of linear subspaces of F .

Definition If N is a linear subspace of F let

s(N) = card bdy e−1(N) + dimE(int e−1(N))− dimN. (6.1)

Note that, by the condition E(T ) = F , s(F ) = 0.
If N is a subspace of F such that N = E(e−1(N)) then there is a natural

and useful interpretation of s(N). In this case

N = E(e−1(N)) = E(bdy e−1(N)) + E(int e−1(N))

and

s(N) ≥ dimE(bdy e−1(N)) + dimE(int e−1(N))− dimN ≥ 0. (6.2)

Consider a basis of N chosen in the following way. Choose t1, . . . , tr in
int e−1(N) so that e(t1), . . . , e(tr) is a basis of E(int e−1(N)). Then choose
tr+1, . . . tm so that e(t1), . . . , e(tr) is a basis of N . Then

N = E(int e−1(N))⊕ E({tr+1, . . . tm}) (6.3)

and
s(N) = card(bdy e−1(N) \ {tr+1, . . . tm}), (6.4)

(s is for surplus). If t∈bdy int e−1(N) ⊆ bdy e−1(N) then t ∈ (int e−1(N))−

so that e(t) ∈ E(int e−1(N))− = E(int e−1(N)). Thus bdy int e−1(N) con-
sists of surplus points and, if N = E(e−1(N)) then

s(N) ≥ card bdy int e−1(N). (6.5)

Here we digress to give a now simple proof of a beautiful theorem of Li
concerning the case T = S1: in this case (P5) implies (P4).

Theorem 6.1 (Wu Li [23]) If G is a finite dimensional subspace of C(S1)
and there exists a continuous selection for the metric projection PG then it
is unique.
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Proof First note that G is a Z-space if and only if int e−1(M) = ∅ for
each hyperplane M of G∗, and it is easily seen that this is so if and only if
int e−1(M) = ∅ for each hyperplane M of G∗ such that M = E(e−1(M)).

Suppose that PG has a continuous selection. Then Li’s Quasi-Haar
condition (4.5) is satisfied, that is s(M) ≤ 1 for every hyperplane M of G∗.
If M = E(e−1(M)) then, by (6.5),

card bdy int e−1(M) ≤ 1

while e−1(M) is a proper closed subset of S1. However the circle has
the property that if U is a non-empty, not dense open subset of S1 then
card bdyU ≥ 2. Therefore int e−1(M) is empty. It follows that G is a Z-
space, is almost Chebyshev and the continuous selection for PG is unique.

It will be shown (Thm 6.3) that, in the case F = G∗, the metric pro-
jection PG is lower semi-continuous if and only if e : T → F stisfies the
condition

(s0) s(N) = 0 whenever N ⊆ F and N = E(e−1(N)).

If N is a subspace of F and N ′ = E(e−1(N)) then e−1(N ′) = e−1(N) and

s(N) = s(N ′)− (dimN − dimN ′) ≤ s(N ′). (6.6)

It follows, appealing to (6.2), that (s0) is equivalent to

(s′0) s(N) ≤ 0 for each linear subspace N of F .

It will follow from Thm 6.3 and (P3H) that (s′0) and (4.3) are equivalent.
It is not obvious that they are so. It can be shown that if s(M) ≤ k ∈ N
for each hyperplane M of F then, for each proper linear subspace N of F
there exists a hyperplane M of F such that

s(N) ≤ s(M) + (dimM − dimN) (6.7)

If N ⊆ M ⊆ F and e−1(M) = e−1(N) then equality holds in (6.7). In
general one can do no better than (6.7).

The following simple lemma is important for the development.

Lemma 6.2 If N is a subspace of F and N = E(e−1(N)) then the condi-
tion

(1) s(N) = 0,

is equivalent to
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(2) (a) N = E(bdy e−1(N))⊕ E(int e−1(N)), and
(b) card bdy e−1(N) = dimE(bdy e−1(N)).

Furthermore, (1) implies

(3) int e−1(N) is an open and closed subset of T .

Proof If s(N) = 0 then for any choice of t1, . . . , tm, as above, bdy e−1(N)
has no surplus points so that {tr+1, . . . , tm} = bdy e−1(N). So (2)(a) fol-
lows by (6.3) and (2)(b) follows because e(tr+1), . . . , e(tm) are linearly in-
dependent.

Now suppose that (2) is satisfied and consider a choice of t1, . . . , tm. By
(2)(a), (6.3) and the inclusion {tr+1, . . . , tm} ⊆ bdy e−1(N) it follows that

E({tr+1, . . . , tm}) = E(bdy e−1(N))

and then by (2)(b) that {tr+1, . . . , tm} = bdy e−1(N) so that s(N) = 0.
(1) implies (3) by (6.5).
The equivalence of the lower semi-continuity of PG and the condition

(s0) is the target of the next theorem whose statement, as the equivalence
of six conditions, reflects the structure of the proof.

Theorem 6.3 The condition

(s0) s(N) = 0 for every subspace N of G∗ such that N = E(e−1(N)),

is equivalent to each of the five conditions:

(1) PG is lower semicontinuous;

(2) PF
G = PG;

(3) PG(f) is a leaf for (f, PG) for each f ∈ C0(T );

(4) If (C1, C−1) is a critical pair then Eu(C1 ∪ C−1) = E(C1 ∪ C−1);

(5) If (C1, C−1) is a critical pair then e−1(E(C1 ∪ C−1)) is an open and
closed subset of T .

Proof The theorem will follow from the implications

(1) ⇔ (2) ⇔ (3) ⇒ (4) ⇒ (s0) ⇒ (5) ⇒ (4) ⇒ (3).

The equivalence of (1), (2) and (3) is Thm 5.8.
(3) implies (4). Suppose that condition (3) is satisfied. Then by the

equivalence of (3) and (2), and Thm 5.5, there exists a continuous selection
for PG and, by Li’s characterisation (P3H), G is (RWI). If (C1, C−1) is a
critical pair then, by Lemma 5.2, (C1, C−1) satisfies the leaf condition. So
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by Thm 5.3 ((1)⇒(3)) (C1, C−1) does not satisfy the condition (nRWI)(2’)
of that theorem, which means that (4) is satisfied.

The proof that (4) implies (s0) requires a proposition.

Proposition 6.4 If (A1, A−1) is a disjoint pair of finite sets, not both
empty, and ∑

η=1,−1

∑
t∈Aη

α(t)ηe(t) = 0 (6.8)

for some coefficients α(t), positive for each t ∈ A1 ∪A−1, then there exists
a critical pair (C1, C−1) such that Aη ⊆ Cη ⊆ e−1(E(A1 ∪A−1)) for η = 1
and −1.

Proof The set K = {g ∈ G : g(A1∪A−1) = {0} and ‖g‖ ≤ 1} is a compact
subset ofG. (The setK contains the zero function 0 and possiblyK = {0}.)
Let g∗(t) = sup{g(t) : g ∈ K}. Then g∗ ∈ C0(T ) and 0 ≤ g ≤ 1. If t ∈ T
then g∗(t) = 0 if and only if g(t) = 0 for all g ∈ K, from which it follows
that (g∗)−1(0) = e−1(E(A1 ∪A−1)).

Let V1 and V−1 be disjoint compact neighbourhoods of A1 and A−1

respectively, such that g∗(t) ≤ 1/2 for all t ∈ V1∪V−1. By Tietze’s extension
theorem there exists φ ∈ C0(T ) such that ‖φ‖ = 1 and φ(t) = 1 for t ∈
V1 ∪ V−1, and there exists a continuous θ : T → [0, 1] such that, for η = 1
and −1, θ(t) = (1 + η)/2 for t ∈ Vη. Let

f = φ(θ(1− g∗) + (1− θ)(−1 + g∗)) = −(1− 2θ)φ(1− g∗).

Then f ∈ C0(T ), ‖f‖ ≤ 1 and ηf(t) = 1 for t ∈ Aη and η = 1 and −1.
Suppose that g ∈ G and ‖f − g‖ ≤ 1. Then

f(t)− 1 ≤ g(t) ≤ 1 + f(t)

for all t ∈ T and, for η = 1 and −1,

ηg(t) ≥ 0 for t ∈ Aη.

Then, by (6.8), ∑
η=1,−1

∑
t∈Aη

α(t)ηg(t) = 0.

All the summands are non-negative so that all are zero and g(t) = 0 for
all t ∈ A1 ∪ A−1. It follows that ‖f − g‖ = 1. However ‖f − 0‖ = 1 so
d(f,G) = 1 and 0 ∈ PG(f).
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Now, if g ∈ PG(f) then ‖f − g‖ = 1 and, for t ∈ Aη, where η = 1 or
−1, (f − g)(t) = f(t) = η. Thus Aη ⊆ critη(f, PG(f)) ⊆ critη(f, {0}) = {t :
f(t) = η} ⊆ (g∗)−1(0) = e−1(E(A1 ∪ A−1)). The proof of the proposition
is complete.

Now suppose that (4) is satisfied.
If (C1, C−1) is a critical pair then, by (4), there is a neighbourhood

V of C1 ∪ C−1 such that E(V ) = E(C1 ∪ C−1) and so C1 ∪ C−1 ⊆ V ⊆
e−1(E(A1 ∪A−1)) and C1 ∪ C−1 ⊆ int e−1(E(A1 ∪A−1)).

Now suppose that N is a subspace of G∗ such that N = E(e−1(N)). It
will be shown that conditions (2)(a) and (2)(b) of Lemma 6.2 are satisfied.
If either of them are not satisfied then there exist points τ1, . . . , τr of e−1(N)
and a relation

r∑
i=1

αie(τi) = 0

in which the coefficients αi are non-zero and {τ1, . . . , τr}∩bdy e−1(N) 6= ∅.
This relation can be rewritten in the form (6.8) with positive coefficients
and

A1 ∪A−1 = {τ1, . . . , τr} 6⊆ int e−1(N).

By the proposition there exists a critical pair (C1, C−1) where Aη ⊆ Cη for
η = 1 and −1, and

C1 ∪ C−1 ⊆ e−1(E(A1 ∪A−1)) ⊆ e−1(N)

and so, by the first paragraph of this proof,

A1 ∪A−1 ⊆ C1 ∪ C−1 ⊆ int e−1(E(A1 ∪A−1)) ⊆ int e−1(N)

which is a contradiction. This proves that (s0) is satisfied.
(s0) implies (5). Suppose that (s0) is satisfied and that (C1, C−1) is a

critical pair for f ∈ C0(T ) \ G. It may be supposed that 0 ∈ relintPG(f)
so that critη(f, PG(f)) = critη(f, {0}), for η = 1 and −1. Let N = E(C1 ∪
C−1), so C1 ∪ C−1 ⊆ e−1(N) and N = E(e−1(N)). Then, by (s0) and
Lemma 6.2 conditions (2)(a) and (b) of the lemma are satisfied. It will
be shown that N = E(e−1(N)) from which it will follow that all points of
bdy e−1(N) are surplus, so that, by (s0), bdy e−1(N) = ∅ and (5) will be
proved.

Suppose not, that

N = E(bdy e−1(N))⊕ E(int e−1(N))
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and that E(bdy e−1(N)) 6= {0}. The latter condition implies that

(C1 ∪ C−1) ∩ bdy e−1(N) 6= ∅

for, if not then C1∪C−1 ⊆ int e−1(N) andN = E(C1∪C−1) = E(int e−1(N)).
Then

N∗ = E(bdy e−1(N))∗ ⊕ E(int e−1(N))∗)

and there is a surjection

G→ Ĝ = G∗∗ → N∗.

It follows that there exists a g ∈ G such that

g(t) = 0 for all t ∈ int e−1(N))
g(t) = f(t) for all t ∈ bdy e−1(N))

(by (2)(b) the images of the points of bdy e−1(N) form a basis of E(bdy
e−1(N))). Now int e−1(N)) is an open and closed subset of T and T =
(int e−1(N))∪ (T \ int e−1(N)). It will be shown that if θ ≥ 0 is small then
θg ∈ PG(f). But, if t ∈ (C1 ∪ C−1) ∩ bdy e−1(N) 6= ∅ then |(f − θg)(t)| <
|f(t)| = ‖f‖ which is a contradiction.

If t ∈ int e−1(N) then |(f − θg)(t)| = |f(t)| = ‖f‖ = d(f,G). If t 6∈
int e−1(N) then either t ∈ (C1 ∪ C−1) ∩ bdy e−1(N) and |f(t)| = ‖f‖ 6= 0,
or |f(t)| ≤ ‖f‖. Now g(t) = f(t) for all t ∈ bdy e−1(N) and so g(t)f(t) > 0
for all t in some neighbourhood W of (C1 ∪ C−1) ∩ bdy e−1(N). Now
sup{|f(t)| : t ∈ (T \ int e−1(N)) \W} < ‖f‖. It follows that if θ > 0 is
small then |(f − θg)(t)| < ‖f‖ for all t ∈ T \ int e−1(N). This proves that
‖f−θg‖ ≤ ‖f‖ and θg ∈ PG(f). This completes the proof that (s0) implies
(5).

(5) ⇒ (4) ⇒ (3). Suppose that (5) is satisfied and consider f ∈ C0(T ).
Let Cη = critη(f, PG(f)) for η = 1 and −1. Let W be the open and closed
set e−1(E(C1 ∪ C−1)). However C1 ∪ C−1 ⊆ W and so Eu(C1 ∪ C−1) ⊆
E(W ) ⊆ E(C1 ∪C−1) and the inclusions are equalities. This proves (4). If
(4) is satisfied then

E(W ) = Eu(C1 ∪ C−1) = E(C1 ∪ C−1)

for some open neighbourhood W of C1 ∪ C−1. If g ∈ PG(f) − PG(f) then
g|C1∪C−1 = 0 and it follows that g|W = 0. Then A(f, PG(f)) = ∅ and
PG(f) is a leaf for (f, PG(f)) by Lemma 5.1. This proves (3) and the proof
of the theorem is complete.
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The final result is a structure theorem for a mapping e : T → F (as be-
fore, continuous and such that E(T ) = F ) which satisfies condition (s0) and
so also for T and subspaces G of C0(T ) which have a lower semi-continuous
metric projection. The theorem is a straightforward consequence of the
following lemma. In the statement of the lemma e : T → F is replaced
by e(0) : T (0) → F0. A quotient mapping which arises will be denoted
π1 : F0 → F0/F1.

Lemma 6.5 Suppose that e(0) : T (0) → F0 satisfies the condition (s0) and
that E(W ) 6= F0 for some non-empty open subset W of T . Then there exists
a subspace F1 6= F0 of F0 such that T (1) = e−1(F1) and T1 = T (0) \T (1) are
open and closed subsets of T (0), E(T (1)) = F1 and the mappings

e1 = π1e|T1 : T1 → F0 → F0/F1 (6.9)

and
e(1) = e|T (1) : T (1) → F1 (6.10)

have the properties

(a) int e−1
1 (N) = ∅ whenever N is a proper subspace of F0/F1,

(b) e1 : T1 → F0/F1 satisfies the Haar condition, and

(c) e(1) : T (1) → F1 satisfies the condition (s0).

Comversely, if F1, T1, T (1), e1 and E(1) are related as in the preceding
statement, have the properties (b) and (c) and, further,

F0 = E(T1)⊕ E(T (1)), (6.11)

then e(0) : T (0) → F0 satisfies the condition (s0).

Proof For the duration of the proof the subscript and superscript in e(0) :
T (0) → F0 will be suppressed.

Suppose that e : T → F satisfies (s0) and that int e−1(N) 6= ∅ for
some N ⊆ F such that N = E(e−1(N)) 6= F , and so int e−1(N) 6= T
and E(int e−1(N) 6= F . Choose a non-empty open subset W of T such
that dimE(W ) is maximal subject to the condition E(W ) 6= F and let
F1 = E(W ).

Now W ⊆ int e−1(F1) and

F1 = E(W ) ⊆ E(int e−1(F1) ⊆ F1 6= F

so that F1 = E(int e−1(F1)) = E(e−1(F1)). Now, by (s0), s(F1) = 0 and so
card bdy e−1(F1) = 0 and the subset e−1(F1) of T is both closed and open.
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Next (a) will be established; it is a consequence of the maximality prop-
erty of dimF1. Suppose that N ⊆ F/F1 and N = Ee1(e

−1
1 (N)) 6= F/F1.

Let N ′ = π−1
1 (N) ⊇ F1. Then N ′ 6= F and

e−1(N ′) = e−1
1 (N) ∪ T (1). (6.12)

It follows that

E(e−1(N ′)) = E(e−1
1 (N)) + F1

= π−1
1 (π1E(e−1

1 (N)) = π−1
1 (Ee1(e

−1
1 (N))) = N ′. (6.13)

Now
int e−1(N ′) = T (1) ∪ int e−1

1 (N)

and
E(int e−1(N ′)) = F1 + E(int e−1

1 (N)). (6.14)

By the maximal property of dimF1 it follows that E(int e−1
1 (N)) ⊆ F1 and

int e−1
1 (N) ⊆ T (1), so that int e−1

1 (N) = ∅. This proves (a)
Now by (a), (6.12), condition (s0) for e : T → F applied to N ′, and

(6.14),

card e−1
1 (N) = card bdy e−1

1 (N) = card bdy e−1(N ′)

= dimN ′ − dimE(int e−1(N ′)) = dimN ′ − dimF1 = dimN.

This proves (b).
The condition (c), that is (s0) for e(1) : T (1) → F1, is inherited from the

condition (s0) for e : T → F .
Given (6.11), (b) and (c), the mappings e1;T1 → E(T1) ∼= F/F1 and

e(1) : T (1) → E(T (1)) = F1 both satisfy the condition (s0) and it follows
that e : T → F does so also.

The following structure theorem is now a straightforward consequence
of the lemma. In the statement πj denotes the quotient mapping Fj−1 →
Fj−1/Fj .

Theorem 6.6 If PG is lower semi-continuous then there exist r ≥ 1, dis-
joint non-empty open and closed subspaces T1, . . . , Tr of T and subspaces
F = F0 ⊇ F1 ⊇ . . . ⊇ Fr−1 ⊇ Fr = {0} of F = G∗ such that

(α) T = T1 ∪ . . . ∪ Tr,

(β) Fj = E(Tj+1 ∪ . . . ∪ Tr) 6= Fj−1 for j = 1, . . . r, and
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(γ) the mappings

ej = πje|Tj : Tj → Fj−1 → Fj−1/Fj , j = 1, . . . , r,

all satisfy the Haar condition and int e−1
j (N) = ∅ whenever N is a

proper subspace of Fj−1/Fj.

Conversely, if there exist such r ≥ 1, T1, . . . , Tr and F1, . . . , Fr−1 and,
further,

(δ) F = ⊕r
j=1E(Tj),

then PG is lower semi-continuous.

Proof By Theorem 6.3 the lower semi-continuity of PG means that e : T →
G∗ satisfies the condition (s0).

Note that if e : T → F satisfies (s0) and int e−1(N) = ∅ whenever
N = E(e−1(N)) 6= F then for each such N

card e−1(N) = card bdy e−1(N) = dimN,

so that the Haar condition is satisfied. Thus either there exists a non-empty
open subset W of T such that E(W ) 6= F or there does not and the Haar
condition is satisfied.

Now repeated application of the lemma to e(0) : T (0) → F0 = G∗, e(1) :
T (1) → F1, . . . , in turn, must terminate with an e(r−1) : T (r−1) → Fr−1

satisfying the condition (γ). Let Tr = T (r−1). This proves the existence
of elements satisfying (α), (β) and (γ). The final part of the theorem now
follows directly from the lemma.

The theorem has some obvious consequences. The condition s({0}) = 0
implies that e−1(0) is an open and closed subset of T . If e−1(0) 6= ∅
then necessarily Fr−1 = {0} and Tr = e−1(0). In this case Tr may be
any locally compact Hausdorff space. If 1 ≤ j ≤ r − 1 or j = r and
dimFr−1 ≥ 1 then Tj is a σ-compact locally compact Hausdorff space. If
1 ≤ j ≤ r and Tj contains an isolated point then, by (γ), dimFj−1/Fj ≤ 1.
If dimFj−1/Fj > 1 then, by Mairhuber’s theorem Tj is homeomorphic to a
subset of the circle S1. The theorem provides an answer to the Mairhuber
question applied to the property (P3). It falls short (perhaps by not much)
of being a characterisation of thoseG for which PG is lower semi-continuous.
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1 Introduction

By now it is a well-known fact that (nice) Feller semigroups on C∞(Rn) are
generated by pseudo-differential operators with negative definite symbols,
compare Ph. Courrège [3] to whom this result is due, see also [8] and the
references given therein. A natural question is of course the converse:
Given

−q(x,D)u(x) = −(2π)−
n
2

∫
Rn

eix·ξq(x, ξ)û(ξ) dξ, (1.1)

where q : Rn × Rn → C is a continuous function such that ξ 7→ q(x, ξ) is
negative definite, i.e. ξ 7→ e−tq(x,ξ) is for all t > 0 positive definite. When
does −q(x,D) extend to a generator of a Feller semigroup, hence a Feller
process?

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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In [8] several results in this direction have been surveyed, for details
we refer to [7], but not without mentioning the important contribution
of W. Hoh [4] and [5]. For diffusions J.P. Roth in [11] suggested a further
method to construct for a symbol with variable coefficients the semigroup by
carefully handling the family of semigroups (and their generators) obtained
when freezing the coefficients. This procedure we will call Roth’s method.
For pseudo-differential operators E. Popescu [10] has taken up this idea,
but in the end he failed to obtain the necessary uniform bounds to get the
limiting semigroup.

In this note we will use Roth’s method to construct for bounded sym-
bols, which are C2-functions with respect to the co-variable, the corre-
sponding Feller semigroups. Some of our work relies on ideas of E. Popescu
[10], especially the use of a theorem due to P.R. Chernoff [2], see Theorem
2.5.
A word is in order on the main result, Theorem 2.6 and its corollary. Under
our conditions it is possible to deduce the existence of the Feller semigroups
by simpler means: −q(x,D) is a bounded operator! Hence e−tq(x,D) is well
defined and from Courrège’s result it follows that

(
e−tq(x,D)

)
t≥0

must be a
Feller semigroup. Of course the Chernoff approximation is new and might
be of interest when studying path properties of the corresponding process by
using the symbol, compare for this the central contribution of R. Schilling
[12] and [13].
But our main purpose is to make Roth’s method work with the aim to get
insight how to extend or how to use the result for unbounded symbols. In
this respect it is noteworthy that the Yosida approximation of any symbol
is a bounded one.

2 Constructing the Feller semigroup

Let q : Rn×Rn → R be a bounded continuous function such that ξ 7→ q(x, ξ)
is negative definite for every x ∈ Rn. In addition we assume further that
ξ 7→ q(x, ξ) ∈ C2(Rn) and it holds

|∂α
ξ q(x, ξ)| ≤ Cα for α ∈ Nn

0 , |α| ≤ 2. (2.1)

Note that for a negative definite function ψ ∈ C2(Rn) we have always
|∂αψ(ξ)| ≤ Cα(1 + ψ

1
2 (ξ)) for |α| = 1, and |∂αψ(ξ)| ≤ Cα for |α| = 2.

Thus in (2.1) the main condition is that ξ 7→ q(x, ξ) is C2 and Cα is
independent of, hence uniformly in, x. From Chr. Berg and G. Forst [1],
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Proposition 7.13 we know that for x0 ∈ Rn there exists m(x0) > 0 such
that ξ 7→ m(x0)− q(x0, ξ) is positive definite. Hence by Bochner’s theorem
there exists a bounded measure νx0 ∈Mb

+(Rn) such that

ν̂x0(ξ) = m(x0)− q(x0, ξ). (2.2)

We assume that m(x0) and therefore also the total mass of νx0 is uniformly
bounded with respect to x0, i.e.

|m(x0)| ≤ K and ‖νx0‖ ≤ (2π)
n
2K. (2.3)

For x0 ∈ Rn fixed we may associate with ξ 7→ q(x0, ξ) a convolution semi-
group (µx0

t )t≥0 , µ̂
x0
t (ξ) = (2π)−

n
2 e−tq(x0,ξ), and hence a Feller semigroup

(V x0
t )t≥0, where

V x0
t u(x) =

∫
Rn

u(x− y)µx0
t (dy) , u ∈ C∞(Rn). (2.4)

On S(Rn) we find for the generator A of (V x0
t )t≥0, compare [6], Example

4.1.12,

Au(x) = −q(x0, D)u(x) = −(2π)−
n
2

∫
Rn

eix·ξq(x0, ξ)û(ξ) dξ. (2.5)

Using (2.2) we find further for u ∈ S(Rn) that

− q(x0, D)u(x) = −(2π)−
n
2

∫
Rn

eix·ξq(x0, ξ)û(ξ) dξ

= (2π)−
n
2

∫
Rn

eix·ξ
(
m(x0)− q(x0, ξ)

)
û(ξ)dξ − (2π)−

n
2

∫
Rn

eix·ξm(x0)û(ξ)dξ

= (2π)−
n
2

∫
Rn

u(x− y)νx0(dy)−m(x0)u(x).

Hence we have on C∞(Rn) the representation

−q(x0, D)u(x) = (2π)−
n
2

∫
Rn

u(x− y)νx0(dy)−m(x0)u(x), (2.6)

and A is a bounded operator (as expected). We will write in the following
−q(x0, D) for the righthand side in (2.6), but note that the representation
(2.5) holds only (in a classical sense) for functions u such that û ∈ L1(Rn),
for example we may take the Wiener algebra, compare [6], p.87. From (2.6)
we can easily derive a bound for q(x0, D):

|q(x0, D)u(x)| ≤ (2π)−
n
2 νx0(Rn)‖u‖∞ +m(x0)‖u‖∞ ≤ 2K‖u‖∞,



48 Roth’s method applied to some pseudo-differential operators

which yields

‖q(x0, D)u‖∞ ≤ C0‖u‖∞ , C0 = 2K. (2.7)

Next we define on S(Rn) the pseudo-differential operators

Wtu(x) = (2π)−
n
2

∫
Rn

eix·ξe−tq(x,ξ)û(ξ) dξ. (2.8)

Lemma 2.1 For u ∈ S(Rn) the function Wtu belongs to C∞(Rn).

Proof. Since û ∈ S(Rn) the properties of x 7→ q(x, ξ) imply that x 7→Wtu(x)
is continuous. Further, in order to prove that Wtu(x) → 0 as x → ∞ ob-
serve that

|x|2Wtu(x) = (2π)−
n
2

∫
Rn

|x|2eix·ξe−tq(x,ξ)û(ξ) dξ

= −(2π)−
n
2

∫
Rn

∆ξ(eix·ξ)e−tq(x,ξ)û(ξ) dξ

= −(2π)−
n
2

∫
Rn

eix·ξ∆ξ

(
e−tq(x,ξ)û(ξ)

)
dξ.

But from (2.1) and û ∈ S(Rn) we deduce that ∆ξ(e−tq(x,ξ)û(ξ), is bounded
by an L1-function which is independent of x. Hence

∣∣|x|2Wtu(x)
∣∣ ≤ con-

stant which implies the lemma. �

Note that

Wtu(x) = V x
t u(x). (2.9)

For x0 ∈ Rn it follows that

|V x0
t u(x)| =

∣∣∣∣∫
R
u(x− y)µx0

t (dy)
∣∣∣∣ ≤ ‖u‖∞, (2.10)

or

sup
x∈Rn

|V x
t u(x)| ≤ ‖u‖∞,

implying for u ∈ S(Rn)

‖Wtu‖∞ = sup
x∈Rn

|Wtu(x)| = sup
x∈Rn

|V x
t u(x)| ≤ ‖u‖∞. (2.11)

From (2.11) it is clear that we may extendWt as a contraction from C∞(Rn)
into itself and we will denote this extension once again by Wt. We need
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Lemma 2.2 Let
(
A1, D(A1)

)
and

(
A2, D(A2)

)
be linear bounded genera-

tors of strongly continuous contraction semigroups (etA1)t≥0 and (etA2)t≥0

on the Banach space (X, ‖ · ‖) such that D(A1) = D(A2) = X. Then

‖etA1x− etA2x‖ ≤ t sup
‖y‖≤1

‖A1y −A2y‖‖x‖

holds for all t ≥ 0 and x ∈ X.

Lemma 2.3 Let A be a linear and bounded operator on the Banach space
(X, ‖ · ‖) such that ‖A‖ ≤ 1. Then

‖en(A−id)x−Anx‖ ≤
√
n‖Ax− x‖

for all n ≥ 1 and for all x ∈ X.

Lemma 2.2 is taken from E. Popescu [10] and Lemma 2.3 is taken from
A. Pazy [9]. In the proof of the following proposition we follow closely E.
Popescu [10]:

Proposition 2.4 Let q(x, ξ) be as above, especially assume (2.1), and con-
sider the operators

(
Wt, C∞(Rn)

)
and

(
V x0

t , C∞(Rn)
)

as introduced above.
Then it holds

lim
m→∞
l→∞

∥∥∥(W t
m

)mu− (W t
l
)lu

∥∥∥
∞

= 0 (2.12)

for u ∈ C∞(Rn) uniformly for t in compact intervals.

Proof. Let u ∈ C∞(Rn) and t ≥ 0. We observe that∥∥∥(W t
m

)mu− (W t
l
)lu

∥∥∥
∞
≤

∥∥∥(W t
m

)mu− e
m(W t

m
−id)

u
∥∥∥
∞

+
∥∥∥em(W t

m
−id)

u− e
l(W t

l
−id)

u
∥∥∥
∞

+
∥∥∥(W t

l
)lu− e

l(W t
l
−id)

u
∥∥∥
∞
.

For the linear operator Wt we have already shown that ‖Wtu‖∞ ≤ ‖u‖∞.
Applying Lemma 2.3 to A = W t

m
, n = m, and to A = W t

l
, n = l, we arrive

at ∥∥∥(W t
m

)mu− e
m(W t

m
−id)

u
∥∥∥
∞
≤
√
m

∥∥∥W t
m
u− u

∥∥∥
∞

(2.13)

and ∥∥∥(W t
l
)lu− e

l(W t
l
−id)

u
∥∥∥
∞
≤
√
l
∥∥∥W t

l
u− u

∥∥∥
∞
, (2.14)
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respectively. Now, for x0 ∈ Rn fixed we get

∣∣∣V x0
t
m

u(x)− u(x)
∣∣∣ =

∣∣∣∣∣
∫ t

m

0
V x0

s q(x0, D)u(x) ds

∣∣∣∣∣
≤ t

m
‖V x0

s ‖ ‖q(x0, D)u‖∞

≤ t

m
C0‖u‖∞,

(2.15)

and ∣∣∣V x0
t
l

u(x)− u(x)
∣∣∣ ≤ t

l
C0‖u‖∞, (2.16)

respectively. For this we used that (V x0
t )t≥0 is generated by −q(x0, D) and

we applied Lemma 4.1.14 in [6]. It follows that∣∣∣W t
m
u(x)− u(x)

∣∣∣ =
∣∣∣V x

t
m
u(x)− u(x)

∣∣∣ ≤ t

m
C‖u‖∞

and ∣∣∣W t
l
u(x)− u(x)

∣∣∣ ≤ t

l
C‖u‖∞

with some C > 0. Taking the supremum over x ∈ Rn we find∥∥∥W t
m
u− u

∥∥∥
∞
≤ t

m
C‖u‖∞ and

∥∥∥W t
l
u− u

∥∥∥
∞
≤ t

l
C‖u‖∞. (2.17)

Using (2.13) and (2.14) we conclude

lim
m→∞

∥∥∥(W t
m

)mu− e
m(W t

m
−id)

u
∥∥∥
∞
≤ lim

m→∞

t√
m
C‖u‖∞ = 0

as well as

lim
l→∞

∥∥∥(W t
l
)lu− e

l(W t
l
−id)

u
∥∥∥
∞
≤ lim

l→∞

t√
l
C‖u‖∞ = 0,

and both limits are uniform for t in compact intervals. It remains to show
that

lim
m→∞
l→∞

∥∥∥em(W t
m
−id)

u− e
l(W t

l
−id)

u
∥∥∥
∞

= 0
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holds uniformly for t in compact intervals. Applying Lemma 2.2 we find
(with r = t

m , s = t
l )

∥∥∥∥∥∥et
W t

m
−id

t
m u− e

t
W t

l
−id

t
l u

∥∥∥∥∥∥
∞

=
∥∥∥et Wr−id

r u− et
Ws−id

s u
∥∥∥
∞

≤ sup
‖v‖∞≤1

∥∥∥et Wr−id
r v − et

Ws−id
s v

∥∥∥
∞
‖u‖∞

≤t sup
‖v‖∞≤1

∥∥∥∥∥W t
m
− id
t
m

v −
W t

l
− id
t
l

v

∥∥∥∥∥
∞

‖u‖∞.

(2.18)

In order to handle

∥∥∥∥∥W t
m
− id
t
m

v −
W t

l
− id
t
l

v

∥∥∥∥∥
∞

we want to use the fact that (V x0
t )t≥0 , x0 ∈ Rn, is a uniformly continu-

ous semigroup on C∞(Rn) which follows from the fact that its generator(
−q(x0, D), C∞(Rn)

)
is a bounded operator, compare A. Pazy [9]. Writing

for a moment V x0
t = e−tq(x0,D) we find, compare again A. Pazy,

‖V x0
t − id‖ = ‖e−tq(x0,D) − id‖ ≤ t‖q(x0, D)‖et‖q(x0,D)‖, (2.19)

and from this we derive

∣∣∣∣∣V
x0
t
m

− id
t
m

v(x)−
V x0

t
l

− id
t
l

v(x)

∣∣∣∣∣
=

∣∣∣∣∣mt
∫ t

m

0
V x0

s q(x0, D)v(x) ds− l

t

∫ t
l

0
V x0

s q(x0, D)v(x) ds

∣∣∣∣∣
≤

∣∣∣∣∣mt
∫ t

m

0

(
V x0

s q(x0, D)v(x)− q(x0, D)v(x)
)
ds

∣∣∣∣∣
+

∣∣∣∣∣ lt
∫ t

l

0

(
V x0

s q(x0, D)v(x)− q(x0, D)v(x)
)
ds

∣∣∣∣∣
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=

∣∣∣∣∣mt
∫ t

m

0

(
V x0

s − id
)
q(x0, D)v(x) ds

∣∣∣∣∣ +

∣∣∣∣∣ lt
∫ t

l

0

(
V x0

s − id
)
q(x0, D)v(x) ds

∣∣∣∣∣
≤ sup

x0∈Rn

0≤s≤ t
m

(
‖V x0

s − id‖ ‖q(x0, D)v‖∞
)

+ sup
x0∈Rn

0≤s≤ t
l

(
‖V x0

s − id‖ ‖q(x0, D)v‖∞
)

≤ sup
x0∈Rn

0≤s≤ t
m

(
s‖q(x0, D)‖2es‖q(x0,D)‖)‖v‖∞ + sup

x0∈Rn

0≤s≤ t
l

(
s‖q(x0, D)‖2es‖q(x0,D)‖)‖v‖∞

≤ t

m
C2

0e
t
m

C0‖v‖∞ +
t

l
C2

0e
t
l
C0‖v‖∞.

It follows that

lim
m→∞
l→∞

( t

m
C2

0e
t
m

C0‖v‖∞ +
t

l
C2

0e
t
l
C0‖v‖∞

)
= 0. (2.20)

Now,∥∥∥∥∥V
x0
t
m

− id
t
m

v −
V x0

t
l

− id
t
l

v

∥∥∥∥∥
∞

= sup
x∈Rn

∣∣∣∣∣V
x0
t
m

− id
t
m

v(x)−
V x0

t
l

− id
t
l

v(x)

∣∣∣∣∣
≤ t

m
C2

0e
t
m

C0‖v‖∞ +
t

l
C2

0e
t
l
C0‖v‖∞

and thus

lim
m→∞
l→∞

sup
x0∈Rn

∥∥∥∥∥V
x0
t
m

− id
t
m

v −
V x0

t
l

− id
t
l

v

∥∥∥∥∥
∞

= 0

uniformly for t in compact intervals. Since∣∣∣∣∣W t
m
− id
t
m

v(x)−
W t

l
− id
t
l

v(x)

∣∣∣∣∣ =

∣∣∣∣∣V
x
t
m

− id
t
m

v(x)−
V x

t
l

− id
t
l

v(x)

∣∣∣∣∣
we find

lim
m→∞
l→∞

∥∥∥∥∥W t
m
− id
t
m

v −
W t

l
− id
t
l

v

∥∥∥∥∥
∞

≤ lim
m→∞
l→∞

sup
x0∈Rn

∥∥∥∥∥V
x0
t
m

− id
t
m

v −
V x0

t
l

− id
t
l

v

∥∥∥∥∥
∞

= 0.



Jacob, Potrykus 53

Remembering (2.18) we finally get

lim
m→∞
l→∞

‖em(W t
m
−id)

u− e
l(W t

l
−id)

u‖∞

= lim
m→∞
l→∞

∥∥∥∥∥∥et
W t

m
−id

t
m u− e

t
W t

l
−id

t
l u

∥∥∥∥∥∥
∞

≤t lim
m→∞
l→∞

sup
‖v‖∞≤1

∥∥∥∥∥W t
m
− id
t
m

v −
W t

l
− id
t
l

v

∥∥∥∥∥
∞

‖u‖∞

≤t sup
‖v‖∞≤1

lim
m→∞
l→∞

∥∥∥∥∥W t
m
− id
t
m

v −
W t

l
− id
t
l

v

∥∥∥∥∥
∞

‖u‖∞

=0

uniformly for t in compact intervals. �

We want to combine Proposition 2.4 with a result due to P.R. Chernoff
[2], Theorem 2.5 below, in order to prove that −q(x,D) generates a Feller
semigroup.

Theorem 2.5 (P.R. Chernoff) Let (St)t≥0 be a family of strongly con-
tinuous linear contractions on a Banach space (X, ‖ · ‖) with S0 = id.
Assume that the strong derivative S′0 is densely defined and suppose that

lim
m→∞

∥∥∥(S t
m

)mu− Ttu
∥∥∥ = 0 (2.21)

holds for all u ∈ X. Then (Tt)t≥0 is a strongly continuous contraction
semigroup on X and its generator A extends S′0. Moreover the convergence
of (S t

m
)m to Tt is uniform for t in compact intervals.

Theorem 2.6 Let q(x, ξ) satisfy the assumptions of Proposition 2.4 and
define on S(Rn) the operator −q(x,D) by

−q(x,D)u(x) = −(2π)−
n
2

∫
Rn

eix·ξq(x, ξ)û(ξ) dξ. (2.22)

Then −q(x,D) extends to the generator
(
A,C∞(Rn)

)
of a strongly contin-

uous contraction semigroup (Tt)t≥0 on C∞(Rn).

Proof. Let
(
Wt, C∞(Rn)

)
and

(
V x0

t , C∞(Rn)
)

be defined as in (2.8) and
(2.4), respectively. In order to apply Theorem 2.5 to the family (Wt)t≥0
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we need to prove first that (Wt)t≥0 is a family of strongly continuous lin-
ear contractions on C∞(Rn) with W0 = id and that

(
(W t

m
)mu

)
m∈N con-

verges strongly to some limit Ttu, i.e. we have as strong limit Ttu =
limm→∞(W t

m
)mu. Since

W0u(x) := (2π)−
n
2

∫
Rn

eix·ξe−0q(x,ξ)û(ξ) dξ = F−1(û)(x) = u(x),

it follows that W0 = id. The contraction property of Wt was proved in
(2.11) and Proposition 2.4, especially (2.12), says that

(
(W t

m
)m

)
m∈N is a

strong Cauchy sequence in C∞(Rn), i.e. for each u ∈ C∞(Rn) a Cauchy
sequence is given by

(
(W t

m
)mu

)
m∈N. Hence for t > 0 we may define on

C∞(Rn) the operator

Ttu := lim
m→∞

(W t
m

)mu. (2.23)

Next we show that the family (Wt)t≥0 is strongly continuous. For this we
need to check

lim
s↑t
‖Wtu−Wsu‖∞ = 0 (2.24)

and

lim
s↓t
‖Wtu−Wsu‖∞ = 0. (2.25)

Now, for s < t and fixed x0 ∈ Rn we have

‖V x0
t u− V x0

s u‖∞ ≤ ‖V x0
s ‖ ‖V x0

t−su− u‖∞ ≤ ‖V x0
t−su− u‖∞

and by (2.7) it follows that

sup
x0∈Rn

‖V x0
r u− u‖∞ ≤ rC0‖u‖∞,

implying

lim
s↑t

sup
x0∈Rn

‖V x0
t u− V x0

s u‖∞ = 0.

Observing that

|Wtu(x)−Wsu(x)| = |V x
t u(x)− V x

s u(x)|
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we may deduce

lim
s↑t
‖Wtu−Wsu‖∞ = 0

proving (2.24). In order to prove (2.25) just observe that for s > t we have

V x0
t u− V x0

s u = V x0
t (V x0

s−tu− u)

and we may argue as above. Finally, in order to apply Theorem 2.5 we
have to show that the strong derivate W ′

0 is densely defined. For this we
are going to prove for u ∈ S(Rn) (in fact u ∈ C∞(Rn) would be possible)
that

lim
t→0

∥∥∥∥Wtu− u

t
+ q(x,D)u

∥∥∥∥
∞

= 0 (2.26)

holds which will give A = W ′
0 = −q(x,D). Since (V x0

t )t≥0 is a uniformly
continuous semigroup, using (2.19), we get∣∣∣∣V x0

t u(x)− u(x)
t

+ q(x0, D)u(x)
∣∣∣∣

=
∣∣∣∣1t

∫ t

0
V x0

s q(x0, D)u(x) ds− q(x0, D)u(x)
∣∣∣∣

=
∣∣∣∣1t

∫ t

0
(V x0

s − id)q(x0, D)u(x) ds
∣∣∣∣

≤1
t
t
(

sup
x0∈Rn

0≤s≤t

‖V x0
s − id‖

)
‖q(x0, D)u‖∞

=
(

sup
x0∈Rn

0≤s≤t

s‖q(x0, D)‖es‖q(x0,D)‖
)
‖q(x0, D)u‖∞

≤tC2
0e

tC0‖u‖∞,

where we used in the last step (2.7). Thus we find

lim
t→0

sup
x0∈Rn

sup
x∈Rn

∣∣∣∣V x0
t u(x)− u(x)

t
+ q(x0, D)u(x)

∣∣∣∣ = 0. (2.27)

Since ∣∣∣∣Wtu(x)− u(x)
t

+ q(x,D)u(x)
∣∣∣∣

=
∣∣∣∣V x

t − u(x)
u(x)

+ q(x,D)u(x)
∣∣∣∣

≤ tC2
0e

tC0‖u‖∞
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we arrive at

lim
t→0

∥∥∥∥Wtu− u

t
+ q(x,D)u

∥∥∥∥
∞

= 0

proving the theorem. �

Corollary 2.7 In the situation of Theorem 2.6 the semigroup (Tt)t≥0 is a
Feller semigroup.

Proof. For this we have only to note that A = −q(x,D) satisfies on C∞(Rn)
the positive maximum principle, compare Ph. Courrège [3], or [6]. �

Remark 2.8 Note that Theorem 2.6 gives more than an existence result.
We have also an approximation procedure: The symbol of (Tt)t≥0,

σ(Tt)(x, ξ) = e−ixξ
(
Tte

i(·,ξ)
)
(x)

is in general not explicitly known to us, and clearly we are interested in

Ttu(x) = (2π)−
n
2

∫
Rn

eix·ξσ(Tt)(x, ξ)û(ξ) dξ,

compare the introduction. However the symbol of Wt is known explicitly.
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Newman-type Inequalities for

Multivariate Polynomials
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Abstract. By the famous Newman Inequality for any p ∈ span {xλj :
0 ≤ λ0 < λ1 < · · · < λn}, x ∈ R,

x|p′(x)| ≤ c
n∑

j=0

λj‖p‖[0,1], 0 < x ≤ 1 .

In this paper we study various extensions of this inequality to multi-
variate setting.
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1 Introduction.

Let P d
n denote the set of real polynomials of d variables and total degree

at most n. Furthermore, denote by ‖.‖K the usual supremum norm on the
set K ⊂ Rd. The classical inequalities of Markov and Bernstein give sharp
estimates for the derivatives of univariate polynomials via their supremum
norms:

‖p′‖[a,b] ≤
2n2

b− a
‖p‖[a,b], p ∈ P 1

n , (1.1)

|p′(x)| ≤ n√
(b− x)(x− a)

‖p‖[a,b], p ∈ P 1
n , x ∈ (a, b) . (1.2)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Newman [6] gave an elegant extension of Markov inequality (1.1) for
Müntz polynomials

M1(Λn) := span{xλj , 0 ≤ j ≤ n} , (1.3)

where Λn := {0 ≤ λ0 < λ1 < · · · < λn}. According to Newman Inequality
for every p ∈ M1(Λn) and x ∈ [0, 1]

x|p′(x)| ≤ 11
n∑

j=0

λj ‖p‖[0,1] . (1.4)

Note that in case of integer λj ’s the Markov Inequality (1.1) yields a bound
of order λ2

n while
∑n

j=0 λj ≤ n λn in (1.4) is of smaller order if λn/n →∞.
Another advantage of Newman Inequality (1.4) consists in the fact that

it applies for noninteger λj ’s, as well. However, it should be also noted
that (1.4) gives an estimate of the derivative p′(x) with a weight x. It is
known that this weight becomes superfluous when λj ≥ j, 0 ≤ j ≤ n, (see
[2, p. 287]).

Moreover, a version of Newman Inequality holds on [a, 1] with 0 < a <
1. That is for every p ∈ M1(Λn)

‖p′‖[a,1] ≤ c

 n∑
j=0

λj + n2

 ‖p‖[a,1] (1.5)

with a constant c > 0 depending only on and a (see [2] for details).

2 Main Results.

There are various extensions of Markov and Bernstein inequalities (1.1),
(1.2) to multivariate setting, see for instance the survey [3]. In this pa-
per we shall study possible generalizations of Newman Inequality (1.4) for
multivariate Müntz polynomials. As usual, in case of several variables the
results will depend on the geometry of the underlying set.

For Λn := {λ0 < λ1 < · · · < λn} ⊂ Z1
+ consider the corresponding space

of multivariate Müntz polynomials

Md(Λn) :=

=span{xk : k = (k1, . . . , kd) ∈ Zd
+, k1 + · · ·+ kd = λj , 0 ≤ j ≤ n}, x ∈ Rd .
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Given p ∈ Md(Λn) and ω ∈ Sd−1, the unit sphere in Rd, let Dωp denote
the derivative of p in direction ω, i.e., Dω(p) = 〈ω, ∂p〉, where ∂p is the
gradient of p. Furthermore, let for any x ∈ K

Dp := sup
ω∈Sd−1

|Dωp| = |∂p|

be the Eucledian norm of the gradient.
Let now K ⊂ Rd be a compact set with nonempty interior, Int K 6= ∅,

and 0 ∈ Int K. We shall call K star-like if for every x ∈ K and 0 ≤ t < 1
we have tx ∈ Int K. Furthermore, denote by

r∗K(x) := inf{α > 0 : x/α ∈ K}

the Minkowski functional of K centered at 0. Clearly r∗K(x) < 1 if and only
if x ∈ Int K, and r∗K(x) = 1 for x ∈ Bd K, the boundary of K. Moreover,
by the above definition r∗K(tx) = tr∗K(x), t > 0.

Furthermore, if r∗K ∈ C1, denote by

ω(∂r∗K , t) = sup{|∂r∗K(x1)− ∂r∗K(x2) : x1,x2 ∈ K, |x1 − x2| ≤ t}

and ωK(t) := tω(∂r∗K , t) the moduli of continuity and smoothness of ∂r∗K ,
respectively. In what follows c will stand for (possibly different) positive
constant depending only on K. Moreover, ω−1

K will denote the inverse
function of ωK .

THEOREM 1. Let K ⊂ Rd, d ≥ 2, be a star-like domain with
r∗K ∈ C1. Then for every p ∈ Md(Λn)

‖Dp‖K ≤ c

 1
ω−1

K (λ−2
n )

+
n∑

j=0

λj

 ‖p‖K . (2.1)

Note that ωK(t) = o(t) when r∗K ∈ C1, i.e., 1/ω−1
K (λ−2

n ) = o(λ2
n). In

addition whenever λn/n → ∞ (n → ∞) we also have
n∑

j=0
λj = o(λ2

n) and

then the estimate in (2.1) is of order o(λ2
n), which is better that O(λ2

n)
provided in this case by a Markov-type inequality.

Furthermore, if r∗K ∈ C2 then ωK(t) = O(t2), i.e.,

1
ω−1

K (λ−2
n )

≤ cλn ≤
n∑

j=0

λj .
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Thus we obtain from (2.1) the next
Corollary. Let K ⊂ Rd be star-like and r∗K ∈ C2. Then for every

p ∈ Md(Λn)

‖Dp‖K ≤ c

n∑
j=0

λj ‖p‖K . (2.2)

This corollary gives an analogue of Newman Inequality (1.4) under the
condition of C2-smoothness of the domain. The estimate (2.1) which holds
for C1-domains contains an extra term 1/ω−1

K (λ−2
n ). Our next example

shows that the above corollary is not true, in general, for C1-domains.
Example 2. Let Λ0 = {m}, m ∈ N. Then Md(Λ0) = Hd

m, the set of
homogeneous polynomials of degree m. It is shown in [5] that there exists
a convex body K ⊂ Rd with r∗K ∈ C1 and pm ∈ Hd

m, m ∈ N such that

‖Dpm‖K ≥ m
√

log m ‖pm‖K , m ∈ N .

Since
n∑

j=0
λj = m, (2.2) evidently fails.

In order to verify Theorem 1 we shall need a result from [4]. It is shown
in [4] (see [4, Theorem 1, p. 237]) that whenever r∗K ∈ C1 then for any
p ∈ P d

n , x0 ∈ Bd K and ω ∈ Sd−1 orthogonal to ∂r∗K(x0) we have

Dωp(x0) ≤ c0
1

ω−1
K (n−2)

‖p‖K , (2.3)

where c0 > 0 depends only on K. Estimate (2.3) improves the usual
Markov-type inequality in case when only tangential derivatives are consid-
ered. (Note that ∂r∗K(x0) is the outer normal to K and therefore orthogo-
nality of ω to ∂r∗K(x0) means that ω is a tangential direction.)

Proof of Theorem 1. Set K̃ := {x ∈ K : r∗K(x) ≤ 1/2}. The
continuity of r∗K implies that K̃ ⊂ Int K is compact. Therefore there exist
a δ > 0 such that for any x0 ∈ K̃ the ball B(x0, δ) centered at x0 and radius
δ is contained in K. By the Bernstein Inequality (1.2) for any univariate
polynomial q of degree at most n

|q′(0)| ≤ n

δ
‖q‖[−δ,δ] .

This immediately implies that for any ω ∈ Sd−1 and p ∈ Md(Λn) we have

|Dωp(x0)| ≤
λn

δ
‖p‖B(x0,δ) ≤

λn

δ
‖p‖K .
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Hence (2.1) holds in this case.

Assume now that x0 ∈ K \ K̃, i.e., r∗K(x0) >
1
2
. For any p ∈ Md(Λn)

set q(x) := p(r∗K(x0)x). Clearly, q ∈ Md(Λn), and

‖q‖K ≤ ‖p‖K , Dq

(
x0

r∗K(x0)

)
= r∗K(x0)Dp(x0) .

Since r∗K(x0) > 1/2 and x0/r∗K(x0) ∈ Bd K we have

sup
p∈Md(Λn)

Dp(x0)
‖p‖K

≤ 2 sup
q∈Md(Λn)

‖Dq‖Bd K

‖q‖K
.

This shows that without loss of generality we may assume that x0 ∈ Bd K.
Clearly any p ∈ Md(Λn) has total degree at most λn, i.e., whenever
ω ⊥ ∂rK(x0) (ω ∈ Sd−1) we have by (2.3)

Dωp(x0) ≤
c0

ω−1
K (λ−2

n )
‖p‖K . (2.4)

Now set g(t) := p(tx0), t ∈ R. Clearly, g ∈ span{tλj : 0 ≤ j ≤ n} and

‖g‖[0,1] ≤ ‖p‖K . (2.5)

Hence setting ωd := x0/|x0| ∈ Sd−1 we obtain by (1.4) and (2.5)

|Dωd
p(x0)| =

1
|x0|

|〈∂p(x0),x0〉| =

(2.6)

=
1
|x0|

|g′(1)| ≤ 11
|x0|

n∑
j=0

λj‖g‖[0,1] ≤ c1

n∑
j=0

λj‖p‖K ,

where c1 := 11/δ. Since r∗K(tx) = tr∗K(x) for every t > 0 it follows that

r∗K(x) =
d

dt
r∗K(tx) = 〈∂r∗K(tx),x〉 .

Setting t = 1 and recalling that r∗K(x0) = 1 for x0 ∈ Bd K we have

〈∂r∗K(x0),x0〉 = r∗K(x0) = 1 . (2.7)

Consider now the space

Ld−1 := {u ∈ Rd : u ⊥ ∂r∗K(x0)} .
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Let ωj , 1 ≤ j ≤ d−1, be an orthonormal basis in Ld−1. By (2.7), x0 6∈ Ld−1

and hence an arbitrary ω ∈ Sd−1 can be written as

ω =
d∑

j=1

aj ωj , aj ∈ R .

Since ωd = x0/|x0| we have by (2.7)

〈ω, ∂r∗K(x0)〉 = ad〈ωd, ∂r∗K(x0)〉 =
(2.8)

=
ad

|x0|
〈x0, ∂r∗K(x0)〉 =

ad

|x0|
.

In addition, for any 1 ≤ j ≤ d− 1

〈ω,ωj〉 = aj + ad〈ωd,ωj〉 . (2.9)

Thus by (2.8) and (2.9)

|ad| ≤ |x0| |∂r∗K(x0)| ≤ M := max
x∈K

|x| |∂r∗K(x)| ,

|aj | ≤ |+ |ad| ≤ 1 + M, 1 ≤ j ≤ d− 1 .

Combining these estimates with (2.4) and (2.6) we arrive at

|Dωp(x0)| = |〈∂p(x0),ω〉| ≤
d∑

j=1

|aj | |Dωjp(x0)| ≤

≤ c

 1
ω−1

K (λ−2
n )

+
n∑

j=0

λj

 ‖p‖K ,

with some c > 0 depending only on K. This completes the proof of
Theorem 1.

Theorem 1 above gives a multivariate analogue of the Newman Inequal-
ity in case when the origin is inside the domain. Now we shall consider the
more difficult case when the origin is on the boundary of the domain.

In order to obtain an analogue of (1.4) in this case we shall restrict
ourselves to convex domains. Let K ⊂ Rd be a convex body with 0 ∈ Bd K.
For a given x0 ∈ Int K consider the Minkowski functional of K centered
at x0

rK(x) := inf{α > 0 : x0 +
x− x0

α
∈ K}, x ∈ Rd.
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Again rK(x) ≤ 1 if and only if x ∈ K.
We shall say that K ∈ C2 if rK has continuous second partial derivatives

in Rd. Moreover, K is called nonflat at 0 if there exists a ball B0 ⊃ K with
0 ∈ Bd B0. If H0 is the tangent plane to B0 at 0 denote by |x|K the
distance from x ∈ Rd to H0.

THEOREM 2. Let K ∈ C2 be a strictly convex body in Rd which is
nonflat at 0 ∈ Bd K. Then for any p ∈ Md(Λn)

|x|K Dp(x) ≤ c

n∑
j=0

λj‖p‖K , x ∈ K . (2.10)

For K as in Theorem 2 and 0 < ξ < 1 denote Kξ := {ξx : x ∈ K}.
Lemma 1. Let K be as in Theorem 2. Then for every x ∈ K1/2

dist(x,Bd K) ≥ c|x|K . (2.11)

Proof. Since K is nonflat at 0 ∈ Bd K there exists a ball B0 ⊃ K
with 0 ∈ Bd B0. Let H0 be its tangent plane at 0. Without loss of
generality we may assume that H0 = {(0, x2, . . . , xd) : xj ∈ R, 2 ≤ j ≤ d}.
Then |x|K = dist(x,H0) = x1 for every x = (x1, . . . , xd) ∈ Rd. We can also
assume that x1 ≥ 0 whenever (x1, . . . , xd) ∈ K. Furthermore differentiating
with respect to t > 0 the relation

rK(x0 + t(x− x0)) = t rK(x) ,

and setting x = (0) and t = 1 yields 1 = rK(0) = 〈∂rK(0),−x0〉, i.e.,
∂rK(0) 6= 0. Moreover, using that ∂rK(0) is the outer normal to K, and
hence to H0, as well, we obtain that ∂rK(0) = (−ξ, 0, . . . , 0) where ξ > 0
is a constant depending on K. Recalling that K ⊂ B0, where B0 is a ball
of radius R and with tangent plane H0 at the origin, it follows that B is
centered at (R, 0, . . . , 0), i.e., B = {x ∈ Rd : |x|2 ≤ 2Rx1}. In particular,
since K ⊂ B0

|x|2 ≤ 2R x1, x ∈ K . (2.12)

Let x ∈ K1/2, i.e., rK(2x) ≤ 1. Then we have by the Taylor Theorem

1 ≥ rK(2x) = 1 + 〈∂rK(0), 2x〉+
1
2
〈∂2rK(0)2x, 2x〉+ o(|x|2) (2.13)

rK(x) = 1 + 〈∂rK(0),x〉+
1
2
〈∂2rK(0)x,x〉+ o(|x|2) . (2.14)
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It follows from (2.13) that

〈∂2rK(0)x,x〉 ≤ −〈∂rK(0),x〉+ o(|x|2) . (2.15)

Substituting (2.15) into (2.14) yields

rK(x) ≤ 1 +
1
2
〈∂rK(0),x〉+ o(|x|2) .

Finally, recalling that ∂rK(0) = (−ξ, 0, . . . , 0) and using (2.12) in the above
relation we obtain that

rK(x) ≤ 1− 1
2

ξx1 + o(x1) ≤ 1− 1
4

ξx1 (2.16)

whenever x1 ≤ δ, and δ depending on K is chosen sufficiently small. Thus
by (2.16) for every y ∈ Bd K

1
4

ξ|x|K =
1
4

ξx1 ≤ 1− rK(x) = rK(y)− rK(x) ≤ M |x− y|

where M := sup{|∂rK(x)| : x ∈ K}. Clearly, the last inequality yields
(2.11) for x ∈ K1/2, x1 ≤ δ. The smoothness and nonflatness of K yields
that Bd K ∩K1/2 = {0}, i.e., (2.11) is trivial whenever x ∈ K1/2, x1 ≥ δ.
This completes the proof of Lemma.

Proof of Theorem 2. First we consider the case when x ∈ K1/2.
Then by (2.11) the ball B(x, c|x|K) centered at x and of radius c|x|K is
contained in K. Using that any p ∈ Md(Λn) restricted to lines is a uni-
variate polynomial of degree ≤ λn we obtain by the Bernstein Inequality
(1.2)

|Dωp(x)| ≤ λn

c|x|K
‖p‖K , ω ∈ Sd−1 .

Hence (2.10) holds whenever x ∈ K1/2.
Let now x ∈ K \ K1/2. Then x ∈ Bd Kξ0 with some 1/2 < ξ0 ≤ 1.

Setting g(y) := p(ξ0y), y ∈ K we have

‖g‖K ≤ ‖p‖K , |∂p(x)| ≤ 1
ξ0

∣∣∣∣∂g

(
x
ξ0

)∣∣∣∣ ≤ 2
∣∣∣∣∂g

(
x
ξ0

)∣∣∣∣ .

This shows that it suffices to estimate |∂g| at x/ξ0 ∈ Bd K, i.e., without
loss of generality one can assume in this case that x ∈ Bd K. Again, as
in the proof of Lemma 1 we shall assume that B0 is a ball of radius R
containing K, 0 ∈ Bd B0, H0 = {(0, x2, . . . , xd) : xj ∈ R, 2 ≤ j ≤ d}
is the tangent plane to B0 (and hence to K, as well) at 0, and x1 ≥ 0
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whenever x ∈ K. Then again ∂rK(0) = (−ξ, 0, . . . , 0) with some ξ > 0,
and |x|K = x1.

We shall verify that with some c1 > 0 depending only on K

|〈∂rK(x),x〉| ≥ c1x1, x ∈ Bd K . (2.17)

By the Taylor Formula

rK(x) = rK(0) + 〈∂rK(0),x〉+
1
2
〈∂2rK(0)x,x〉+ o(|x|2) .

Since rK(0) = rK(x) = 1 for 0,x ∈ Bd K we obtain

〈∂rK(0),x〉 = −1
2
〈∂2rK(0)x,x〉+ o(|x|2) . (2.18)

Furthermore, applying Taylor Formula for ∂rK

∂rK(x) = ∂rK(0) + ∂2rK(0)x + o(|x|) .

Combining this with (2.18) yields

〈∂rK(x),x〉 = 〈∂rK(0),x〉+〈∂2rK(0)x,x〉o(|x|2) =
1
2
〈∂2rK(0)x,x〉+o(|x|2) .

(2.19)
On the other hand by (2.18)

〈∂2rK(0)x,x〉 = −2〈∂rK(0),x〉+ o(|x|2) .

Hence applying the last realation in (2.19) yields

〈∂rK(x),x〉 = −〈∂rK(0),x〉+ o(|x|2) = ξx1 + o(|x|2) .

Using this and (2.12)

〈∂rK(x),x〉 = ξx1 + o(x1) ≥ ξx1/2 (2.20)

whenever x ∈ Bd K, |x| ≤ δ with some δ > 0 depending only on K.
Furthermore, by nonflatness of K we have 〈∂rK(x),x〉 6= 0 whenever

x ∈ Bd K \ {0}. Hence

inf{|〈∂rK(x),x〉| : x ∈ Bd K, |x| ≥ δ} > 0 .

This together with (2.20) yields (2.17). Now we shall proceed similarly to
the proof of Theorem 1. Since any p ∈ Md(Λn) has total degree ≤ λn,
whenever ω̃ ⊥ ∂rK(x) we have by (2.3) and rK ∈ C2

|Dω̃p(x)| ≤ c0 λn ‖p‖K . (2.21)



68 Newman-type inequalities for multivariate polynomials

Clearly, with ωd := x/|x| we have as in (2.6)

|Dωd
p(x)| ≤ c1

n∑
j=0

λj ‖p‖K . (2.22)

Since 〈∂rK(x),x〉 6= 0 any ω ∈ Sd−1 can be written as

ω =
d∑

j=1

aj ωj , aj ∈ R ,

where ω1, . . . ,ωd−1 is an orthonormal basis in ∂rK(x)⊥. Thus by (2.17)

|〈∂rK(x),ω〉| = |ad〈∂rK(x),ωd〉| =
|ad|
|x|

|〈∂rK(x),x〉| ≥ c1|ad|x1

|x|
.

Hence
|ad| ≤

|x| |∂rK(x)|
c1 x1

≤ c2

x1
, (2.23)

with some c2 > 0 depending only on K. Since 〈ω,ωj〉 = aj + ad〈ωd,ωj〉,
1 ≤ j ≤ d− 1, we have by (2.23)

|aj | ≤ 1 + |ad| ≤ 1 + c2/x1 ≤
c3

x1
. (2.24)

Using (2.21)-(2.24) we arrive at

|Dωp(x)| = |〈∂p(x),ω〉| ≤
d∑

j=1

|aj | · |〈∂p(x),ωj〉| ≤

≤ c

x1

n∑
j=0

λj ‖p‖K ,

with some c > 0 depending only on K. Since |x|K = x1 this yields (2.10).
�

Now we shall consider the case when 0 ∈ Bd K and K is not smooth.
We shall present a result of this type for star-like domains in R2

+. Based
on this result one can obtain corresponding estimates for domains in Rd

+,
d > 2.

Let (λj , µj) ∈ R2
+, 1 ≤ j ≤ n, and set

P̃ 2
n := span{xλjyµj : 0 ≤ j ≤ n}, (x, y) ∈ R2 . (2.25)
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This is a general Müntz-type polynomial space. Note that the exponents
no longer are assumed to be integers.

Further, let K be a star-like domain in R2 with Minkowski functional
r∗K centered at 0. For given 0 < α < β denote

Dαβ := {(x, y) ∈ R2
+ : 0 ≤ αx ≤ y ≤ βx},

(2.26)
Kαβ := K ∩Dαβ .

Moreover, we shall say that r∗K ∈ LipM 1 on Kαβ with some M > 0 if
whenever (x1, y1), (x2, y2) ∈ Kαβ

|r∗K(x1, y1)− r∗K(x2, y2)| ≤ M(|x1 − x2|+ |y1 − y2|) .

THEOREM 3. Let P̃ 2
n be given by (2.25) and assume that r∗K ∈

LipM 1. Then for every p ∈ P̃ 2
n

‖
√

x2 + y2 Dp ‖Kαβ
≤ c

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
(2.27)

where c > 0 depends only on Kαβ .
Note that estimate (2.27) is weaker than (2.10) in the sense that in the

sum on the right hand side of (2.27) all exponents have to be accounted for.
For instance, if (λj , µj) = (j, n − j), 0 ≤ j ≤ n, i.e., P̃ 2

n = H2
n then (2.27)

yields a constant of order n2. On the other hand if K ∈ C2 then from (2.10)
we obtain an estimate of order n. (H2

n = Md(Λ0) with λ0 = n.) Our next
example shows that without proper smoothness only weaker Newman-type
inequalities similar to (2.27) can hold, in general.

Example. Let K be a triangle in R2 given by K = {(x, y) ∈ R2 :
0 ≤ x ≤ y ≤ 1, 0 ≤ x ≤ 1}, and consider the polynomial p(x, y) :=
yn Tn(x/y) ∈ H2

2 , where Tn(t) = cosnarccos (2t − 1) is the Chebyshev
polynomial on [0, 1]. Evidently,

‖p‖K ≤ ‖Tn‖[0,1] ≤ 1,
∂p

∂x
(1, 1) = T ′

n(1) = 4n2 .

Hence in this case inequality (2.27) can be reversed (with another constant).
Proof of Theorem 3. Let (x̃, ỹ) ∈ Kαβ , p ∈ P̃ 2

n . Set g(t) := p(tx̃, tỹ),
0 ≤ t ≤ 1. Then g ∈ span{tλj+µj : 0 ≤ j ≤ n}, and

‖g‖[0,1] ≤ ‖p‖Kαβ
. (2.28)
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Then we obtain by (1.4) and (2.28)∣∣∣∣x̃ ∂p

∂x
(x̃, ỹ) + ỹ

∂p

∂y
(x̃, ỹ)

∣∣∣∣ = |g′(1)| ≤ 11
n∑

j=0

(λj + µj)‖p‖Kαβ
. (2.29)

Furthermore, there exists a ηK > 0 depending only on Kαβ such that

∆∗ := {(x, y) ∈ R2 : 0 ≤ α x ≤ y ≤ β x, 0 ≤ x ≤ ηK} ⊂ Kαβ .

Now we shall distinguish between 2 cases.
Case 1. x̃ ≤ α

β
ηK . Consider the curve

γ̃ :=
{(

x̃2

ỹ
t,

x̃2

ỹ
t2

)
: α ≤ t ≤ β

}
.

Clearly, γ̃ passes through (x̃, ỹ) (when t = ỹ/x̃) and γ̃ ⊂ Dαβ . Moreover,
since x̃ ≤ αηK/β it follows that

x̃2

ỹ
t ≤ α ηK

β
· x̃t

ỹ
≤ α ηK

β
· β

α
= ηK ,

i.e., γ̃ ⊂ ∆∗. Set now

g̃(t) := p

(
x̃2

ỹ
t,

x̃2

ỹ
t2

)
∈ span{tλj+2µj : 0 ≤ j ≤ n} .

Since γ̃ ⊂ ∆∗ ⊂ Kαβ we have

‖g̃‖[α,β] ≤ ‖p‖Kαβ
. (2.30)

Hence we obtain by (1.5) and (2.30) for any t ∈ [α, β]

|g̃′(t)| =
∣∣∣∣∂p

∂x

x̃2

ỹ
+

∂p

∂y
2t

x̃2

ỹ

∣∣∣∣ ≤
≤ c

n∑
j=0

(λj + 2µj)‖g‖[α,β] ≤ c1

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
,

where c1 > 0 depends only on Kαβ . Setting t = ỹ/x̃ in the above estimate
yields ∣∣∣∣x̃ ∂p

∂x
(x̃, ỹ) +

∂p

∂y
(x̃, ỹ)2ỹ

∣∣∣∣ =
ỹ

x̃

∣∣∣∣g̃′ ( ỹ

x̃

)∣∣∣∣ ≤
(2.31)

≤ βc1

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
.
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Using (2.29) and (2.31) we arrive at∣∣∣∣ỹ ∂p

∂y
(x̃, ỹ)

∣∣∣∣ ≤ (11 + βc1)

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
,

∣∣∣∣x̃∂p

∂y
(x̃, ỹ)

∣∣∣∣ ≤ (22 + βc1)

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
.

Since |x| ≥
√

x2 + y2
/ √

1 + β2, |y| ≥ α
√

x2 + y2
/ √

1 + α2 whenever
(x, y) ∈ Kαβ the above estimates yield (2.27).

Case 2. x̃ > α ηK/β. We may assume without loss of generality, that
ỹ/x̃ ≥ (α + β)/2. (The case ỹ/x̃ ≤ (α + β)/2 can be treated similarly.)

For some 1 < γ ≤ 2 to be specified below consider the plane curve

x = x̃t, y = ỹ tγ , 0 ≤ t ≤ 1 , (2.32)

which connects (x̃, ỹ) to the origin. We need to decide for what values of t
this curve is contained in Kαβ . Clearly, y/x ≤ β on this curve. In order to
show that this curve belongs to the needed angle we also need to check the

condition y/x ≥ α. Set c0 :=
(

2α
α+β

)1/(γ−1)
< 1, and assume that t ≥ c0.

Then using that ỹ/x̃ ≥ (α + β)/2 we have by (2.32)

y

x
=

ỹ

x̃
tγ−1 ≥ α + β

2
cγ−1
0 ≥ α .

Hence whenever c0 ≤ t ≤ 1 we have α ≤ y/x ≤ β. In order to see
if (x, y) ∈ Kαβ we also need to check the condition r∗K(x, y) ≤ 1 which
ensures that (x, y) ∈ K. Using that r∗K(x̃, ỹ) ≤ 1 and r∗K ∈ LipM 1 we have
for any (x, y) satisfying (2.32)

r∗K(x, y) = r∗K(x̃ t, ỹ tγ) = t r∗K(x̃, ỹ tγ−1) ≤
≤ r∗K(x̃, ỹ tγ−1)− r∗K(x̃, ỹ) + 1− (1− t)r∗K(x̃, ỹ tγ−1) ≤ (2.33)

≤ Mỹ|1− tγ−1|+ 1− (1− t)r∗K(x̃, ỹ tγ−1) .

Let c0 ≤ t ≤ 1. Then with some constant c1 > 0 depending only on K

ỹ(1− tγ−1) ≤ c1(γ − 1)(1− t), t ∈ [c0, 1] . (2.34)

Moreover since x̃ > α ηK/β it follows that

r∗K(x̃, ỹ tγ−1) ≥ c2 (2.35)
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with some c2 > 0 depending only on Kαβ . Combining (2.33)-(2.35) yields

r∗K(x, y) ≤ 1+M c1(γ−1)(1− t)− c2(1− t) = 1+(1− t)(M c1(γ−1)− c2).

Thus setting γ := min{2, 1+ c2/2Mc1} > 1 we obtain that r∗K(x, y) ≤ 1 on
the curve (2.32) for t ∈ [c0, 1]. Hence with this choice of γ curve (2.32) is
contained in Kαβ for t ∈ [c0, 1]. Set now g(t) := p(x̃t, ỹ tγ), where p ∈ P̃ 2

n .
Then by the above observation

‖g‖[c0,1] ≤ ‖p‖Kα,β
. (2.36)

Moreover, g ∈ span{tλj+γ µj : 0 ≤ j ≤ n}. Thus using again the Newman-
type Inequality (1.5) we obtain by (2.36)

|g′(1)| ≤ c

 n∑
j=0

(λj + γ µj) + n2

 ‖g‖[c0,1] ≤ 2c

 n∑
j=0

(λj + µj) + n2

 ‖p‖[Kαβ ]

(2.37)
Obviously,

g′(1) = x̃
∂p

∂x
(x̃, ỹ) + γỹ

∂p

∂y
(x̃, ỹ) .

This and (2.37) yields

∣∣∣∣x̃ ∂p

∂x
(x̃, ỹ) + γỹ

∂p

∂y
(x̃, ỹ)

∣∣∣∣ ≤ 2c

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
. (2.38)

Thus with A := x̃ ∂p
∂x(x̃, ỹ) and B := ỹ ∂p

∂y (x̃, ỹ) we have by (2.38) and (2.29)

A + B = C1, A + γB = C2 (2.39)

with some C1, C2 > 0 satisfying

|Cj | ≤ c∗

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
, j = 1, 2 (2.40)

and c∗ > 0 depending only on K. Thus by (2.39) and (2.40)

∣∣∣∣ỹ ∂p

∂y
(x̃, ỹ)

∣∣∣∣ = |B| = 1
γ − 1

|C2−C1| ≤
2c∗

γ − 1

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
.

(2.41)
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Using above estimate and (2.40)

∣∣∣∣x̃ ∂p

∂x
(x̃, ỹ)

∣∣∣∣ = |A| ≤ |B|+ |C1| ≤
γ + 1
γ − 1

c∗

 n∑
j=0

(λj + µj) + n2

 ‖p‖Kαβ
.

(2.42)
Using again that

|x| ≥
√

x2 + y2√
1 + β2

, |y| ≥ α
√

x2 + y2

√
1 + α2

whenever (x, y) ∈ Kα,β estimates (2.41)-(2.42) yield the desired inequality
(2.27). This completes the proof of Theorem 3.
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on the real line, defined using orthogonality conditions spread out
over r different measures. Such polynomials are generalization of the
ordinary orthogonal polynomials (case r = 1).

Using the discretized Stieltjes–Gautschi procedure, we compute re-
cursive coefficients of corresponding recurrence relation for such poly-
nomials, and also, zeros of multiple orthogonal polynomials. We con-
struct and consider the corresponding quadrature formulas of Gaus-
sian type. Specially, we consider quadratures of Gauss–Lobatto and
Gauss–Radau type. Some numerical examples are also included.

Mathematical Subject Classification (2000). Primary 33C45,
42C05; Secondary 41A55, 65D30, 65D32

Keywords and phrases. multiple orthogonal polynomials, banded
Hessenberg matrix, Gaussian quadratures, discretized Stieltjes–Gaut-
schi procedure, quadratures with preassigned nodes, Gauss–Radau
quadratures, Gauss–Lobatto quadratures

1 Introduction

Multiple orthogonal polynomials are a generalization of orthogonal poly-
nomials in the sense that they satisfy r orthogonality conditions.

This paper is in final form and no version of it will be submitted for publication
elsewhere.

∗The authors were supported in part by the Serbian Ministry of Science and Environ-
mental Protection (Project #2002: Applied Orthogonal Systems, Constructive Approx-
imation and Numerical Methods).



76 Multiple Orthogonality and Quadratures of Gaussian Type

Starting with a problem that arise in the evaluation of computer graph-
ics illumination models, Borges [6] has examined the problem of numerically
evaluating a set of r definite integrals taken with respect to distinct weight
functions but related by a common integrand and interval of integration.
The nodes of an optimal set of such quadratures (quadratures of Gaussian
type) are the zeros of type II multiple orthogonal polynomials. However,
Borges has not used multiple orthogonality. In [12] Milovanović and Stanić
have presented effective numerical method for constructing type II multi-
ple orthogonal polynomials, and the corresponding Gaussian quadratures,
using discretized Stieltjes–Gautschi procedure [7].

In [13] Milovanović and Stanić have investigated multiple orthogonal
polynomials on the semicircle, as a generalization of orthogonal polynomials
on the semicircle, introduced by Gautschi and Milovanović [10] – complex
polynomials orthogonal with respect to the complex-valued inner products
[f, g]k =

∫ π
0 f(eiθ)g(eiθ)wk(eiθ) dθ, for k = 1, 2, . . . , r. Also, a numerical

method for constructing these polynomials and corresponding Gaussian
quadratures has presented.

In this paper we repeat some basic results on multiple orthogonal poly-
nomials, their numerical construction, and consider quadratures of Gauss–
Lobatto and Gauss–Radau type, including some numerical examples. The
paper is organized as follows. First, some basic facts about the type II mul-
tiple orthogonal polynomials are given in Section 2. In Section 3 we give
some properties of type II multiple orthogonal polynomials with nearly di-
agonal multi-indices and numerical procedure for their construction, based
on the discretized Stieltjes–Gautschi procedure. In the same section an
optimal set of quadrature formulas and the corresponding method for cal-
culating the nodes and weight coefficients of such quadratures are consid-
ered. In Section 4 we consider quadrature formulas of Gaussian type with
preassigned nodes. Specially, we consider quadratures of Gauss–Lobatto
and Gauss–Radau type. Also, some numerical examples are included.

2 Type II Multiple Orthogonal Polynomials

Let r ≥ 1 be an integer and let w1, w2, . . . , wr be r weight functions on the
real line so that the support of each wi is a subset of an interval Ei. Let
~n = (n1, n2, . . . , nr) be a vector of r nonnegative integers, which is called a
multi-index with the length |~n| = n1 + n2 + · · ·+ nr.

There are two types of multiple orthogonal polynomials:

1◦ Type I multiple orthogonal polynomials. Here we want to find a vector
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of polynomials (A~n,1, A~n,2, . . . , A~n,r) such that each A~n,i is a polynomial of
degree ni − 1 and the following orthogonality conditions hold:

r∑
j=1

∫
Ej

A~n,j xkwj(x)dx = 0, k = 0, 1, . . . , |~n| − 2. (2.1)

Each A~n,i has ni coefficients and the type I vector is completely determined
if we can find all the |~n| unknown coefficients. The orthogonality relations
(2.1) give |~n| − 1 homogenous linear equations for these |~n| coefficients. If
the matrix of coefficients has full rank, then we can determine the type I
vector uniquely up to a multiplicative factor.

For r = 1 we have the case of ordinary orthogonal polynomials.
2◦ Type II multiple orthogonal polynomials. The type II multiple or-

thogonal polynomial is a monic polynomial π~n of degree |~n| such that the
following orthogonality conditions:∫

E1

π~n (x) xkw1(x)dx = 0, k = 0, 1, . . . , n1 − 1, (2.2)∫
E2

π~n (x) xkw2(x)dx = 0, k = 0, 1, . . . , n2 − 1, (2.3)

...∫
Er

π~n (x) xkwr(x)dx = 0, k = 0, 1, . . . , nr − 1, (2.4)

are satisfied.
Again, for r = 1 we have the ordinary orthogonal polynomials.
The conditions (2.2)–(2.4) give |~n| linear equations for the |~n| unknown

coefficients ak,~n of the polynomial π~n (x) =
|~n|∑

k=0

ak,~n xk, where a|~n|,~n = 1.

But the matrix of coefficients of this system can be singular and we need
some additional conditions on the r weight functions to provide the unique-
ness of the multiple orthogonal polynomial. If the polynomial π~n (x) is
unique, then we say that ~n is a normal multi-index and if all multi-indices
are normal then we have a complete system.

In this paper we consider only the type II multiple orthogonal polyno-
mials. For each of the weight functions wk, k = 1, 2, . . . , r,

(f, g)k =
∫

Ek

f(x)g(x)wk(x)dx (2.5)

denotes the corresponding inner product of the functions f and g.
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Our interest is in systems of r weight functions for which all multi-
indices are normal. There are two distinct cases for which the type II
multiple orthogonal polynomials are given.

1. Angelesco systems for which the intervals Ei, on which the weight
functions are supported, are disjoint, i.e., Ei∩Ej = ∅ for 1 ≤ i, j ≤ r, i 6= j.

2. AT system is such that all weight functions are supported on the
same interval E and we also require that the |~n| functions

w1(x), xw1(x), . . . , xn1−1w1(x), w2(x), xw2(x), . . . , xn2−1w2(x),

. . . , wr(x), xwr(x), . . . , xnr−1wr(x)

form a Chebyshev system on E for each multi-index ~n. This means that
every linear combination

r∑
j=1

Qnj−1(x)wj(x),

where Qnj−1 is a polynomial of degree at most nj − 1, has at most |~n| − 1
zeros on E.

The following two theorems hold (for proof see [16]):

Theorem 2.1 In an Angelesco system the type II multiple orthogonal poly-

nomial π~n (x) factors into r polynomials
r∏

j=1
qnj (x), where each qnj has ex-

actly nj zeros on Ej.

Theorem 2.2 In an AT system the type II multiple orthogonal polynomial
π~n (x) has exactly |~n| zeros on E.

3 Type II Multiple Orthogonal Polynomials
with Nearly Diagonal Multi-index

Let n ∈ N and write it as n = `r + ν, with ` = [n/r] and 0 ≤ ν < r. The
nearly diagonal multi-index ~s(n) corresponding to n is given by

~s(n) = (` + 1, ` + 1, . . . , ` + 1︸ ︷︷ ︸
ν times

, `, `, . . . , `︸ ︷︷ ︸
r−ν times

).

Denote the corresponding type II multiple (monic) orthogonal polynomials
by

πn(x) = π~s(n)(x).
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Type II multiple orthogonal polynomials with nearly diagonal multi-
index satisfy the following recurrence relation of order r + 11

xπm(x) = πm+1(x) +
r∑

i=0

αm,r−iπm−i(x) , m ≥ 0, (3.1)

with initial conditions π0(x) = 1 and πi(x) = 0 for i = −1,−2, . . . ,−r (see
[15]).

Setting m = 0, 1, . . . , n− 1 in (3.1), we get

x


π0(x)
π1(x)

...
πn−1(x)

 = Hn


π0(x)
π1(x)

...
πn−1(x)

 + πn(x)


0
0
...
1

 ,

i.e.,

Hnpn(x) = xpn(x)− πn(x)en, (3.2)

where

pn(x) =
[
π0(x) π1(x) . . . πn−1(x)

]T
, en = [0 0 . . . 0 1]T ,

and Hn is the following lower (banded) Hessenberg matrix2 of order n

Hn =



α0,r 1

α1,r−1 α1,r 1

...
. . . . . . . . .

αr,0 · · · αr,r−1 αr,r 1

αr+1,0 · · · αr+1,r−1 αr+1,r 1

. . . . . . . . . . . .

αn−2,0 · · · αn−2,r−1 αn−2,r 1

αn−1,0 · · · αn−1,r−1 αn−1,r



.

1It is known that ordinary orthogonal polynomials on the real line always satisfy a
three-term recurrence relation.

2This kind of matrix was obtained also in construction of orthogonal polynomials on
the radial rays in the complex plane (see [11]).
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Let ξν ≡ ξ
(n)
ν (ν = 1, . . . , n) be zeros of πn(x). Then (3.2) reduces to

the eigenvalue problem

ξνpn(ξν) = Hnpn(ξν).

Thus, ξν are eigenvalues of the matrix Hn and pn(ξν) are the corresponding
eigenvectors.

For computing zeros of πn(x) as the eigenvalues of the matrix Hn we
use the EISPACK routine COMQR [3, pp. 277–284]. Notice that this
routine needs an upper Hessenberg matrix, i.e., HT

n . Also, the Matlab or
Mathematica can be used.

Our aim here is to compute the recurrence coefficients in (3.1), i.e.,
the elements of the Hessenberg matrix Hn. Only for the simplest case of
multiple orthogonality, i.e., when r = 2, for some classical weight functions
(Jacobi, Laguerre, Hermite) one can find explicit formulas for the recur-
rence coefficients (see [14], [16]). In [12] the elements of Hn for arbitrary r
have been calculated numerically, using the discretized Stieltjes–Gautschi
procedure [7].

At first, we express the elements of Hn in terms of the inner products
(2.5), and then we use the corresponding Gaussian formulas to discretize
these inner products. Of course, we suppose that the type II multiple
orthogonal polynomials exist with respect to the inner products ( · , · )k,
k = 1, 2, . . . , r, given by (2.5).

Taking that for inner products ( · , · )j+mr = ( · , · )j (m ∈ Z), the fol-
lowing result holds:

Theorem 3.1 The type II multiple monic orthogonal polynomials {πn},
with nearly diagonal multi-index, satisfy the recurrence relation

πn+1(x) = (x− αn,r)πn(x)−
r−1∑
k=0

αn,kπn−r+k(x), n ≥ 0, (3.3)

where

αn,0 =

(
xπn, π[(n−r)/r]

)
ν+1(

πn−r, π[(n−r)/r]

)
ν+1

and

αn,k =

(
xπn −

k−1∑
i=0

αn,iπn−r+i, π[(n−r+k)/r]

)
ν+k+1(

πn−r+k, π[(n−r+k)/r]

)
ν+k+1

, k = 1, 2, . . . , r
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Here, we put n = `r + ν, where ` = [n/r] and ν ∈ {0, 1, . . . , r − 1} ([t] is
integer part of t).

Proof of the previous theorem one can find in [12].

We use alternatively recurrence relation and given formulas for coeffi-
cients. Knowing π0 we compute α0,r, then knowing α0,r we compute π1,
and then again α1,r and α1,r−1, etc. Continuing in this manner, we can
generate as many polynomials, and therefore as many of the recurrence
coefficients as are desired.

All of the necessary inner products can be computed exactly, except for
rounding errors, by using the Gauss–Christoffel quadrature formulas with
respect to the corresponding weight function wi, i = 1, 2, . . . r.

3.1 Optimal Set of Quadratures

Denote with W = {w1, w2, . . . , wr} an AT system.
Following [6, Definition 3] we introduced the following definition (see

[12]):

Definition 3.2 Let W be an AT system (the weight functions wi, i =
1, 2, . . . , r are supported on the interval E), ~n = (n1, n2, . . . , nr) be a multi-
index, and n = |~n|. A set of quadrature formulas of the form:∫

E
f(x) wm(x)dx ≈

n∑
i=1

Am,if(xi), m = 1, 2, . . . , r (3.4)

will be called an optimal set (quadratures of Gaussian type) with respect to
(W,~n) if and only if the weight coefficients, Am,i, and the nodes, xi, satisfy
the following equations:

n∑
i=1

Am,i =
∫

E
wm(x)dx

n∑
i=1

Am,i xi =
∫

E
xwm(x)dx

...
n∑

i=1

Am,i x
n+nm−1
i =

∫
E

xn+nm−1 wm(x)dx

(3.5)

for m = 1, 2, . . . , r.
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For these optimal set of quadratures the next generalization of funda-
mental theorem of Gauss–Christoffel quadrature formulas holds (see [12]):

Theorem 3.3 Let W be an AT system, ~n = (n1, n2, . . . , nr), n = |~n|.
Consider the quadrature formulas:∫

E
f(x) wm(x)dx ≈

n∑
i=1

Am,if(xi) (3.6)

where m = 1, 2, . . . , r.
These formulas form an optimal set with respect to (W,~n) if and only

if:
1◦ They are exact for all polynomials of degree ≤ n− 1.

2◦ The polynomial q(x) =
n∏

i=1
(x− xi) is the type II multiple orthogonal

polynomial π~n with respect to W .

For the case of the nearly diagonal multi-indices ~s(n) the nodes xi,
i = 1, 2, . . . , n, of the Gaussian type quadrature formulas can be computed
as eigenvalues of the corresponding banded Hessenberg matrix Hn.

The weight coefficients Am,i can be computed by requiring that each
rule correctly generate the first n modified moments. Denote by Vn =[
pn(x1) pn(x2) . . . pn(xn)

]
the matrix of the eigenvectors of matrix Hn,

each normalized so that the first component is equal to 1. Then, the weight
coefficients Am,i can be found by solving

Vn ·


Am,1

Am,2
...

Am,n

 =


µ
∗(m)
0

µ
∗(m)
1
...

µ
∗(m)
n−1

 , m = 1, 2, . . . , r , (3.7)

where

µ
∗(m)
i =

∫
E

πi(x) wm(x)dx , m = 1, 2, . . . , r, i = 0, 1, . . . , n− 1 ,

are modified moments and πi = π~s(i).
All of the modified moments can be computed exactly, except for round-

ing errors, by using the Gauss–Christoffel quadrature formulas with respect
to the corresponding weight function wm, m = 1, 2, . . . r.
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4 Quadrature Formulae of Gaussian Type
with Preassigned Nodes

Let W = {w1, w2, . . . , wr} be an AT system.
Following Definition 3.2 and ordinary quadrature formulas of Gaussian

type with preassigned abscissas (see for example [1, Subsection 2.2.1]) we
introduce the following definition:

Definition 4.1 Let W be an AT system (the weight functions wi, i =
1, 2, . . . , r are supported on the interval E), ~n = (n1, n2, . . . , nr) be a multi-
index, n = |~n|. A set of quadrature formulas of the form:∫

E
f(x)wm(x) ≈

k∑
i=1

am,if(yi) +
n∑

i=1

Am,if(xi), m = 1, 2, . . . , r, (4.1)

where the nodes yi ∈ E, i = 1, 2, . . . , k are fixed and prescribed in advance,
will be called an optimal set with preassigned nodes {yi}k

i=1 with respect to
(W,~n) if and only if the weight coefficients, am,i, Am,i, and the nodes, xi,
satisfy the following equations:

k∑
i=1

am,i +
n∑

i=1
Am,i =

∫
E

wm(x)dx

k∑
i=1

am,i yi +
n∑

i=1
Am,i xi =

∫
E

xwm(x)dx

...
k∑

i=1
am,i y

n+nm+k−1
i +

n∑
i=1

Am,i x
n+nm+k−1
i =

∫
E

xn+nm+k−1 wm(x)dx

(4.2)
for m = 1, 2, . . . , r.

For a set of preassigned nodes {yi}k
i=1 we introduce s(x) as a polynomial

of degree k, with zeros at yi, i = 1, 2, . . . , k.
Denote

W̃ = {w̃1, w̃2, . . . , w̃r}, w̃m(x) = s(x)wm(x), m = 1, 2, . . . , r. (4.3)

Theorem 4.2 Let W be an AT system, ~n = (n1, n2, . . . , nr), n = |~n|.
Suppose that for preassigned nodes, {yi}k

i=1, W̃ is also AT system. The set
of quadrature formulas (4.1) form the optimal set with preassigned nodes
{yi}k

i=1 with respect to (W,~n) if and only if:
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1◦ They are exact for all polynomials of degree ≤ n + k − 1.

2◦ The polynomial q(x) =
n∏

i=1
(x − xi) is the type II multiple orthogonal

polynomial π~n with respect to W̃ .

Proof. Suppose first that the quadrature formulas (4.1) form the optimal
set with preassigned nodes {yi}k

i=1 with respect to (W,~n).
In order to prove 1◦ we note that for each m = 1, 2, . . . , r, the corre-

sponding quadrature formula (4.1) is exact for all polynomials of degree
≤ n + nm + k − 1 and then it is exact for those of degree ≤ n + k − 1.

To prove 2◦, for m = 1, 2, . . . r, assume that pm(x) is a polynomial
of degree ≤ nm − 1. Then the polynomial q(x)pm(x)s(x) has degree ≤
n+nm +k− 1. Since the corresponding quadrature formula is exact for all
such polynomials, it follows that∫

E
q(x)pm(x) s(x)wm(x)dx =

k∑
i=1

am,iq(yi)pm(yi)s(yi)

+
n∑

i=1

Am,iq(xi)pm(xi)s(xi).
(4.4)

Since s(yi) = 0 for i = 1, 2, . . . , k and q(xi) = 0 for i = 1, 2, . . . , n, the both
sums on the right hand side in (4.4) are identically zero. Thus, we have∫

E
q(x)pm(x) s(x)wm(x)dx = 0, m = 0, 1, . . . , r

and 2◦ follows.
Suppose now that for quadrature formulas (4.1) 1◦ and 2◦ hold.
For m = 1, 2, . . . , r, let tm(x) be a polynomial of degree ≤ n+nm+k−1.

We can write tm(x) = um(x) · q(x)s(x)+v(x), where um(x) is a polynomial
of degree ≤ nm − 1 and v(x) is a polynomial of degree ≤ n + k − 1. It is
easy to see that

tm(yi) = v(yi), i = 1, 2, . . . , k,
tm(xi) = v(xi), i = 1, 2, . . . , n.

(4.5)

Then, we obtain∫
E

tm(x) wm(x)dx =
∫

E
[um(x)q(x)s(x) + v(x)]wm(x)dx

=
∫

E
q(x)um(x) s(x)wm(x)dx +

∫
E

v(x) wm(x)dx .
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According to 2◦ we have
∫
E q(x)um(x) s(x)wm(x)dx = 0 and therefore we

obtain ∫
E

tm(x) wm(x)dx =
∫

E
v(x) wm(x)dx .

Since v(x) is a polynomial of degree ≤ n + k − 1, it follows from 1◦ that

∫
E

v(x) wm(x)dx =
k∑

i=1

am,iv(yi) +
n∑

i=1

Am,iv(xi)

and hence using (4.5) we obtain

∫
E

tm(x) wm(x)dx =
k∑

i=1

am,iv(yi) +
n∑

i=1

Am,iv(xi)

=
k∑

i=1

am,itm(yi) +
n∑

i=1

Am,itm(xi).

This proves that for each m = 1, 2, . . . , r, the corresponding quadrature
formula is exact for all polynomials of degree ≤ n + nm + k − 1. �

According to Theorem 4.2, the nodes xi, i = 1, 2, . . . , n, of the optimal
set of quadrature formulas (4.1) are the zeros of the type II multiple or-
thogonal polynomial π~n with respect to the AT system W̃ . For computing
these zeros in the case of nearly diagonal multi-index we use the discretized
Stieltjes–Gautschi procedure (see [12, 13]). When we find the nodes, then
for m = 1, 2, . . . , r we can choose the weight coefficients am,i, i = 1, 2, . . . , k
and Am,i, i = 1, 2, . . . , n, so that they satisfy the following Vandermonde
system of equations

V (y1, . . . , yk, x1, . . . , xn)



am,1
...

am,k

Am,1
...

Am,n


=


µ

(m)
0

µ
(m)
1
...

µ
(m)
n+k−1

 , m = 1, 2, . . . , r,

(4.6)
where

µ
(m)
i =

∫
E

xi wm(x)dx, m = 1, 2, . . . , r, i = 0, 1, . . . , n + k − 1,
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are moments which can be computed exactly, except for rounding errors,
by using the Gauss–Christoffel quadrature formulas with respect to the
corresponding weight function wm, m = 1, 2, . . . r.

Each of Vandermonde systems (4.6) has unique solution if all of pre-
assigned nodes are distinct from the zeros of type II multiple orthogonal
polynomial π~n with respect to W̃ . This is always satisfied in cases when
the preassigned nodes are at the end points of the interval E.

4.1 Quadrature Formulae of Gauss–Radau
and Gauss–Lobatto Type

a) Jacobi weight functions

In the case of Gauss–Radau type quadratures we have only one pre-
assigned node, y1 = −1, so that s(x) = x + 1. For each AT system W
consisting of Jacobi weight functions [12]

wm(x) = (1− x)α(1 + x)βm , m = 1, 2, . . . , r,

α, βm > −1, m = 1, 2, . . . , r; βi − βj /∈ Z whenever i 6= j, we have

w̃m(x) = (1− x)α(1 + x)βm+1, m = 1, 2, . . . , r,

and corresponding set W̃ is also AT system. The Vandermonde system (4.6)
(for n + 1 unknown weights) has a unique solution for each m = 1, 2, . . . , r.

In Table 1 the nodes and weights for quadrature formulas of Gauss–
Radau type with respect to an AT system of Jacobi weights and nearly
diagonal multi-index are given. Numbers in parentheses denote decimal
exponents.

In the case of Gauss–Lobatto type quadratures we have two preassigned
nodes, y1 = −1 and y2 = 1; s(x) = 1− x2, and for AT system W of Jacobi
weight functions set W̃ with elements

w̃m(x) = (1− x)α+1(1 + x)βm+1, m = 1, 2, . . . , r,

is again AT system and Vandermonde system (4.6) (for n + 2 unknown
weights) also has unique solution for each m = 1, 2, . . . , r.

In Table 2 the nodes and weights for quadrature formulas of Gauss–
Lobatto type with respect to an AT system of Jacobi weights and nearly
diagonal multi-index are given.

b) Laguerre weight functions
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Table 2: Quadrature formulas of Gauss–Lobato type, r = 2, α = −1/4,
β1 = 1, β2 = −1/2, n = 18

yi, xi a1,i, A1,i a2,i, A2,i

1 −1. −5.427654059531051(−7) 6.278044907035962(−2)
2 1. 5.253978709241791(−2) 1.857561986737788(−2)
1 −9.940683226494066(−1) 6.258461212382826(−5) 1.366066177674554(−1)
2 −9.973295322435293(−1) 6.724998794425119(−4) 1.541068169804305(−1)
3 −9.330999859656411(−1) 2.894341625676589(−3) 1.672669872578609(−1)
4 −8.706256860528897(−1) 8.198883072026320(−3) 1.761905550567668(−1)
5 −7.847743707278070(−1) 1.815730482233846(−2) 1.818487840801168(−1)
6 −6.759923125940263(−1) 3.409994333062372(−2) 1.848930926177310(−1)
7 −5.460968834029435(−1) 5.679958534303609(−2) 1.857378515147516(−1)
8 −3.981042546631459(−1) 8.622406731661059(−2) 1.846488449675086(−1)
9 −2.360418319851534(−1) 1.213912667316848(−1) 1.817954776087856(−1)

10 −6.474035626481439(−2) 1.603454558780371(−1) 1.772794371553346(−1)
11 1.103930065314497(−1) 2.002575860755584(−1) 1.711488163863528(−1)
12 2.836154392458143(−1) 2.376344935881942(−1) 1.634018925424208(−1)
13 4.490957313876524(−1) 2.686044097870690(−1) 1.539811371776487(−1)
14 6.011595130523827(−1) 2.892279000156788(−1) 1.427539994158158(−1)
15 7.345236460917255(−1) 2.957584275197416(−1) 1.294692974446239(−1)
16 8.445112388464046(−1) 2.847195061026688(−1) 1.136567577648302(−1)
17 9.272392748240476(−1) 2.524575707052816(−1) 9.435935045249755(−2)
18 9.797689999534666(−1) 1.926868609416974(−1) 6.917199832716925(−2)

For Laguerre weights we can construct Gauss–Radau type quadratures.
The preassigned node is y1 = 0, and for each AT system of generalized
Laguerre weight functions [12]

wm(x) = xsme−x, m = 1, 2, . . . , r

sm > −1, m = 1, 2, . . . , r; si − sj /∈ Z whenever i 6= j, set W̃ with weights

w̃m(x) = xsm+1e−x, m = 1, 2, . . . , r

is also AT system.
The Vandermonde system (4.6) (for n+1 unknown weights) has a unique

solution for each m = 1, 2, . . . , r.
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Abstract. A characterization is given for compact sets E ⊂ C satis-
fying the Markov inequality ||P ′

n||E ≤ Cn||Pn||E for any polynomial
Pn of degree ≤ n. It is shown that this Markov condition is equivalent
to the Lipschitz continuity of the Green function gC\E , as well as to a
Lipschitz type condition on the equilibrium measure. We also give an
example for such a set with infinitely many connected components.
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1 Definitions and results

Let Πn denote the set of algebraic polynomials of degree ≤ n. Markov’s
inequality is a basic result comparing the supremum norm of a polynomial
Pn ∈ Πn to the supremum norm of its derivative:

||P ′
n||[−1,1] ≤ n2||Pn||[−1,1].

If C1(0) is the unit circle, then the corresponding inequality

||P ′
n||C1(0) ≤ n||Pn||C1(0)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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is due to Bernstein. Let us also remark that this is in some sense the
optimal case, for if E is any compact set on the complex plane then there
are polynomials Pn ∈ Πn, n = 1, 2, . . . for which

||P ′
n||E ≥ cn||Pn||E

with some constant c > 0. Indeed, let D be a disk containing E with the
smallest possible radius. Then ∂D ∩ E is not empty, say z0 is a point in
this set. If a is the center of D and r is its radius, then for Pn(z) = (z−a)n

we have
|P ′

n(z0)| =
n

r
‖Pn‖E .

Let E ⊂ C be compact with positive logarithmic capacity (see [2], [3] or
[5] for the relevant concepts of potential theory). We say that E satisfies
the Markov inequality with a polynomial factor if there exist C, k > 0 such
that

||P ′
n||E ≤ Cnk||Pn||E (1.1)

holds for every n and Pn ∈ Πn.
Inequality (1.1) is strongly related to the smoothness properties of the

Green function belonging to E. Let Ω be the outer domain of E, i.e. the
unbounded component of C \ E, and let gΩ(z) denote Green’s function of
Ω with pole at infinity. Green’s function gΩ is said to be Hölder continuous
if there exist C1, α > 0 such that

gΩ(z) ≤ C1

(
dist(z,E)

)α
. (1.2)

for all z ∈ C. It is known that in certain cases the Markov inequality is
equivalent to the Hölder continuity of the Green function. Totik (see [4])
proved that this is true for Cantor-type sets, i.e. (1.1) is equivalent to (1.2)
if E is Cantor-type. It is an open problem if (1.1) and (1.2) are equivalent
for any compact set E. In this paper our aim is to show that in the optimal
cases k = 1 and α = 1 they are, indeed, equivalent.

It is known that Hölder continuity of Green’s function can be character-
ized by smooth behavior of the equilibrium measure µE of E, namely gΩ is
Hölder continuous (with some exponent α) if and only if

µE

(
Dδ(z)

)
≤ C2δ

κ (1.3)

for every z ∈ C and δ > 0 with some κ > 0, where Dδ(z) denotes the
disk centered at z with radius δ. We shall also prove that aforementioned
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equivalence of (1.1) and (1.2) in the k = 1, α = 1 case is equivalent to the
fact that in (1.3) we have κ = 1.

Recall that Ω is said to be regular (with respect to the Dirichlet problem)
if gΩ is continuous on ∂G.

Theorem 1 Let E be a compact subset of the plane such that the un-
bounded component Ω of C \ E is regular. Then the following are pairwise
equivalent.

i) Optimal Markov inequality holds on E, i.e. there exists a C > 0 such
that

||P ′
n||E ≤ Cn||Pn||E (1.4)

for every polynomial Pn ∈ Πn, n = 1, 2, . . ..
ii) Green’s function gΩ is Lipschitz continuous, i.e. there exists a C1 > 0

such that
gΩ(z) ≤ C1dist(z, E) (1.5)

for every z ∈ C.
iii) The equilibrium measure µE of E satisfies a Lipschitz type condition,

i.e. there exists a C2 > 0 such that

µE

(
Dδ(z)

)
≤ C2δ (1.6)

for every z ∈ E and δ > 0.

If, in addition, Ω is simply connected, then i)–iii) are also equivalent to

iv) The conformal mapping Φ from Ω onto the exterior of the unit disk is
Lipschitz continuous, i.e.

|Φ(z1)− Φ(z2)| ≤ C3|z1 − z2|, z1, z2 ∈ Ω.

We mention that each of i), ii) and iv) implies regularity, so in their
equivalence the regularity assumption is not needed. However, iii) may be
true without Ω being regular, in which case iii) is not equivalent to the
other statements. Consider e.g. as E the unit disk together with the single
point 2. In this case µE is the normalized arc measure on the unit circle
and the one point set {2} does not carry any mass. Thus, iii) holds, but
the other statements in the theorem are not true.

There is a local version of our theorem which we formulate now. We say
that E has the optimal local Markov property at the point z0 ∈ ∂Ω if there
is a constant C such that

|P (k)
n (z0)| ≤ Cknk‖Pn‖E , Pn ∈ Πn, n = 1, 2, . . .
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for all k = 1, 2, . . ..

Theorem 2 Let E be a compact subset of the plane, Ω the unbounded
component of C \E, and suppose that z0 ∈ ∂Ω is a regular boundary point
of Ω (i.e. gΩ(z0) = 0). Then the following are equivalent.

i) E has the optimal Markov property at z0.

ii) Green’s function gΩ is Lipschitz continuous at z0, i.e.

gΩ(z) ≤ C1|z − z0|

with some constant C1.

iii) The equilibrium measure µE of E satisfies a Lipschitz type condition
at z0, i.e. there exists a C2 > 0 such that

µE

(
Dδ(z0)

)
≤ C2δ

for every δ > 0.

If, in addition, Ω is simply connected, then i)–iii) are also equivalent to

iv) The conformal mapping Φ from Ω onto the exterior of the unit disk is
Lipschitz continuous at z0.

In the last statement we think of Φ as being extended continuously onto
the boundary of Ω.

It is worth noticing that much more is true than the equivalence of ii)
and iii), namely we can give a very precise two sided estimate for Green’s
function in terms of the equilibrium measure.

Theorem 3 Let E be a compact subset of the plane, Ω the unbounded
component of C \E, and suppose that z0 ∈ ∂Ω is a regular boundary point
of Ω (i.e. gΩ(z0) = 0). Then for every 0 < r < 1 we have∫ r

0

µE(Dt(z0))
t

dt ≤ sup
|z−z0|=r

gΩ(z) ≤ 3
∫ 4r

0

µE(Dt(z0))
t

dt. (1.7)

Let F be a connected component of E which is of positive distance from
the set E \ F . Then on F the Lipschitz continuity of Green’s functions
gΩ and gC\F are equivalent, and for the latter one can use the conformal
mapping characterization given in Theorem 1, iv). In particular, if gΩ is
Lipschitz, then so is every gC\F for every component F which is of positive
distance from F . In Section 5 (Example 2) we shall show that this need not
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be true for components of F that are not of positive distance from E \ F ,
even if they are consisting of more than one point. This will be based on
a construction in Example 1, which exhibits a set E with infinitely many
connected components and Lipschitz-continuous Green function, which is
an interesting fact in itself (note that the simplest example of a set E
satisfying Theorem 1 is any finite union of disjoint smooth simple closed
curves, and one is tempted to think that sets appearing in Theorem 1 can
have only finitely many connected components).

2 Notations

For the following well known notations and results see either of the books
[2], [3] or [5].

We shall use c, c0, c1, c2, . . ., C,C0, C1, C2, . . . and d1, d2, . . . to denote pos-
itive constants. T denotes the unit circle, D the unit disk, Cr(a) resp. Dr(a)
denote the circle resp. open disk centered at a with radius r. For the no-
tions of logarithmic potential theory see e.g. [2] or [3]. In what follows
E denotes a compact set of positive capacity, µE denote its equilibrium
measure,

Uν(z) =
∫

log
1

|z − t|
dν(t)

the logarithmic potential of the measure ν, gΩ(z) the Green function of
the domain Ω with pole at ∞, cap(E) the logarithmic capacity of E and
ω(x,H,G) the harmonic measure in G corresponding to the set H ⊆ ∂G.
These are related by the equation

gΩ(z) = log
1

cap(E)
− UµE (z), (2.1)

which is used to define gΩ for all z ∈ C. We shall need the Bernstein-Walsh
inequality

|Pn(z)| ≤ engΩ(z)‖Pn‖E (2.2)

valid for all polynomials Pn of degree n = 1, 2, . . ., as well as its sharpness:

egΩ(z) = sup
Pn∈Πn, ||Pn||E≤1

|Pn(z)|1/n (2.3)

valid for any z ∈ Ω.
We shall also use Harnack’s inequality: if u is a positive harmonic function

in the unit disk and |z| < 1, then

1− |z|
1 + |z|

u(0) ≤ u(z) ≤ 1 + |z|
1− |z|

u(0) (2.4)
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3 Proof of Theorems 1 and 2

We shall only prove Theorem 1, the proof of the local version (Theorem 2)
is similar.

First we show that (i) is equivalent to (ii). Suppose (1.5) holds true. Let
z ∈ C and apply Cauchy’s formula to Pn ∈ Πn on Cr(z):

P ′
n(z) =

1
2πi

∫
Cr(z)

Pn(ξ)
|ξ − z|2

dξ =
1
2π

∫ 2π

0

Pn(z + reit)
reit

dt.

Taking absolute value on both sides and setting r = 1/n we get

|P ′
n(z)| ≤ n

2π

∫ 2π

0
|Pn(z +

1
n

eit)|dt. (3.1)

For z ∈ E the Bernstein-Walsh inequality (2.2) and (1.5) give

|Pn(z +
1
n

eit)| ≤ ||Pn||EengΩ(z+ 1
n

eit)

≤ ||Pn||EenC1
1
n = ||Pn||EeC1 .

This and (3.1) prove (i).
Conversely, suppose (1.4). Then it follows by induction that

||P (m)
n ||E ≤ Cmnm||Pn||E , m = 1, 2, . . . . (3.2)

(1.5) is obviously true for z ∈ E, therefore we can assume z ∈ C \ E.
Choose z0 ∈ E such that dist(z, E) = |z − z0|. Suppose Pn ∈ Πn and
||Pn||E ≤ 1. We can use the (finite) Taylor-expansion of Pn around z0 and
(3.2) to obtain:

|Pn(z)| = |Pn(z0)|+
∣∣∣ ∞∑
m=1

P
(m)
n (z0)

m!
(z − z0)m

∣∣∣
≤ 1 +

∞∑
m=1

Cmnm

m!
|z − z0|m = eCn|z−z0|.

Thus |Pn(z)|1/n ≤ eC|z−z0| and this, using the representation (2.3) and the
choice of z0, proves (ii).

The equivalence of ii) and iii) follows from Theorem 3.
Finally, suppose that Ω is simply connected, and Φ is the conformal map

of Ω onto the complement of the unit disk. Then gΩ(z) is the real part of
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log Φ(z) (this follows e.g. from the defining properties of gΩ), hence the
Lipschitz property of Φ implies the Lipschitz property of gΩ. Conversely,
suppose that gΩ is Lipschitz continuous. Since gΩ is infinitely differentiable,
this happens precisely if the partial derivatives ∂gΩ/∂x and ∂gΩ/∂y are
bounded in Ω. But then using the Cauchy-Riemann equations it follows
that the partial derivatives of = log Φ(z) are also bounded, hence log Φ is
a Lipschitz function. But then so is Φ in any bounded set. On the other
hand, around infinity the derivative of Φ tends to a constant (recall that
limz→∞ F (z)/z exists and apply Cauchy’s formula for the derivative), and
the proof is complete.

4 Proof of Theorem 3

Without loss of generality let z0 = 0, and r > 0. It follows from the
representation (2.1) and the assumed regularity (gΩ(0) = 0) that

gΩ(reiϕ) = gΩ(reiϕ)− gΩ(0) =
∫

log
|reiϕ − t|

|t|
dµE(t).

Since (see [2, p. 29])

1
2π

∫ π

−π
log

|reiϕ − t|
|t|

dϕ = log+ r

|t|
,

we get with Fubini’s Theorem

1
2π

∫ π

−π
gΩ(reiϕ)dϕ =

∫ (
log+ r

|t|

)
dµE(t).

With S(t) = µE(Dt(0)) the last integral can be written as∫ r

0
log

r

t
dS(t) =

∫ r

0

S(t)
t

dt,

where the equality follows by integration by parts. Thus,∫ r

0

S(t)
t

dt ≤ sup
ϕ

gΩ(reiϕ),

which is the left inequality in (1.7).



98 Markov inequality and Green functions

To prove the right inequality we write again for |z| ≤ 2r

0 ≤ gΩ(z) = gΩ(z)− gΩ(0) =
∫

log
|z − t|
|t|

dµE(t)

=
∫

D2r(0)
+

∫
E\D2r(0)

= h1(z) + h2(z)

where both functions h1 and h2 vanish at 0. Clearly, for |z| ≤ 2r we have

h1(z) =
∫

D2r(0)
log

|z − t|
|t|

dµE(t) ≤
∫

D2r(0)
log

4r

|t|
dµE(t)

≤
∫

D4r(0)
log

4r

|t|
dµE(t),

and with the function S(t) defined above this can be written again as
h1(z) ≤ m where

m =
∫ 4r

0

S(t)
t

dt.

Therefore, we have for all |z| ≤ 2r

0 ≤ h1(z) + h2(z) ≤ m + h2(z).

But the function on the right hand side is harmonic in D2r(0) and takes
the value m + h2(0) = m at the origin, therefore we obtain from Harnack’s
inequality (2.4) (applied to the function u(w) = m + h2(w2r) and to the
point z/2r) that for |z| = r the inequality m + h2(z) ≤ 3(m + h2(0)) = 3m
holds. Together with this we have for |z| = r

g(z) = h1(z) + h2(z) ≤ m + 2m = 3m,

and this is the right inequality in (1.7).

5 Construction of Example 1

We are going to construct the first connected component E0 of E in the
following way. Let 0 < θ < π be arbitrary. Set Jθ = {eit : θ ≤ |t| ≤ π}
and

Aθ =
⋃

a∈Jθ

D1/10(a).
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Thus, Aθ is a ”thickened arc” of the unit circle T. There is a largest θ∗

such that the complement of Aθ∗ is not connected (the two “arms” of Aθ∗

touch each other).
Let ω(z, J, G) be the harmonic measure corresponding to the set J ⊆ ∂G

in the domain G. Clearly ω(0,T \ Aθ,D) → 0 if θ ↘ θ∗. Fix θ0 > θ∗ such
that ω(0,T \Aθ0 ,D) < 1/9.

Set E0 = Aθ0 , for every integer n ≥ 1 define En = (1/3)nE0, and let
E =

⋃∞
n=1 En ∪ {0}. This is a compact set consisting of infinitely many

components such that Ω = C \ E is connected. Below we show that gΩ is
Lipschitz.

Since ω(0,T \ Aθ0 ,D) < 1/9, it follows from Harnack’s inequality ((2.4)
with |z| = 1/2) that ω(z,T\Aθ0 ,D) < 1/3 for all z ∈ D1/2(0), in particular
this is true for z ∈ C1/3(0). Both ω(z,T \Aθ0 ,D) and gC\E(z) are positive
harmonic functions in D \ E,

gC\E(z) ≤ gC\E0
(z) ≤ ω(z,T \Aθ0 ,D)

on T \ Aθ0 and gC\E vanishes on E, while ω(z,T \ Aθ0 ,D) is nonnegative
there. Thus, the same inequality holds true everywhere in D \ E by the
maximum principle for harmonic functions. Hence

gC\E(z) ≤ 1/3, z ∈ D1/3(0) \ E. (5.1)

Now consider the domain D1/3(0)\E and the positive harmonic functions

ω
(
z, C1/3(0) \ E1, D1/3(0)

)
and 3gC\E(z). Since 3gC\E(z) vanishes on E

and, in view of (5.1), it is at most 1 on C1/3(0) \ E, where ω
(
z, C1/3(0) \

E1, D1/3(0)
)

takes the (boundary) value 1, we have

3gC\E(z) ≤ ω
(
z, C1/3(0) \ E1, D1/3(0)

)
in D1/3(0) \ E. Because of similarity,

ω
(
0, C1/3(0) \ E1, D1/3(0)

)
= ω(0,T \Aθ0 ,D) < 1/9,

which implies via Harnack’s inequality as before that

ω
(
z, C1/3(0) \ E1, D1/3(0)

)
< 1/3, z ∈ D1/3(0).

Thus, we can conclude 3gC\E(z) ≤ 1/3 if z ∈ C1/9(0), i.e.

gC\E(z) ≤ 1/9, z ∈ D1/9(0) \ E.
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In a similar manner it follows by induction that

gC\E(z) ≤
(

1
3

)n

, z ∈ D(1/3)n \ E. (5.2)

We are going to show that Green’s function gC\E is Lipschitz continuous.
Let z0 ∈ C \ E be arbitrarily chosen. Suppose the component closest to
z0 is En0 , i.e. dist(z0, E) = dist(z0, En0). We will compare gC\En0

and
gC\E . It follows from the construction of E that En0 is included in the
disk D1/(2·3n0−1)(0). Thus the monotonicity of Green functions gives for
|z| = (1/3)n0−1

gC\En0
(z) ≥ gC\D

1/(2·3n0−1)
(0)(z) = log

(1/3)n0−1

1/(2 · 3n0−1)
= log 2. (5.3)

On the other hand, according to (5.2), gC\E(z) ≤ (1/3)n0−1 holds for z ∈
C(1/3)n0−1 . Hence

gC\En0
(z) ≥ 3n0−1

log 2
gC\E(z), z ∈ C(1/3)n0−1 . (5.4)

Since both sides are positive and harmonic in D(1/3)n0−1 \ E, inequality
(5.4) remains true throughout this domain, and by the definition of n0 the
point z0 is included in this set.

Let C denote the Lipschitz-constant of E0, i.e.

gC\E0
(z) ≤ Cdist(z, E0).

Using the fact gC\En0
(z) = gC\E0

(3n0z) we obtain

gC\E(z0) ≤ log 2
3n0−1

gC\En0
(z0) =

log 2
3n0−1

gC\E0
(3n0z0)

≤ log 2
3n0−1

Cdist(3n0z0, E0)

=
log 2
3n0−1

C3n0dist(z0, En0)

= 3C log 2 · dist(z0, E).

Therefore gC\E(z) is Lipschitz continuous with Lipschitz constant
3C log 2.
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6 Construction of Example 2

Let E be the set from the preceding section (Example 1), and let

E∗ = E ∪ [0, 2] ∪D1(3),

i.e. we add to E the segment [0, 2] and to that attach the disk D1(2). Then
F = [0, 2] ∪ D1(3) is a connected component of E∗ for which gC\F is not
Lipschitz (in fact, around 0 this behaves like gC\[0,2], which is only Lipschitz
1/2 smooth at 0). Thus, it is left to show that gC\E∗ is a Lipschitz function.

Since gC\E∗ is bounded by either of gC\E , gC\[0,3] and g
C\D1(3)

, the Lip-

schitz property is clear on E (Example 1), on [1, 2] and on D1(3).
Thus, we have to worry about points close to the segment [0, 1]. Let

z0 6∈ E∗ be an arbitrary point, and let x0 be a point in E that is closest
to z0. If x0 ∈ E ∪ [1, 2] ∪D1(3), then according to what we have just said,
gC\E∗(z) ≤ C|z − x0| with some constant C. Thus, let us assume that
x0 ∈ (0, 1). Choose n0 so that 3−n0−1 ≤ x0 < 3−n0 . Since gC\[−1,1](z) ≥ 1
for |z| = 2, we have

gC\[0,2·3−n0 ](z) ≥ 1, |z| = 3−n0+1.

(5.2) implies

3n0−1gC\E∗(z) ≤ 3n0−1gC\E(z) ≤ 1, |z| = 3−n0+1,

hence by the comparison technique applied several times before we get that

3n0−1gC\E∗(z) ≤ gC\[0,2·3−n0 ](z)

for all |z| ≤ 3−n0+1. In particular,

gC\E∗(z0) ≤ 3−n0+1g[0,2·3−n0 ](z0) = 3−n0+1gC\[0,2](3
n0z0).

Here 3n0z0 lies in the annulus 1/3 ≤ |w| ≤ 1, on which gC\[0,2] is Lipschitz
continuous, and the closest point in [0, 2] to 3n0z0 is 3n0x0. Hence we get
with some constant C

gC\E∗(z0) ≤ 3−n0+1C|3n0z0 − 3n0x0| = 3C|z0 − x0|

and the proof is over.
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1 Introduction

The problem of the convergence for linear integral operators of the form

(Twf)(s) =
∫

H
Kw(s− hw(t))f(hw(t))dµH(t), w > 0, s ∈ G, (I)

where G and H are Hausdorff topological groups, f : G→R is a measurable
function, {hw}w>0 is a family of homeomorphisms hw : H→hw(H) ⊂ G and
{Kw}w>0 with Kw : G→R, is a family of kernel functions satisfying suitable
assumptions, has been studied in [9] with respect to the uniform conver-
gence and in the setting of Orlicz spaces (i.e. with respect to the modular
convergence).

The above integral operators have been introduced in order to give a
unified approach to the study of the convergence of several classical integral
operators, as the classical convolution integral operators (see [19, 3, 7, 10,
43, 6]), the Mellin convolution ones (see [2, 8, 17, 41]) and a class of discrete
operators which in particular contains the generalized sampling series of f ,
i.e.

(SK
w f)(s) =

∑
k∈Z

K(sw − k)f(
k

w
), s ∈ R, w > 0,

where K is an integrable function on R (see a.e. [6, 1]), obtained as partic-
ular cases of the family (I) with particular choices of the groups G and H,
of their respective measures and of the family of the homeomorphisms hw.

In this paper we give the first unifying approach for the above family
(I), in order to study the degree of approximation in the setting of Orlicz
spaces. A partial result in this respect has been given in [1] in the particular
case of the generalized sampling series. As concernes the general theory of
Orlicz-type spaces, see [34, 37, 33, 35, 39, 6].

In order to attain our goal, we need to introduce a Lipschitz class which
takes into account the setting of Orlicz spaces and some natural assump-
tions on the family of kernels involved in our operators, which are satisfied
when the absolute moment of order α of the kernels are finite, as happens
in the classical cases. The latter condition is satisfied by many well-known
classes of kernels.

The importance of the study of the generalized sampling series relies on
its application to the theory of ”signal processing”. Indeed, such discrete
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operators have been introduced and studied by P.L. Butzer and his school
(see e.g. [13, 20, 40, 14, 21, 22, 16, 15, 23, 24, 17, 18] and [11]) in order to
solve the many disadvantages, from the point of view of the applications, of
the formula given by the classical Witthaker-Kotelnikov-Shannon sampling
theorem (see [42, 12]); for references to the classical sampling theory, see
[32, 31, 25, 28, 12, 29, 30]. With the tools of approximation theory, it
is possible to reconstruct signals, in an approximate sense, avoiding the
band-limitation and the finiteness of the energy of the signal, as happens
in the sampling theorem. The signals considered in the Butzer approach are
supposed to be uniformly continuous and bounded and the theory enables
also the prediction of the signals.

Our setting in Orlicz spaces allows us to generalize the theory to signals
which belong to more general function spaces, so including in particular the
Lp−spaces, the latter being a very interesting case from the point of view
of the applications.

The paper is organized as follows. After the general notations and
definitions of the Orlicz spaces (Section 2), we give a boundedness result
for our family of integral operators in Orlicz spaces in Section 3, while in
Section 4 we establish the result concerning the order of approximation.
Here we introduce the Lipschitz class and the singularity assumptions in
a general form (ξ−singularity assumption), from which we can deduce, as
particular cases, the classical ones. In Section 5 we discuss the case of
Lp−spaces, so important in the applications, and in Section 6 we furnish
classes of operators to which our theory can be applied. Finally, in Section
7 we show some concrete example of kernels for which our assumptions are
fully satisfied.

2 Notations and definitions

Let G and H be locally compact Hausdorff topological groups, where
G is Abelian, and µG and µH are σ−finite Haar measures on the classes
of Borel sets, denoted by B(G) and B(H), respectively. We recall that
unimodularity for the group G is sufficient for our theory.

By U we shall denote the neighborhood base of the neutral element
θ ∈ G and, due to the locally compactness of G, we can assume that U is
a base of measurable symmetric compact neighborhoods of θ.

Let {hw}w>0 be a family of functions hw : H→G such that hw is a
homeomorphism between H and hw(H) ⊂ G and let X(G) and X(H) be
the spaces of all the Borel measurable real-valued functions defined on
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G and H, respectively.
Since Orlicz spaces can be framed in the theory of modular spaces, we

recall here some definitions.
A modular is a functional ρ : X(G)→R+

0 , being R+
0 = [0,∞], satisfying

the following properties:

(1) ρ[f ] = 0 if and only if f = 0;
(2) ρ[−f ] = ρ[f ], for every f ∈ X(G);
(3) ρ[αf + βg] ≤ ρ[f ] + ρ[g], for every α, β ≥ 0, α + β = 1, f, g ∈ X(G).

If (3) is replaced by

(3′) ρ[αf +βg] ≤ αρ[f ]+βρ[g], for every α, β ≥ 0, α+β = 1, f, g ∈ X(G),

then the modular is said to be convex. Moreover, if (3) is replaced by

(3
′′
) there exists D > 0 such that ρ[αf + βg] ≤ D(αρ[Df ] + βρ[Dg]), for
every α, β ≥ 0, α + β = 1, f, g ∈ X(G),

then ρ is said to be quasi-convex.
The modular space generated by ρ is the subspace

Lρ(G) = {f ∈ X(G) : lim
λ→0+

ρ[λf ] = 0}

(see [38, 37, 33, 6]). When the modular ρ is a convex modular (or quasi-
convex), then the modular space can be defined as

Lρ(G) = {f ∈ X(G) : ρ[λf ] < +∞, for some λ > 0}.

Let now ϕ : R+
0 → R+

0 a ϕ−function, i.e. ϕ satisfies the following
properties:

i) ϕ is a non decreasing, continuous function;
ii) ϕ(0) = 0, ϕ(u) > 0 if u > 0 and limu→+∞ ϕ(u) = +∞.

From now on, if ϕ is a ϕ−function, then we will write ϕ ∈ Φ. If ϕ will be
also a convex function, then we will write ϕ ∈ Φ̃.

We now consider the modular ρ of the form:

IG
ϕ [f ] :=

∫
G

ϕ(|f(s)|)dµG(s),

with ϕ ∈ Φ.
The modular space generated by the above modular, is called the Orlicz

space and it is defined as

Lϕ(G) = {f ∈ X(G) :
∫

G
ϕ(λ|f(s)|)dµG(s) < +∞, for some λ > 0}.
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Hereafter, we will denote by IG
ϕ and IH

ϕ the modulars defined on X(G) and
X(H) generating the Orlicz spaces Lϕ(G) and Lϕ(H), respectively.

A notion of convergence in modular spaces, called modular convergence,
is introduced in [38]; in some sense it is more natural than the norm-
convergence induced by the Luxemburg norm. Namely, in our setting of
Orlicz spaces, it reads as follows:

we say that a sequence {fn}n ⊂ Lϕ(G) is modular convergent to
f ∈ Lϕ(G), if there exists λ > 0 such that

IG
ϕ [λ(fn − f)] =

∫
G

ϕ(λ|fn(s)− f(s)|)dµG(s)→0, n→+∞. (1)

If (1) is satisfied for every λ > 0, this means that fn converges to f as
n→+∞ with respect to the Luxemburg norm, i.e. (see e.g. [37])

‖fn−f‖ρ := inf
{

u > 0 :
∫

G
ϕ

(∣∣∣∣fn(s)− f(s)
u

∣∣∣∣) dµG(s) ≤ u
}
→0, n→+∞.

Below, follows some important examples of modular spaces (see e.g. [37, 6]).

1. Lp−spaces.
In this case the generating modular is the functional

IG
p [f ] :=

∫
G
|f(s)|pdµG(s), p ≥ 1.

This is obviously a particular case of Orlicz spaces, obtained taking
ϕ(u) = up, p ≥ 1. Here the Luxemburg norm is given by :

‖f‖IG
p

= inf{u > 0 :
∫

G

∣∣∣∣f(s)
u

∣∣∣∣p dµG(s) ≤ 1} =
( ∫

G
|f(s)|pdµG(s)

) 1
p

= ‖f‖Lp(G).

2. Musielak-Orlicz spaces.
These spaces are obtained taking the modular ρ of the form

ĨG
ϕ [f ] :=

∫
G

ϕ(s, |f(s)|)dµG(s),

where ϕ ∈ Φ, being now Φ the class of the ϕ−functions depending
on a parameter, i.e. ϕ : G × R+

0 → R+
0 is a measurable function of
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s ∈ G, for every fixed u ∈ R+
0 and it is a ϕ−function of u for every

s ∈ G (see [37, 6]). Obviously, taking ϕ(s, u) = ϕ(u), s ∈ G, u ∈ R+
0 ,

we obtain, as particular case, the classical Orlicz spaces.

We now introduce the class of the kernels involved in our operators.
Let {Kw}w>0 be a family of measurable functions Kw : G → R such that
Kw ∈ L1

µG
(G), for every w > 0 and

Kw.1) for every s ∈ G and w > 0, Kw(s− hw(·)) ∈ L1
µH

(H);

Kw.2) there exists a constant M > 0 such that∫
H
|Kw(s− hw(t))|dµH(t) ≤ M

for every s ∈ G and w > 0.

In the following, we will write {Kw}w>0 ⊂ Kw if {Kw}w>0 satisfies assump-
tions Kw.i), for i = 1, 2.

3 Estimates in Orlicz spaces

From now on, for {Kw}w>0 ⊂ Kw and under the previous setting, we will
consider the following family of linear integral operators

(Twf)(s) =
∫

H
Kw(s− hw(t))f(hw(t))dµH(t), w > 0, s ∈ G,

where f ∈ X(G) is such that the measurable function (Twf)(s) < +∞, a.e.
s ∈ G.

Measurability of (Twf)(s) derives from standard arguments of measure
theory taking into account the Borel measurability of the function Kw(s−u)
(see [27], pag. 396) and of f , and being hw an homeomorphism.

We are going to study a kind of boundedness property for Tw in the
setting of Orlicz spaces.

We may establish the following estimate for Twf .

Theorem 1 Let ϕ ∈ Φ̃ and {Kw}w>0 ⊂ Kw. Then we have the following
estimate:

IG
ϕ [c(Twf)] ≤ M−1‖Kw‖L1

µG
(G)I

H
ϕ [cM(f ◦ hw)],

for some c > 0, for every w > 0 and being M the constant of Kw.2).
Hence, if (f ◦ hw) ∈ Lϕ(H) then Twf ∈ Lϕ(G).
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Proof. First we denote by

µs
H(A) :=

∫
A
|Kw(s− hw(t))|dµH(t),

and by µ̃H(A) :=
µs

H(A)
M

, A ∈ B(H), s ∈ G, so that µ̃H(H) = µs
H(H)/M ≤

1. Now, being ϕ ∈ Φ̃, applying monotonicity of ϕ, Jensen inequality and
Fubini-Tonelli theorem (twice), we may write, for c > 0 and setting in the
integration with respect to dµG(s), z = s− hw(t),

IG
ϕ [c(Twf)] =

∫
G

ϕ(c |(Twf)(s)|)dµG(s)

≤
∫

G
ϕ

[
c

(∫
H
|Kw(s− hw(t))| |f(hw(t)|dµH(t)

)]
dµG(s)

=
∫

G
ϕ

[
c

(
M

∫
H
|f(hw(t)|dµ̃H(t)

)]
dµG(s)

≤ 1
M

∫
G

{∫
H
|Kw(s− hw(t))|ϕ(c M |f(hw(t)|)dµH(t)

}
dµG(s)

=
1
M

∫
H

{∫
G
|Kw(s− hw(t))|ϕ(c M |f(hw(t)|)dµG(s)

}
dµH(t)

=
1
M

∫
H

{∫
G
|Kw(z)|ϕ(c M |f(hw(t)|)dµG(z)

}
dµH(t)

=
1
M

∫
G
|Kw(z)|{

∫
H

ϕ(c M |f(hw(t)|)dµH(t)}dµG(z)

= M−1‖Kw‖L1
µG

(G)I
H
ϕ [cM(f ◦ hw)].

Therefore, the assertion follows 2

4 Order of approximation in Orlicz spaces

We will now study the rate of approximation for the family of linear integral
operators (I).

As it is natural, we introduce a Lipschitz class which takes into account
the modular of the Orlicz space involved.
For f ∈ X(G), w > 0, we denote by

IH
ϕ,w[f ] := IH

ϕ [f ◦ hw]

the Orlicz modular on H applied to f ◦ hw.
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Let T be the class of all measurable functions τ : G→R+
0 , continuous

at t = θ such that τ(θ) = 0 and τ(t) > 0 for t 6= θ. Now, for a given τ ∈ T ,
we define the Lipschitz class LipH

ϕ (τ) as

LipH
ϕ (τ) = {f ∈ X(G) :∃ λ > 0 s.t. IH

ϕ,w[λ(f(·)−f(·+t))] = O(τ(t)), as t→θ}

uniformly with respect to w > 0, where for any two functions f, g ∈ X(G),
f(t) = O(g(t)) as t→θ means that there exists a constant N > 0 and a
neighborhood U of θ such that |f(t)| ≤ N |g(t)|, for t ∈ U .
We point out that in the particular case of τ(t) = |t|α, t ∈ R, α > 0, we
have the Zygmund-type classes.

Given the modular IH
ϕ : X(H)→R+

0 , we denote by Υϕ(G) the subspace
of X(G) consisting of all measurable functions f such that the following
condition holds:
there exist a constant C ≥ 1 and a net of functions lw : G → R+

0 such that,
for every z ∈ G and w > 0,

IH
ϕ [f(z + hw(·))] ≤ IH

ϕ [C(f ◦ hw)] + lw(z). (?)

Note that for any choice of hw, Υϕ(G) is always nonempty since it
contains at least the null functions.
Moreover, we point out that in the particular case of G = H and hw(t) = t,
t ∈ H, the above definition is always satisfied with C = 1, lw(z) = 0 and
Υϕ(G) = X(G), being the modular of the Orlicz space translation invariant.
From now on, we will work on a suitable subspace of Υϕ(G).

For the next result, we will need of the following definition.

Definition 1 We say that (f ◦ hw) ∈ Lϕ(H) uniformly with respect to
w > 0, if there exists a constant ν > 0 such that

IH
ϕ [ν(f ◦ hw)] ≤ R,

for every w > 0 and for an absolute constant R > 0.

In the particular case of hw(t) = t, t ∈ H, the above definition is always
fulfilled.

Let now Ξ be the class of all the functions ξ : R+
0 →R+

0 such that ξ is
continuous at u = 0, ξ(0) = 0 and ξ(u) > 0 for u > 0.
For a fixed ξ ∈ Ξ, we say that Kw is a ξ-singular kernel if, for every
V ∈ U ,∫

G\V
|Kw(s)| [lw(s) + 1] dµG(s) = O(ξ(w−1)), as w→+∞ (2)
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being lw the net of functions of condition (?) and, setted Ωw(s) := Aw(s)−1,
where
Aw(s) :=

∫
H

Kw(s− hw(t))dµH(t), there holds

Ωw(s) =
[∫

H
Kw(s− hw(t))dµH(t)− 1

]
= O(ξ(w−1)), as w→+∞ (2′)

uniformly with respect to s ∈ G.
Note that taking ξ(t) = tα, t ∈ R+

0 , α > 0, hw(t) = t and with particular
choices of the groups G and H and of their respective measures, we repro-
duce the classical situation of the theory for convolution integral operators
(see Sections 6.1 and 6.2 where condition (?) is satisfied with lw(s) = 0).

Now we may state the result on the rate of approximation for (Twf−f),
with f ∈ LipH

ϕ (τ).

Theorem 2 Let ϕ ∈ Φ̃ and {Kw}w>0 ⊂ Kw be a ξ-singular kernel.
Moreover suppose that f ∈ Lϕ(G)∩LipH

ϕ (τ)∩Υϕ(G), τ ∈ T and (f ◦hw) ∈
Lϕ(H) uniformly with respect to w > 0. If there exists a neighborhood V of
θ such that∫

V
|Kw(s)|τ(s)dµG(s) = O(ξ(w−1)), as w→+∞, (3)

then there is a constant c > 0 such that

IG
ϕ [c(Twf − f)] = O(ξ(w−1)),

for sufficiently large w > 0.

Proof. For every s ∈ G, we may write,

|(Twf)(s)− f(s)| =
∣∣∣ ∫

H
Kw(s− hw(t))f(hw(t))dµH(t)− f(s)

∣∣∣
=

∣∣∣ ∫
H

Kw(s− hw(t))[f(hw(t))− f(s)]dµH(t) + Aw(s)f(s)− f(s)
∣∣∣

≤
∫

H
|Kw(s− hw(t))| · |f(hw(t))− f(s)|dµH(t) + |f(s)| · |Aw(s)− 1|.

Now, for c > 0, by convexity of ϕ, we have

IG
ϕ [c(Twf − f)] ≤

≤ 1
2

{∫
G

ϕ
(
2c

∫
H
|Kw(s− hw(t))||f(hw(t))− f(s)|dµH(t)

)
dµG(s)

+
∫

G
ϕ
(
2c|f(s)||Aw(s)− 1|

)
dµG(s)

}
=:

1
2
(J1 + J2).
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We now estimate J1 and J2, separately.
By Jensen’s inequality and Fubini-Tonelli theorem, arguing as in The-

orem 1, we have

J1 =
∫

G
ϕ
(
2c

∫
H
|Kw(s− hw(t))||f(hw(t))− f(s)|dµH(t)

)
dµG(s)

≤ 1
M

∫
G

∫
H
|Kw(s− hw(t))|ϕ

(
2cM |f(hw(t))− f(s)|

)
dµH(t)dµG(s)

=
1
M

∫
H

∫
G
|Kw(s− hw(t))|ϕ

(
2cM |f(hw(t))− f(s)|

)
dµG(s)dµH(t).

Now, putting z = s− hw(t) in the integration with respect to dµG(s), and
using again the Fubini-Tonelli theorem, we have

J1 =
1
M

∫
H

∫
G
|Kw(z)|ϕ

(
2cM |f(hw(t))− f(z + hw(t))|

)
dµG(z)dµH(t)

=
1
M

∫
G
|Kw(z)|

[ ∫
H

ϕ
(
2cM |f(hw(t))− f(z + hw(t))|

)
dµH(t)

]
dµG(z).

Taking now c > 0 in such a way that 2cM ≤ λ, being λ the constant of the
class LipH

ϕ (τ), (λ can be taken such that λ ≤ ν

2C
, where C and ν are the

constants of condition (?) and Definition 1, respectively), we obtain

J1 ≤ 1
M

∫
G
|Kw(z)|

[ ∫
H

ϕ
(
λ|f(hw(t))− f(z + hw(t))|

)
dµH(t)

]
dµG(z).

We may write,

J1 ≤ 1
M

{∫
V
|Kw(z)|

∫
H

ϕ(λ|f(hw(t))− f(z + hw(t))|)dµH(t)dµG(z)

+
∫

G\V
|Kw(z)|

∫
H

ϕ(λ|f(hw(t))− f(z + hw(t))|)dµH(t)dµG(z)
}

=:
1
M

(J1
1 + J2

1 ),

where V is the neighborhood of the Lipschitz class which, without any loss
of generality, can be chosen in such a way that (3) holds; therefore, being
f ∈ LipH

ϕ (τ), for some A,N > 0 and for sufficiently large w > 0,

J1
1 ≤ N

∫
V
|Kw(z)|τ(z)dµG(z) ≤ NA ξ(w−1).
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As concernes J2
1 , by the monotonicity and being f ∈ Υϕ(G), we have

J2
1 ≤

∫
G\V

|Kw(z)|
{∫

H
ϕ
(
2λC|(f ◦ hw)(t)|

)
dµH(t) + lw(z)

}
dµG(z),

being C ≥ 1. Hence, by (2) of the ξ−singularity assumption, there exists a
constant B > 0 such that

J2
1 ≤ IH

ϕ [2λC(f ◦ hw)]
∫

G\V
|Kw(z)|dµG(z) +

∫
G\V

|Kw(z)|lw(z)dµG(z)

≤
{
IH
ϕ [2λC(f ◦ hw)] + 1

}
B ξ(w−1)

for sufficiently large w > 0.

We now estimate J2 :=
∫

G
ϕ
(
2c|Aw(s)− 1||f(s)|

)
dµG(s).

By (2
′
) of ξ−singularity, there exists P > 0 such that

J2 ≤
∫

G
ϕ
(
2cP |f(s)|ξ(w−1)

)
dµG(s),

for sufficiently large w > 0. Now, since ξ ∈ Ξ, and so it is continuous, by
convexity of ϕ, we have

J2 ≤ IG
ϕ [2cPf ]ξ(w−1),

for sufficiently large w > 0.
In conclusion, for sufficiently large w > 0, we obtain

IG
ϕ [c(Twf − f)] ≤ 1

2

{(
NAM−1 + BM−1 IH

ϕ [2λC(f ◦ hw)]

+BM−1 + IG
ϕ [2cPf ]

)
ξ(w−1)

}
.

Therefore, since f ∈ Lϕ(G), (f ◦ hw) ∈ Lϕ(H) uniformly with respect to
w > 0, which means that IH

ϕ [2λC(f ◦ hw)] ≤ IH
ϕ [ν(f ◦ hw)] ≤ R, being R

the constant of Definition 1, we conclude that

IG
ϕ [c(Twf − f)] = O(ξ(w−1)), as w→+∞

2

Remark 1. Taking into account Definition (3
′′
) of Section 2 applied to the

ϕ−function ϕ, it is easy to note that the previous result holds also in case
when ϕ is a quasi-convex function.
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5 Estimates and Degree of Approximation in Lp-
spaces

We shall now apply our theory to the important case of Lp−spaces, with
1 ≤ p < +∞, i.e. we are in the case of ϕ(u) = up, p ≥ 1. We may state the
following:

Proposition 1 Let ϕ ∈ Φ̃ and {Kw}w>0 ⊂ Kw. Then we have the follow-
ing estimate:

‖Twf‖Lp(G) ≤ M
1− 1

p ‖Kw‖1/p
L1(G)

‖(f ◦ hw)‖Lp(H).

As a consequence, if (f ◦ hw) ∈ Lp(H), then Twf ∈ Lp(G).

Proof. We give a direct proof of the above inequality. Being ϕ ∈ Φ̃, we have,
by Jensen’s inequality, Fubini-Tonelli theorem and setting z = s− hw(t) in
the integration with respect to dµG(s),

‖(Twf)‖p
Lp(G) =

∫
G
|(Twf)(s)|pdµG(s)

≤ 1
M

∫
G

[∫
H
|Kw(s− hw(t))|Mp|f(hw(t)|pdµH(t)

]
dµG(s)

=
1
M

∫
H

[∫
G
|Kw(s− hw(t))|Mp|f(hw(t)|pdµG(s)

]
dµH(t)

=
1
M

∫
H

[∫
G
|Kw(z)|Mp|f(hw(t)|pdµG(z)

]
dµH(t)

=
1
M

∫
G
|Kw(z)|{

∫
H

Mp|f(hw(t)|pdµH(t)}dµG(z)

= Mp−1‖Kw‖L1(G)‖(f ◦ hw)‖p
Lp(H).

Therefore the assertion follows 2

As concernes the result about the order of approximation, we may de-
duce, as a direct application of Theorem 2, the following corollary in which
we will denote by Υp(G) the corresponding subspace of X(G) introduced
in Section 4.

Corollary 1 Let ϕ ∈ Φ̃ and {Kw}w>0 ⊂ Kw be a ξ-singular kernel.
Moreover suppose that f ∈ Lp(G)∩LipH

p (τ)∩Υp(G), τ ∈ T and (f ◦hw) ∈



Gianluca Vinti 115

Lp(H) uniformly with respect to w > 0, where

LipH
p (τ) :=

{
f ∈ X(G) :∫

H
|f(hw(t))− f(hw(t) + z)|pdµH(t) = O(τ(z)), as z→θ

}
uniformly with respect to w > 0. If there exists a neighborhood V of θ such
that ∫

V
|Kw(s)|τ(s)dµG(s) = O(ξ(w−1)), as w→+∞, (3′)

then
‖(Twf − f)‖Lp(G) = O(ξ(w−1)),

for sufficiently large w > 0.

Lp-spaces are important examples of Orlicz spaces and they are also of
great importance from the point of view of the applications to the sampling
theory (in this case G = R and H = Z, as showed in Section 6.3); indeed,
in the L2−case, the result above stated (Corollary 1) gives information
about the degree of approximation for signals with finite energy, while in
the Lp−case, with p 6= 2, we cover different classes of signals, as for example
the power signals and others.

6 Applications

Here we discuss some important classes of operators which can be deduced
by the family (I), suitably chosing the groups G, H and the homeomor-
phisms {hw}w>0.

1. Take G = H = (RN ,+), provided with the Lebesgue measure dt and
hw(t) = t, t ∈ RN , w > 0; the family of integral operators (I) becomes
now

(Twf)(s) =
∫

RN

Kw(s− t)f(t)dt, s ∈ RN ,

for f : RN→R and {Kw}w>0 ⊂ Kw; namely, we obtain the classical
linear convolution integral operators. For references see [19, 37].
The assumptions of the class Kw together with (2) and (2’) give the
natural setting for the study of the rate of approximation for the above
operators (see [19, 37]), taking also into account that condition (?) is
satisfied as an equality with C = 1, lw(s) = 0 and Υϕ(G) = X(G),
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for every ϕ ∈ Φ. Moreover Definition 1 is obviously satisfied. There-
fore, applying Theorems 1 and 2, we deduce a boundedness property
and a result about the rate of approximation for the family of linear
convolution integral operators in Orlicz spaces.

2. Take now G = H = (R+, ·) provided with the log-measure µG = µH =∫
t−1dt and hw(t) = t, t ∈ R+, for every w > 0: we obtain the Mellin

convolution operators and, in this case, the family of operators (I)
takes the form

(Twf)(s) =
∫
R+

Kw(st−1)f(t)
dt

t
, s ∈ R+

with f : R+→R and {Kw}w>0 ⊂ Kw. Similar reasonings of the pre-
vious class can be repeated here, including the above remarks about
condition (?) and Definition 1, taking into account the multiplicative
operation of the group G.

Furthermore our theory covers also the case of multidimensional Mellin
convolution operators, taking G = H = (R+

N , ·), where R+
N = (]0,+∞[)N

and the inner operation ”·” is defined by s · t = (s1t1, . . . , sN tN ), for
s = (s1, . . . , sN ) ∈ R+

N and t = (t1, . . . , tN ) ∈ R+
N . The neutral ele-

ment θ of G is θ = 1 = (1, . . . , 1), the inverse of t ∈ R+
N is given by

t−1 = (t−1
1 , . . . , t−1

N ) and the Haar measure µG = µH is defined as

µG = µH =
∫

dt

< t >
,

where < t >=
∏N

k=1 tk, and dt is the Lebesgue measure.
So, from Theorems 1 and 2 we obtain results about the continuity
and the rate of approximation for the above linear Mellin convolution
operators in Orlicz spaces. For references, see [3, 8, 9, 17, 18, 43].

More in general, note that the above considerations of Sections 6.1
and 6.2 are still valid taking only G = H and hw(t) = t, t ∈ G.

3. Take now G = (R,+) provided with the Lebesgue measure dt, H =
(Z,+) provided with the counting measure µZ and hw : Z→R.
The family of operators (I) takes now the discrete form

(Twf)(s) =
+∞∑

k=−∞
Kw(s− hw(k))f(hw(k)), s ∈ R, w > 0,
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where f : R→R and {Kw}w>0 ⊂ Kw with Kw : R→R.

The assumptions Kw.1) and Kw.2) on the class Kw become now that
Kw(s − hw(·)) ∈ L1

µZ(Z) (Kw.1)) and there exists a constant M >
0 such that

+∞∑
k=−∞

|Kw(s− hw(k))| ≤ M,

for every s ∈ R and for every w > 0 (Kw.2)).

Among such classes of discrete operators, there is a fundamental ex-
ample given by the ”generalized sampling operators” which plays an
important rule in the theory of signal processing.

This is obtained by taking hw(k) =
k

w
, for every w > 0, k ∈ Z, and

Kw : R→R of the form Kw(s) = K(ws), for every w > 0, s ∈ R where
K : R→R. The above discrete family of operators becomes now

(SK
w f)(s) =

+∞∑
k=−∞

K(ws− k)f(
k

w
)), s ∈ R, w > 0,

which represents the ”generalized sampling series” of f ; for the linear
case, see [13, 40, 15, 23, 24, 9], while for the nonlinear one’s, see
[44, 5, 36, 1].
Assumptions Kw.1) and Kw.2) become now that for every s ∈ R and
w > 0,
K(ws− (·)) ∈ L1

µZ(Z) (Kw.1)) and there exists M > 0 such that

+∞∑
k=−∞

|K(ws− k)| ≤ M,

for every s ∈ R, w > 0 (Kw.2)), i.e.

+∞∑
k=−∞

|K(t− k)| ≤ M

for every t ∈ R.
Therefore, our assumptions on the class Kw reproduce, for the gener-
alized sampling series, those ones used in classical signal theory (see
e.g. [24]). As to the ξ− singularity assumptions, (2) means that for
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every δ > 0,∫
|s|≥δ

|Kw(s)|[lw(s) + 1]ds =
∫
|s|≥δ

|K(ws)|[l(ws) + 1]ds

=
1
w

∫
|z|≥wδ

|K(z)|[l(z) + 1]dz = O(ξ(w−1)), as w→+∞,

where in this case we have setted lw(s) = l(ws), for every w > 0 and
s ∈ R.

Similarly, assumptions (2’) and (3) of Theorem 2 can be deduced.
In this case the subspace Υϕ(G) of X(G) is a nonempty subspace;
as example we may take the function f : R → R, with f(t) = 1, for
t ∈ [−M,M ], for some M > 0 and zero outside and it is possible to
see that for this function condition (?) is satisfied as an equality with
C = 1 and lw(s) = 0, for every ϕ ∈ Φ. More in general we can deduce
that Υϕ(R) contains the space of bounded functions with compact
support on R.

Moreover, we point out that in this case, since Definition 1 is not
meaningful in general, we can use the weaker condition that

f

(
(·)
w

)
∈ Lϕ(Z)

in a weak sense, i.e. there exist constants λ, β > 0 with β ≥ 1 such
that

IZ
ϕ

[
λ

(
f

(
(·)
w

))]
≤ R wβ ,

for sufficiently large w > 0 and for an absolute constant R > 0.
Indeed in the final estimation of Theorem 2, we can dominate from

above the term BM−1IZ
ϕ [2λC(f(

k

w
))]ξ(w−1) by BM−1Rwβξ(w−1);

therefore, for a suitable choiche of the function ξ, we have that
limw→+∞wβξ(w−1) = 0. As example, we may take ξ(w) = wα, with
α > β.

Due to the unifying approach of our theory, based on function spaces
acting on groups, we can also cover the case of linear multivariate
sampling series. Namely, we may take G = (RN ,+), H = (ZN ,+),
N ≥ 1 with the Lebesgue measure and the counting measure, respec-
tively. The generalized sampling operators become now

(SK
w f)(s) =

∑
k∈ZN

K
(
w · s− k

)
f
(k
w

)
,
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for s ∈ RN , w ∈ R+
N , K : RN → R and f : RN → R.

Here w is a vector, i.e. w = (w1, . . . , wN ) ∈ R+
N , and w1 ≤ w2 means

that w1
i ≤ w2

i for i = 1, 2, . . . N. Moreover if w = (w1, . . . , wN ), s =
(s1, . . . , sN ), k = (k1, . . . , kN ), we set w · s = (w1s1, . . . , wNsN ),
k

w
=

( k1

w1
, . . . ,

kN

wN

)
and w → +∞ means that wi → +∞ for each

i = 1, . . . , N.

So, our theory can be applied also to this case, obtaining a result on
the order of approximation in multivariate setting.
We remark that the multidimensional case is of fundamental interest
for image enhancement; indeed, in two-dimensional setting (static im-
age) the function f(x, y) represents the luminance of the image, i.e.
the value of the pixels-image in terms of their grey-levels, while in
three-dimensional setting the function f(x, y, t), where t is the time,
represents a dinamic image, i.e. a movie. So it is clear that in this
setting the approximation results mean the degree of approximation
in order to reconstruct an image (static or dimanic), starting by the
samples values of the image itself.

7 Final remarks

Here we show that in case of ξ(w) = wα, α ∈ R+ and with particular
choices of the groups G and H, of their measures and of the function τ ∈ T ,
under the usual assumption that the absolute moment of order α is finite,
assumptions (2) of ξ−singularity (with lw(s) = 0) and (3) of Theorem 2
are fulfilled (see [4]).

As example, let us take G = H = (RN ,+) provided with the Lebesgue
measure, τ(s) = |s|α, α ∈ R+, s = (s1, . . . , sN ) ∈ RN , N ≥ 1 and hw(t) =
t, t ∈ RN , i.e. we deal with the linear convolution integral operators in
RN , N ≥ 1, as in Section 6.1.

Let us now take into consideration a family of kernels of Fejér-type, i.e.
{Kw}w>0 is of the form Kw(t) = wNK(wt), t ∈ RN , K ∈ L1(RN ) and∫

RN

K(t)dt = 1 (that is (2′) of ξ−singularity is satisfied) and the absolute

moment of order α > 0 of the function K is defined by

m(K, α) :=
∫

RN

|t|α|K(t)|dt.

There holds the following proposition which we restate here for complete-
ness (see also [4]).
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Proposition 2 Let K ∈ L1(RN ) with m(K, α) < +∞ for some α > 0. If
{Kw}w>0 is the associated family of kernels of Fejér-type, then:

(a) for every δ > 0,∫
|t|≥δ

|Kw(t)|dt = O(w−α), as w→+∞,

and hence (2) of ξ−singularity is satisfied with ξ(w) = wα, w,α ∈ R+;

(b) there exists δ > 0 such that∫
|t|≤δ

|Kw(t)||t|αdt = O(w−α), as w→+∞,

and therefore (3) of Theorem 2 is satisfied with ξ(w) = wα, w,α ∈ R+.

Proof. (a) For every δ > 0 we have, putting wt = u,

int|t|≥δ|Kw(t)|dt = wN−1

∫
|t|≥δ

|wt|α

|t|αwα−1
|K(wt)|dt

≤ wN−1

δαwα−1

∫
|t|≥δ

|wt|α|K(wt)|dt =
1

δαwα

∫
|u|≥δw

|u|α|K(u)|du

≤ δ−αw−αm(K, α);

hence the assertion (a) follows.

(b) For some δ > 0 we have, putting wt = u,∫
|t|≤δ

|Kw(t)||t|αdt = wN

∫
|t|≤δ

|K(wt)||t|αdt

=
1

wα

∫
|u|≤δw

|u|α|K(u)|du ≤ w−αm(K, α),

and therefore assertion (b) follows and the Proposition is proved 2

In conclusion, it is now clear that under the classical condition that
m(K, α) < +∞, all the assumptions of our theory are satisfied, for example
by the family of kernels {Kw}w>0 of Fejér-type.

Similar reasonings hold in case of G = H = (R+
N , ·), provided with the

log-measure and hw(t) = t, w > 0, i.e. in case of Mellin-type convolution
integral operators with ξ(w) = wα−N , N ≥ 1 and α > N.
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As concernes the case of generalized sampling operators with G =
(RN ,+), we have kernels which are not properly of Fejér-type since, Kw(t) =
K(wt), t ∈ RN , w > 0. Anyway it can be showed that if m(K, α) < +∞
for some α > 0, then (2) of ξ−singularity and (3) of Theorem 2 are satisfied
taking ξ(w) = wα+N , w, α ∈ R+ and N ≥ 1.

Among such kernels for which m(K, α) < +∞, there are the Gauss-
Weierstrass kernels, the box splines kernels and others, (see e.g. [4]). For
example the Gauss-Weierstrass kernels are defined as follows.
We define (see Fig. 1 for w = 10)

Gw(t) := wN 1√
πN

e−w2|t|2 , t ∈ RN .

Setting K(t) := π−
N
2 e−|t|

2
, we obtain a Fejér-type kernel {Kw}w>0.

It is possible to show that the absolute moment of order α > 0, m(K, α),
is finite for every α > 0 (see [19, 4]).

Moreover it is also possible to take into consideration kernels not neces-
sarily of Fejer type. In order to do this, we take into consideration, as ex-
ample, a family of kernels {Kw}w>0 ⊂ L1

2π (L1−space of 2π−periodic func-

tions) with
∫ π

−π
Kw(t)dt = 1 (so that (2′) is satisfied) and G = H = (S1, ·)

where S1 = {z ∈ C : |z| = 1}, hw(t) = t, t ∈ [−π, π] with the Lebesgue
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measure dt, i.e. we deal with periodic linear convolution integral operators

(Twf)(s) =
∫ π

−π
Kw(s− t)f(t)dt, s ∈ R,

being f extended to the whole real axis with 2π−periodicity. In this case
τ(t) = |t|α, t ∈ [−π, π] and the absolute moment of order α ∈ R+ of the
kernels {Kw}w>0 is defined by

m2π(Kw, α) :=
∫ π

−π
|t|α|Kw(t)|dt.

Therefore (2) of ξ−singularity becomes, in the particular case of ξ(w) =
wα, α ∈ R+ ∫

δ≤|t|≤π
|Kw(t)|dt = O(w−α), as w→+∞,

for every δ > 0 and (3) of Theorem 2 means that there exists δ > 0 such
that ∫ δ

−δ
|Kw(t)| |t|αdt = O(w−α), as w→+∞.

As before, for completeness we restate the following proposition (see
also [4]).

Proposition 3 For every δ > 0 there holds∫
δ≤|t|≤π

|Kw(t)|dt ≤ δ−αm2π(Kw, α).

Proof. For every δ > 0 and for every w > 0, there holds∫
δ≤|t|≤π

|Kw(t)|dt =
1
δα

∫
δ≤|t|≤π

δα|Kw(t)|dt

≤ 1
δα

∫
δ≤|t|≤π

|t|α|Kw(t)|dt ≤ δ−αm2π(Kw, α)

2

Therefore, by the above Proposition 3, we deduce that, under the clas-
sical assumption that m2π(Kw, α) = O(w−α), α > 0, as w→ + ∞, (2) of
wα−singularity and (3) of Theorem 2 hold.



Gianluca Vinti 123

Among such kernels for which m2π(Kw, α) = O(w−α), α > 0, as w→+
∞, there are the Abel-Poisson kernels, the Fejer-Korovkin kernels, the in-
tegral means and others.

For example, the Abel-Poisson kernels are defined as follows (see Fig.
2):

pr(t) :=
1
2π

1− r2

1− 2r cos t + r2
, t ∈ R, r ∈ [0, 1],

and it is proved that (see [19])∫ 1

1−r
tαpr(t)dt = O((1− r)α)

as r→1−, 0 < α < 1; therefore m2π(pr, α) = O((1 − r)α), as r→1−, 0 <
α < 1, (ξ(r) = (1− r)−α).
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Best Approximation of Monomials in

Several Variables

Yuan Xu

Abstract. For a monomial xα in d variables, the problem of best ap-
proximation to xα by polynomials of lower degrees is studied on the
unit sphere, the unit ball and the standard simplex. For the uniform
norm we discuss what is known in d = 2, for which complete solutions
are known, and in d ≥ 3 for which only a few cases have been suc-
cessfully solved. For the L2 norm, we present the complete solution,
including explicit formulas for the error of best approximation.
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1 Introduction

For x = (x1, . . . , xd) ∈ Rd and α = (α1, . . . , αd) ∈ Nd
0, we use the standard

multi-index notation for the monomial xα = xα1
1 · · ·xαd

d . The degree of xα

is |α| = α1 + . . . + αd. The base {xα : |α| ≤ n} spans the space Πd
n of

polynomials of degree at most n in d variables.
Let Ω be a region in Rd. For f ∈ C(Ω), the best approximation of f

from Πd
n in the uniform norm is the quantity

En(f ; Ω) = inf
p∈Πd

n−1

‖f − p‖C(Ω), (1.1)

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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where ‖f‖C(Ω) = maxx∈Ω |f(x)|. If En(f ; Ω) = ‖f − p∗‖C(Ω) then we call
p∗ an extremal polynomial for f . We are interested in the case that f is
a monomial or some other fixed polynomials. In this case f − p∗ is often
called a polynomial of least deviation from zero, which we shall call a least
polynomial for f .

For d = 1 and Ω = [−1, 1] it is well-known that the best approximation
to xn is given in terms of the Chebyshev polynomial of the first kind

Tn(x) = cos n(arccos x) = 2n−1xn + q(x), q ∈ Πn−1;

in fact, p∗(x) = xn − 21−nTn(x) and En(xn; [−1, 1]) = 21−n. In the case of
Ω being a cube in Rd, the best approximation to xα is given by the product
of Chebyshev polynomials. We are interested in the cases that Ω is either
the unit sphere Sd−1 = {x : ‖x‖ = 1} of Rd, where ‖x‖ denotes the usual
Euclidean norm of x ∈ Rd, the unit ball Bd = {x : ‖x‖ ≤ 1} or the standard
simplex T d = {x : x1 ≥ 0, . . . , xd ≥ 0, 1− x1 − . . .− xd ≥ 0} of Rd.

To solve the problem of best approximation to the monomials, we need
to complete two steps. The first one is to find the value of En(f ; Ω) and
the second is to find an explicit formula for the extremal polynomials. For
d = 2 the best approximation to monomials are known explicitly for these
regions (see [16, 8, 17]). We explain the result in Section 2 and indicate
how the first step can follow from an elementary simpleminded way, which
essentially reduce the problem to that of one variable. In the background
of the elementary approach, however, is the theory of extremal signature of
Rivlin and Shapiro [18], which will play an essential role in the case of d ≥ 3.
The elementary approach is no longer enough for d ≥ 3 and this is due to
an essential difficulty. In some simple cases we will use symmetry of the
regions and of the polynomials to simplify the task of finding the extremal
polynomials. This and the the extremal signature will be explained in
Section 3. For d > 3 the extremal polynomials are known only in a few
cases (see [1, 2, 19, 25]), these will be given in Section 4 and the method
used to derive them will be discussed. Finally, in Section 5, we state the
extremal polynomials and the error of the best approximation in L2 norm,
which are known explicitly in all three regions.

2 Best approximation in two variables

For d = 2 the regions are the unit circle S1, the unit disk B2 and the
triangle T 2 = {(x, y) : x, y ≥ 0, x + y ≤ 1}. We will denote the monomials
by xkyn−k for 0 ≤ k ≤ n.
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2.1 The unit circle S1

The best approximation on the circle can be deduced from that of trigono-
metric polynomials on T = R/2πZ. Denote by Tn the space of trigonometric
polynomials of degree at most n. Using (x, y) = (cos θ, sin θ) for θ ∈ [0, 2π],
every polynomial Π2

n(S1) becomes a trigonometric polynomial in Tn. In
particular, using eiθ = cos θ + i sin θ, it is easy to see that

xkyn−k = t∗k,n(θ) + sk,n(θ),

where sk,n ∈ Tn−1 and

t∗k,n(θ) =
1

2n−1

{
cos nθ, if n− k is even,

sin nθ, if n− k is odd.
(2.1)

Since it is well known that the best approximation to cos nθ from Tn−1 is
zero and sin θ = cos(π − θ), it follows that

inf
p∈Π2

n−1

‖xkyn−k − p‖C(S1) = inf
t∈Tn−1

1
2n−1

‖ cos nθ − t(θ)‖C(T) =
1

2n−1
(2.2)

and the infimum is attained by t∗k,n(θ) in the trigonometric case. The
extremal polynomial for xkyn−k is obtained from rewriting tk,n(θ) in (2.1)
as a polynomial in x, y using x = cos θ and y = sin θ.

2.2 The unit disk B2

For the monomial xkyn−k it is easy to get a lower bound for the value of
En(xkyn−k;B2). In fact, since S1 is a subset of B2, we have

En(xkyn−k;B2) = inf
p∈Π2

n−1

‖xkyn−k − p‖C(B2) (2.3)

≥ inf
p∈Π2

n−1

‖xkyn−k − p‖C(S1) =
1

2n−1

Using (2.2). In order to show that the equality holds, we need to find
one polynomial Gk,n(x, y) = xkyn−k − p(x, y) with p ∈ Π2

n−1 such that
‖Gk,n‖C(B2) = 21−n. The formula in (2.3) also shows that such a polynomial
should satisfy ‖Gk,n‖C(B2) = ‖Gn‖C(S1), which means that Gk,n should
satisfy

Gk,n(cos θ, sin θ) = 21−nεnt∗k,n(θ), 0 ≤ θ ≤ 2π, (2.4)
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where ε = ±1 and t∗k,n is defined in (2.1). Of course the restriction of G on
S1 will not determine G completely. Such a polynomial was found in [8] in
terms of Un, the Chebyshev polynomial of the second kind,

Un(x) =
sin(n + 1)θ

sin θ
, x = cos θ.

We summarize the result in the following:

Theorem 2.1 For n ≥ k ≥ 0, En(xkyn−k;B2) = 21−n and

Gk,n(x, y) =
1
2n

(Un(x)Un−k(y) + Un−2(x)Un−k−2(x)) .

is a least polynomial for xkyn−k on B2.

The elementary trigonometric identity shows that Gk,n given in the
theorem satisfies the equation (2.4). The most difficult part of the proof
comes down to show that

|Gk,n(x, y)| ≤ 21−n, (x, y) ∈ B2.

In contrast to the case of one variable, polynomials of best approxi-
mation in several variables are not unique in general. For the monomial
xkyn−k the uniqueness holds only if k = 0 or k = n, or n = 1 ([8, Theo-
rem 2.2]). Furthermore, it is known that the difference between two least
polynomials are necessarily of the form (1− x2 − y2)q(x, y) with q ∈ Π2

n−3.
Using the generating functions, another construction of the least polyno-

mial for xkyn−k was given in [17]. Define a family of polynomials Rα ∈ Πd
n,

α ∈ Nd
0, by

‖t‖nTn

(
〈t, x〉
‖t‖

)
=

∑
|α|=n

Rα(x)tα, t, x ∈ Rd,

where 〈t, x〉 is the usual inner product in Rd. Then Rα(x) = 2|α|−1
(|α|

α

)
xα

+ pα, pα ∈ Πd
n−1. For d = 2 we write α = (k, n− k). It turns out that

1
2n−1

(
n

k

)
Rk,n−k(x, y) = xkyn−k + pk(x, y), pk ∈ Π2

n−1,

is a least polynomial on B2. This family is essentially different from that
of Gk,n in Theorem 2.1.
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One can also generate further family of least polynomials from the ex-
isting ones. It is observed in [4] that if pk,n is a least polynomial for xkyn−k

then the polynomial

1
2(m−1)n

pk,n (Tm(x), yUm−1(x)) ∈ Π2
mn

is a least polynomial for xmn−n+kyn−k, which can be different from either
Gk,n or the multiple of Rk,n−k given above.

Another direction is to generate least polynomials for other homoge-
neous polynomials from the ones for monomials. As an example, one result
[8, Theorem 3.2] states that if pk,n−k is the least polynomial for xkyn−k on
B2 and k is even, then

qk,n(x, y) = (−1)k/2pk,n

(
(1− x2 − y2)1/2, y

)
is a least polynomial for (x2 + y2)kyn−k on B2. Finally let us mention that
the extremal polynomial for xkyn−k on B2 is also the Kergin interpolant of
xkyn−k ([5, 10, 13]).

The standard triangle T 2. Just as in the case of B2, it is easy to get a
lower bound for the value of En(xkyn−k;T 2). We use the fact that

inf
p∈Πn−1

‖xn − p‖C([0,1]) =
1

22n−1
‖Tn(2x− 1)‖C([0,1]) =

1
22n−1

instead of best approximation by trigonometric polynomials. We have

En(xkyn−k;T 2) = inf
p∈Π2

n−1

‖xkyn−k − p‖C(T 2) (2.5)

≥ inf
p∈Πn−1

‖xk(1− x)n−k − p(x, 1− x)‖C([0,1])

= inf
p∈Πn−1

‖xn − p‖C([0,1]) =
1

22n−1
.

In order to show that the equality holds, we need to find one least poly-
nomial Tk,n for xkyn−k. Since the least polynomial for xn on [0, 1] is given
by 21−2nTn(2x− 1), the polynomial Tk,n should agree with the Chebyshev
polynomial Tn(2x − 1) on {(x, 1 − x) : 0 ≤ x ≤ 1} which is part of the
boundary of T 2. Such a polynomial was found in [16]. We summarize the
result as the following:
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Theorem 2.2 For m ≥ k ≥ 0, define

Tk,m(x, y) =



Tk−m(2y − 1)Tm(8xy − 1)
+8xy(2y − 1)Uk−m−1(2x− 1)Um−1(8xy − 1), if k > m

Tk(8xy − 1), if k = m

Tm−k(2x− 1)Tk(8xy − 1)
+8xy(2x− 1)Um−k−1(2y − 1)Uk−1(8xy − 1), if k < m.

Then 21−2nTk,n−k is a polynomial of least deviation from zero for xkyn−k

on T 2 and En(xkyn−k;T 2) = 21−2n.

The difficult part is to recognize that Tk,n−k as given above is the correct
function. Once the formula is identified, the only difficult part of the proof
is to show that |Tk,m(x, y)| ≤ 1 on T 2.

It was pointed out in [4] that there is a close relation between best
approximation on T 2 and that on B2. In fact, if p(x, y) is a least polyno-
mial for xkyn−k on the triangle T 2 then p(x2, y2) is a least polynomial for
x2ky2n−2k on B2 and the relation holds conversely. A more precise state-
ment will be given in the following section. This implies, in particular,
that we can deduce the least polynomials for xkyn−k on T 2 from those for
x2ky2n−2k on B2. The exact relation between the polynomials Tk,n−k and
the polynomials Gk,n is established in [4].

3 Extremal signature and invariant polynomials

In this section we discuss some of the tools that can be used to study the
best approximation by polynomials.

3.1 Extremal signature

What is hidden in the elementary way of getting to En(f ;B2) is the charac-
terization of the extremal polynomials in terms of the extremal signature,
which is the natural extension of the Chebyshev alternating theorem in one
variable. In this section we review the extremal signatures.

The original study in [18] is in the general setting of approximation
from a finite dimensional subspace of C(Ω) on a compact Hausdorff space
Ω. We will state the version only in the case that we are interested in.
Let Ω be an infinite compact set in Rd. For our purpose it is either Sd−1,
Bd or T d. A signature σ on the set Ω is a function with finite support
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{x1, . . . , xN} where xi ∈ Ω, such that σ(xi) = ±1 for 1 ≤ i ≤ N and
σ(x) = 0 if x ∈ Ω \ {x1, . . . , xN}. A signature σ is extremal with respect to
Πd

n if there exists a subset S in the support of σ and positive numbers λv,
v ∈ S, such that ∑

v∈S
λvσ(v)p(v) = 0, for all p in Πd

n.

Let r > 0 be a fixed number. For each p ∈ Πd
n−1, we denote by Sr(p; f) the

set
Sr(p; f) = {x ∈ Ω : |f(x)− p(x)| = r}.

In the case of r = ‖f−p‖C(Ω), Sr(p; f) is the set of extremal points of f−p
and we denote it by S(p; f). The characterization of the best approximation
of f from Πd

n is given by the following theorem.

Theorem 3.1 1. A polynomial p∗ in Πd
n satisfies ‖f −p∗‖C(Ω) = En(f ; Ω)

if and only if there exists an extremal signature σ with support in S(p∗; f)
such that σ(v) = sign(f − p∗)(v) for all v ∈ S(p∗; f).

2. Suppose there exist a polynomial p∗ ∈ Πd
n and an extremal signature

σ supported on Sr(p∗; f). Then En(f ; Ω) ≥ r.

The theorem states that if p is a polynomial of best approximation on
Ω then it is so on a finite subset of Ω. For the proof of this theorem,
see [18]. The part two of the statement is useful for computing a lower
bound for En(f ; Ω), especially since we often do not know the polynomial
of best approximation. For various examples of extremal signatures, see
[8, 15, 18, 21, 22].

In the case of best approximation to xkyn−k on the disk B2, one ex-
tremal signature agrees with that of extremal signature on the circle S1.
This signature is described as follows:

Let θ1 < θ2 < . . . < θ2n be the 2n extremal points of the trigonometric
polynomial t∗k,n defined in (2.1). Let S = {(cos θj , sin θj) : 1 ≤ j ≤ 2n} and
define the signature σ by σ(cos θj , sin θj) = (−1)j ; then σ is an extremal
signature for xkyn−k on B2.

The proof follows from simple trigonometric identities, such as

1
n

n−1∑
k=0

e2ijkπ/n = δ0,j and
1
n

n−1∑
k=0

eij(2k+1)π/n = δ0,j , 0 ≤ j ≤ n− 1,

where δ0,j = 1 if j = 0 and δ0,j = 0 otherwise. Furthermore we notice that
the extremal signature is connected to the quadrature formulas. In fact, in
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the case that θ1, . . . , θ2n are zeros of sinnθ, θk = 2kπ/n, it follows from the
above two sums that the following quadratures hold,

1
2π

∫ 2π

0
f(x)dx =

1
n

n−1∑
k=0

f

(
2kπ

n

)
:= L1f, f ∈ Tn−1,

1
2π

∫ 2π

0
f(x)dx =

1
n

n−1∑
k=0

f

(
(2k + 1)π

n

)
:= L2f, f ∈ Tn−1.

Thus, σ is an extremal signature since the sum Lf := L1f − L2f satisfies
Lf = 0 for f ∈ Π2

n−1. The case that θk are zeros of cos nθ works similarly.

3.2 Invariant polynomials

For d ≥ 3 one can often use the symmetry of the functions and the set Ω
to gain some knowledge of the least polynomials. In essence, one can state
that if Ω is invariant under a finite group G and f is also invariant under
the same group, then the polynomial of best approximation has to be a
polynomial invariant under G. This ideal is not new (see, for example, [7])
and the idea of making using of symmetry has been widely used in dealing
with the cubature formulas (see for example, [11, 14, 20]). In [1] it is used
to obtain least polynomials on the unit sphere and on the unit ball. We
shall state the result for the general domain.

Let Ω be a region in Rd that is invariant under a finite group G; that
is, Ωg := {xg : g ∈ G, x ∈ Ω} coincides with Ω. For a function f defined on
Ω we defined the action of g ∈ G on f by R(g)f(x) = f(xg). A function f
on Ω is said to be invariant under G if R(g)f = f for all g ∈ G. Let GΠd

n

denote the space of polynomials in Πd
n that are invariant under G.

The domains Sd−1 and Bd are rotation invariant, we can take G as any
finite subgroup of the rotation group O(d). For the simplex the largest
group under which T d is invariant is the symmetric group S(T d) that con-
tains all permutations of the vertices of the simplex T d. If f is invariant
under S(T d) then it is a symmetric function of x1, . . . , xd, 1−x1− . . .−xd.
The symmetric group Sd of d coordinates is a subgroup of S(T d).

Since the proof is essentially the same we shall state the result for the
Lp norm for 1 ≤ p ≤ ∞. For 1 ≤ p < ∞ let ‖f‖Lp(Ω) denote the Lp norm
of f on Ω with respect to an absolutely continuous finite Borel measure
dµ = µ′dx

‖f‖Lp(Ω) =
(∫

Ω
|f(x)|pdµ(x)

)1/p
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and we assume that the measure µ is invariant under G. We take the
convention that the norm for p = ∞ is the C(Ω) norm.

Theorem 3.2 Let Ω be a region in Rd invariant under a finite group G.
If f is invariant under G, then

inf
p∈Πd

n−1

‖f(x)− p(x)‖Lp(Ω) = inf
p∈GΠd

n−1

‖f(x)− p(x)‖Lp(Ω).

Proof. Since GΠd
n−1 ⊂ Πd

n−1, we evidently have

inf
p∈Πd

n−1

‖f(x)− p(x)‖Lp(Ω) ≤ inf
p∈GΠd

n−1

‖f(x)− p(x)‖Lp(Ω).

For a given function F we denote by FG the symmetric function

FG(x) =
1
|G|

∑
g∈G

R(g)F (x)

where |G| denote the number of elements in G. Clearly if F is invariant
under G, then FG = F . Using the triangle inequality and the fact that f
is invariant under G we have

‖f − p‖Lp(Ω) =
1
|G|

∑
g∈G

‖R(g)f −R(g)p‖Lp(Ω)

≥ ‖fG − pG‖Lp(Ω) = ‖f − pG‖Lp(Ω).

Taking infimum over p completes the proof.

In [1] this theorem is used for the sphere Sd−1 and the ball Bd with G
being a finite subgroup of the rotation group O(d) to obtain the polynomial
of best approximation for a number of special polynomials. For example,
it is proved there that

inf
p∈Πd

d−1

‖x1 · · ·xd − p‖Lp(Sd−1) = ‖x1 · · ·xd‖Lp(Sd−1), (3.1)

where G is the symmetric group Sd, and

inf
p∈Πd

3

‖x4
1 + · · ·+ x4

d − p‖Lp(Sd−1) = inf
c∈R

‖x4
1 + · · ·+ x4

d − c‖Lp(Sd−1), (3.2)

where G is the hyperoctahedral group Bd, which is the group of symmetry
of the unit cube {±1, . . . ,±1} in Rd and it contains permutations of coor-
dinates and the sign changes (the semi-product of the symmetric group Sd
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and the abelian group Zd
2). There are also several other least polynomials

in [1], obtained by taking the above or the other finite subgroups of O(d).
Since Zd

2 is a subgroup of O(d) which contains all possible sign changes
of the coordinates, one consequence of the theorem states that if f is even
in each of its variables, so is a polynomial p of best approximation to f .
Let R+ := {x ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0} and let φ denote the mapping

φ : Rd 7→ Rd
+ : x 7→ φ(x) = (x2

1, . . . , x
2
d).

We note that φ is one-to-one from T d to Bd
+ = Bd ∩ Rd

+. It also induces a
one-to-one mapping from Πd

n to GΠd
2n with G = Zd

2, since every polynomial
p ∈ GΠd

2n can be written uniquely as pe◦φ for some pe ∈ Πd
n and, conversely,

q◦φ ∈ GΠd
2n for every q ∈ Πd

n. For each f that is even in each of its variables,
we also write f = fe ◦ φ.

Let us write in the following Lp(Ω, dµ) to emphasis the dependence on
the measure dµ. For an invariant measure dµ = µ′dx defined on Bd we
define another measure dν by

dν(x) = µ′e(x)/
√

x1 · · ·xddx, x ∈ T d.

The factor 1/
√

x1 · · ·xd is the Jacobian of changing variables y 7→ x = φ(y).

Theorem 3.3 Let f ∈ Lp(Bd, dµ) be invariant under Zd
2. If p∗(x) is an

extremal polynomial for f in Lp(Bd, dµ), then p∗e(x) is an extremal poly-
nomial for fe in Lp(T d, dν). On the other hand, if g ∈ Lp(T d, dν) and q∗

is an extremal polynomial for f in Lp(T d, dν), then q∗ ◦ φ is an extremal
polynomial for f ◦ φ in Lp(Bd, dµ).

Proof. If f ∈ C(Bd) is invariant under Zd
2 then Theorem 3.2 implies that

a polynomial p∗ of best approximation to f on Bd is even in each of its
variables. Hence, it can be written as p∗e ◦φ. Using the elementary formula∫

Bd

f(x2
1, . . . , x

2
d)dµ(x) =

∫
T d

f(x1, . . . , xd)dν(x) (3.3)

it follows that p∗e is the polynomial of best approximation to f on T d. On
the other hand, if q∗ is an extremal polynomial for g on T d, then q∗ ◦ φ is
a polynomial in GPd

2n for G = Zd
2. Using (3.3) and then Theorem 3.2, we

see that q∗ ◦ φ is an extremal polynomial for f ◦ φ on Bd.

For d = 2 this theorem is proved in [4]. The idea of using the corre-
spondence between polynomials on these domains has been used in dealing
with orthogonal polynomials and cubature formulas on Bd and T d ([24])
and it has also been used in [26] to relate the direct and the inverse type
theorems for the best approximation on T d and on Bd.
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4 Best approximation in more than two variables

Comparing to two variables, there is little known in several variables. We
discuss what is known and what is involved.

4.1 Some basic results

It is easy to see that the following proposition holds (see, for example, [2]).

Proposition 4.1 If F (x1, . . . , xd) = f(x1, . . . , xm, 0, . . . , 0) for some m <
d, then En(F ; Ωd) = En(f ; Ωm) for Ωd being the unit ball Bd, the simplex
T d or the sphere Sd−1.

Proof. Since Bm is a subset of Bd, it follows readily that

‖F − p‖C(Bd) ≥ ‖f − p(x1, . . . , xm, 0, . . . , 0)‖C(Bd) ≥ En(f ;Bm)

for any p ∈ Πd
n. Hence, En(F ;Bd) ≥ En(f ;Bm). On the other hand, if

p∗ ∈ Πm
n is an extremal polynomial for f on Bm, then P ∗(x1, . . . , xd) =

p∗(x1, . . . , xm) is a polynomial in Πd
n and En(F ;Bd) ≤ ‖F − P ∗‖C(Bd) =

‖f − p∗‖C(Bd) = En(f ;Bm). The proof for T d and Sd−1 is similar.

In particular, using the result in the previous section, this shows that
if α = (α1, α2, 0, . . . , 0) then

En(xα;Bd) = En(xα;Sd−1) = 21−n, n = α1 + α2 (4.1)

and
En(xα;T d) = 21−2n, n = α1 + α2. (4.2)

Note that both these quantities do not depend on the dimension.
The first nontrivial example appears early in [19], which states that

inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Sd−1) = ‖x1 . . . xd‖C(Sd−1) = d−d/2.

Only in the fairly recent work [1], polynomials of best approximation to
other monomials on Bd and on Sd−1 are found using the invariance of
Theorem 3.2. It particular it is shown there that

inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Bd) = inf
p∈Πd

n−1

‖x1 . . . xd − p‖C(Sd−1) = d−d/2. (4.3)
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Apart from (3.1) and (3.2) there are several other polynomials whose ex-
tremal polynomials are found, including (x4

1 + . . . x4
d) among others. How-

ever, the only monomial in the list is x1 · · ·xd.
In [2] the best approximation is found for another monomial x2

1x2 . . . xd

on the ball and on the sphere,

Ed+1(x2
1x2 · · ·xd, B

d) = Ed+1(x2
1x2 · · ·xd, S

d−1) (4.4)

= ‖(x2
1 − ad)x2 · · ·xd‖C(Sd−1) =

ad

(d− 1)
d−1
2

where a = ad is the solution of the equation

2
d + 1

(
d− 1
d + 1

) d−1
2

(1− a)
d+1
2 = a.

In particular, a2 = 1/4, a3 = 3−
√

8, a4 = (38 + 5× 101/3 − 105/3)/18.
Recently in [25], we found a family of symmetric polynomials as ex-

tremal polynomials for x2
1 · · ·x2

d in Bd and in Sd−1. This work depends
heavily on the theorems in the previous section. It starts with several
reductions. First, by Theorem 3.3, we only need to consider the best ap-
proximation to x1 · · ·xd on the simplex T d. Second, by Theorem 3.2, an
extremal polynomial can be chosen to be symmetric on T d.

As we mentioned before that there are two steps in dealing with the
problem of least polynomials; one is to find a lower bound for the quantity
En(x1 · · ·x3;T 3) and the other is to identify an extremal polynomial that
will attain the lower bound. In the case of two variables, we found the
lower bound in (2.5) by taking the maximal on a subset that is part of
the boundary of T 2. This way we reduce the problem to a problem in one
variable that is already solved. We can attempt to apply the same method
here and take the maximal on the face

T d
0 = {(x1, . . . , xd) ∈ T d : x1 + . . . + xd = 1}

of T d. Evidently x ∈ T d
0 is the same as (x1, . . . , xd−1) ∈ T d−1. Let us define

X := (x1, . . . , xd−1, 1− x1 − . . .− xd−1). For α ∈ Nd
0 define

Xα = xα1
1 · · ·xαd−1

d−1 (1− x1 − · · · − xd−1)αd , x ∈ T d.

Then the restriction leads to

En(xα;T d) = inf
p∈Πd

n

‖xα − p‖C(T d) (4.5)

≥ inf
p∈Πd−1

n

‖Xα − p‖C(T d−1) = En(Xα;T d−1).
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However, this does not reduce the problem to a lower dimension problem of
least polynomial for the monomials, unless αd (or one of the other compo-
nent of α) is zero. If none of the components of α is zero, then Xα vanishes
on the entire boundary of T d. We cannot further reduce the problem by
restricting to the boundary of the simplex.

In the simple case of x1x2 · · ·xd we discuss what to do in the following
two subsections. We consider the case d = 3 first to illustrate the idea.

4.2 Extremal polynomial for x1x2x3 on T 3

In the case of x1x2x3 on T 3 the right hand side of the equation (4.5) is a two
dimensional problem on T 2. Recall that in the previous section we deduced
the lower bound of En(xkyn−k;T 2) by further restricting the maximal on
the boundary of T 2 so that it becomes a problem in one variable. For the
function X1(x) := x1x2(1−x1−x2), however, such a method will not work
as the function is zero on the entire boundary of the triangle T 2.

Since X1 is invariant under the symmetric group S(T 2), Theorem 3.1
shows that the optimal polynomial has to be a symmetric polynomial in
x1, x2, 1 − x1 − x2. Such a polynomial, called U3(x1, x2), is discovered in
[25]. It agrees with the Chebyshev polynomial T2(2x − 1) of degree 2 on
the boundary of the triangle T 2; that is

U3(x, 0) = U3(0, x) = U3(x, 1− x) = T2(2x− 1).

Proposition 4.2 Let X1(x) = x1x2(1− x1 − x2). Define the polynomial

U3(x1, x2) = 72x1x2(1− x1 − x2)− 3 + 4(x2
1 + x2

2 + (1− x1 − x2)2).

Then

E2(X1, T
2) = inf

p∈T 2
2

‖X1 − p‖C(T 2) = 72−1‖U3‖C(T 2) = 72−1.

Proof. Once the polynomial is identified, we can find the extremal signa-

ture. Indeed, define

S+ = {x : |U3(x1, x2)| = 1} =
{

(0, 0), (1, 0), (0, 1),
(

1
3
,
1
3

)}
S− = {x : |U3(x1, x2)| = −1} =

{(
1
2
, 0

)
,

(
0,

1
2

)
,

(
1
2
,
1
2

)}
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and let σ(v) = 1 on S+ and σ(v) = −1 on S−. Then σ is an extremal
signature since the sum Lf = L1f − L2f defined by

L1f =
3
4
f

(
1
3
,
1
3

)
+

1
12

(f(0, 0) + f(1, 0) + f(0, 1))

and

L2f =
1
3

(
f

(
1
2
, 0

)
+ f

(
0,

1
2

)
+ f

(
1
2
,
1
2

))
satisfies Lf = 0 for f ∈ Π2

2. Consequently, since |U3(x1, x2)| = 72−1 on
T 2, it follows from the part 2 of Theorem 3.1 that E2(X1, T

2) ≥ 72−1. To
complete the proof we only need to show that ‖U2‖C(T 2) = 1, which is an
easy exercise.

According to the above proposition and Theorem 3.3, to find the ex-
tremal polynomial for x1x2x3 on T 3 amounts to find a symmetric polyno-
mial R3(x1, x2, x3) such that R3 agrees with U(x1, x2) on the face T 3

0 of
T3. Although this requirement does not determine R3 uniquely, it helps to
guide our search. The outcome is given below.

Theorem 4.3 Define the polynomial R3(x) by

R3(x) =72x1x2x3 − 4(x1 + x2 + x3) + 4(x1 + x2 + x3)2

− 8(x1x2 + x2x3 + x1x3) + 1.

Then 72−1R3(x) is the least polynomial for x1x2x3 on T 3 and

E2(x1x2x3;T 3) = E2(x1x2(1− x1 − x2);T 2) = 72−1‖R3‖C(T 3) = 72−1

Furthermore, 72−1R3(x2
1, x

2
2, x

2
3) is a least polynomial for x2

1x
2
2x

2
3 on B3 and

S2, and

E5(x2
1x

2
2x

2
3;B

3) = E5(x2
1x

2
2x

2
3;S

2) = 72−1
∥∥R3(x2

1, x
2
2, x

2
3)

∥∥
C(B3)

= 72−1.

By Theorem 3.3 all we need to prove is that R3(x1, x2, x3) is bounded
in T 3. The polynomial R3 is bounded on the boundary of T 3, since
R3(x, y, 0) = R3(x, 0, y) = R3(0, x, y) = (1 − 2x)2 + (1 − 2y)2 − 1 and
R3(x, y, 1 − x − y) = U3(x, y). Furthermore, solving critical points shows
that R3 attains its maximum and minimum on the boundary.
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4.3 Extremal polynomial for x1 · · ·xd on T d

We now consider the case d > 3. By Theorem 3.2 an extremal polynomial
can be taken as a symmetric polynomial in x1, . . . , xd. It is well known
that every symmetric polynomial can be written in terms of elementary
symmetric polynomials e1, e2, . . ..

Let N ∈ N. The elementary symmetric polynomials of degree k in
variables x1, x2, . . . , xN are defined by

ek(x) =
∑

1≤i1<...<ik≤N

xi1xi2 · · ·xik , 1 ≤ k ≤ N.

We assume that N is sufficiently large and do not write the dependence of ek

on the number of variables. Using the elementary symmetric polynomials,
R3 in Theorem 4.3 takes the form

R3(x) = 72e3(x)− 4e1(x) + 4e2
1(x)− 8e2(x) + 1, x ∈ R3.

In the following we will denote the right hand side by S3(x) for x ∈ Rd.
Notice that for d > 3 such a function will be entirely different from R3. We
will use the notation 1k = (1, 1, . . . , 1) ∈ Rk.

Definition 4.4 For x ∈ RN and N > d define S3(x) by

S3(x) = 72e3(x)− 4e1(x) + 4e2
1(x)− 8e2(x) + 1

and Sk(x) for k > 3 by the recursive formula

Sk(x) = rkek(x)− Sk−1(x),

where the constant rk is determined recursively by S(k−11k) = 1. Further-
more we denote Sd(x) by Rd(x) if x ∈ Rd.

In the above definition the functions Sk are defined for any number
of variables. However, the number rk is determined using the formula for
Sk(x) for x ∈ Rk. Notice that we cannot define Rd without extending the
definition of Rd−1 formally to d variables, which is why we introduce Sk

for any number of variables. As an example, we give the explicit formula
of R4:

R4(x) = 896x1x2x3x4 − 72(x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4)
+ 8(x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4)

− 4(x1 + x2 + x3 + x4)2 + 4(x1 + x2 + x3 + x4)− 1.
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The definition also shows that

Rd(x) =
d∑

k=2

(−1)d−krkek(x) + (−1)d−3(4e2
1(x)− 4e1(x) + 1)

where r2 := 8. For d ≥ 3, the numbers rd can be deduced from the following
explicit formula ([25])

rd = d
d∑

k=4

kd−3

(
d

k

) (
(−1)k(9k2 − 32k + 24) + k2

)
.

The first few values of rd and their prime factorization are list below:

r3 = 72 = 23 · 32,

r4 = 896 = 27 · 7,

r5 = 14400 = 26 · 32 · 52,

r6 = 283392 = 28 · 33 · 41,

r7 = 6598144 = 29 · 72 · 263,

r8 = 177373184 = 215 · 5413.

It turns out that Rd play the role of R3 as an extremal polynomial on
T d.

Theorem 4.5 Let X1(x) = x1 · · ·xd−1(1−x1−· · ·−xd−1). For d = 3, 4, 5,

Ed−1(x1 · · ·xd;T d) = Ed−1(X1, T
d−1) = r−1

d ‖Rd‖T d−1 = r−1
d ,

and, furthermore,

E2d−1(x2
1 · · ·x2

d;B
d) = E2d−1(x2

1 · · ·x2
d;S

d−1) = r−1
d ‖Rd‖T d−1 = r−1

d .

In fact we made the conjecture in [25] that the theorem holds for all
d ≥ 3. Recall that we normally have two steps, one is to find a sharp lower
bound for En(f ; Ω) and the other is to find an extremal polynomial that
attains the lower bound. In our case we have the lower bound:

Theorem 4.6 For all d > 3

Ed−1(x1 · · ·xd;T d) = Ed−1(X1, T
d−1) ≥ r−1

d , (4.6)

and, furthermore,

E2d−1(x2
1 · · ·x2

d;B
d) = E2d−1(x2

1 · · ·x2
d;S

d−1) ≥ r−1
d . (4.7)
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The proof of this step uses the extremal signature and Theorem 3.1.
The definition of Rd shows that

Rd(x1, . . . , xd−1, 0) = −Rd−1(x1, . . . , xd−1). (4.8)

This equation allows us to identify many points on which |Rd(x)| = 1. Such
points are invariant under the symmetric group Sd of the coordinates. It
turns out that these points are enough for the extremal signature.

By the part 2 of Theorem 3.1, the existence of the extremal signature
proves Theorem 4.6. The next step is to find an extremal polynomial that
attains the lower bound in (4.6). Clearly, a candidate for such a polynomial
is r−1

d Rd. What we need is a proof that shows the candidate actually works.
Such a proof comes down to showing that |Rd(x)| ≤ 1 on T d. This is proved
in [25] for d = 3, 4, 5 by computing the critical points of Rd (with the help
of a computer algebra system).

It turns out that for d = 3, 4, 5, |Rd(x)| is attained exactly in the set
S+ and S− defined above; in particular, |Rd(x)| attains its maximum on
the face T d

0 = {x ∈ T d : x1 + . . .+xd = 1}. By the definition of Rd(x), it is
easy to see that ∆Rd(x) = (−1)d−18d where ∆ denote the usual Laplacian
operator. This shows that (−1)d−1Rd(x) is a subharmonic function, which
implies that

(−1)d−1Rd(x) ≤ max
x∈∂T d

(−1)d−1Rd(x)

by the maximal principle (cf. [9]). However, this is only half of what
we need. Because of the definition of Rd, induction argument might play
a role in a potential proof. If the maximal of |Rd(x)| were attained in
the boundary, then the equation (4.8) shows that the maximal of Rd are
attained on the face T d

0 of the boundary of T d. Let

Ud(x) = Rd(x1, . . . , xd−1, 1− x1 − . . .− xd−1), x ∈ Rd−1.

We then need to prove that |Ud(x)| ≤ 1 on T d−1. The computation in
the case of d = 3, 4, 5 points out that the |Ud(x)| attains its maximal on
the boundary of T d−1. If this were true, then by (4.8), the inequality
|Ud(x)| ≤ 1 would follow from the induction since Ud(x1, . . . , xd−2, 0) =
Ud−1(x1, . . . , xd−1) and

Ud(x1, . . . , xd−2, 1− x1 − . . .− xd−2) = Ud−1(x1, . . . , xd−2).

The above discussion justifies the following conjecture.

Conjecture 4.7 For d ≥ 6, |Rd(x)| attains its maximum on the boundary
of T d and |Ud(x)| attains its maximal on the boundary of T d−1.
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If the conjecture were proved, then the equality would hold in (4.6) with
Rd as one least polynomial and equality would hold in (4.7) with Rd ◦ φ as
one least polynomial.

4.4 Extremal polynomial for x2
1x

2
2x

2
3 on T 3

The construction in the previous section suggests that a least polynomial
for (x1x2x3)n should agree with the Chebyshev polynomial Tn−1(2x − 1)
on the boundary of T 3. The following result gives the case of n = 2.

Proposition 4.8 Let X1(x) = x1x2(1− x1 − x2). Define the polynomial

U5(x1, x2) =272bX2
1 (x1, x2)

+ 27b X1(x1, x2)
(
3a(x2

1 + x2
2 + (1− x1 − x2)2)− c

)
+ 2

[
−3 + 4(x2

1 + x2
2 + (1− x1 − x2)2)

]2 − 1

where a = 28.5926243..., b = 21.8935834... and c = 32/9 + a + b. Then

E5(X2, T
2) = inf

p∈Π2
5

‖X2 − p‖C(T 2) = 27−2b−1‖U5‖C(T 2) = 27−2b−1.

The polynomial U5 is symmetric in x1, x2, 1− x1 − x2 by Theorem 3.2.
The form of U5 is chosen so that it agrees with the Chebyshev polynomial
T4(2t− 1) = 1− 8(1− 2x)2 + 8(1− 2x)4 on the boundary of T 2; that is

U5(x, 0) = U5(0, x) = U5(x, 1− x) = T2(T2(2x− 1)) = T4(2x− 1).

The constant c is determined by fixing U5(1/3, 1/3) = 1. The values of a
and b are chosen so that |U5(x)| ≤ 1 inside T 2. This is proved by making
1 − U5(x, y) ≥ 0 and then solving U5(x, x) = −1 and U ′

5(x, x) = 0, which
yields three point in T 2, by symmetry, for which U5(x, y) = −1. It turns
out that these three points, together with the maximal and minimal points
on the boundary of T 2, are enough for an extremal signature.

From the best approximation to x2
1x

2
2(1−x1−x2)2 on T 2 we should get

best approximation to x2
1x

2
2x

2
3 on T 3. One only has to find a least polyno-

mial which satisfies V5(x) such that V5(x1, x2, 1−x1−x2) = U5(x1, x2) and
|V5(x, y)| ≤ 1 on T 3. This step is not trivial since an additional multiple of
(x1 + x2 + x3)k added to any term in V5(x) does not change the value of
the polynomial on the boundary of T 3. Once V5 is found, then V5 ◦ φ is an
least polynomial for x4

1x
4
2x

4
3 on B3 and S2 by Theorem 3.3. The result is

stated below.
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Theorem 4.9 Let a and b be as above. Define polynomial V5 by

V5 =272b e2
3 − 1 + 2e1 − 2e2

2 + 2
(
1− 4e1 + 4e2

1

)2

− 27e3

(
(32/9− 2a + b)e2

1 + 6ae2

)
, x ∈ R3.

Then 27−2b−1V5(x) is a least polynomial for x2
1x

2
2x

2
3 on T 3

E5(x2
1x

2
2x

2
3;T

3) = E5(x2
1x

2
2(1− x1 − x2)2;T 2)

= 27−2b−1‖V5‖C(T 3) = 27−2b−1.

Furthermore, 72−2b−1V5(x2
1, x

2
2, x

2
3) is a least polynomial for x4

1x
4
2x

4
3 on B3

and S2,

E5(x2
1x

2
2x

2
3;B

3) = E5(x2
1x

2
2x

2
3;S

2)

= 72−2b−1
∥∥V5(x2

1, x
2
2, x

2
3)

∥∥
C(S2)

= 27−2b−1.

What comes out as a surprise is that there does not seem to be a nice
formula for E5(X2, T

2) = 27−2b−1. This suggests that the best approxima-
tion to monomials in several variables is much more complicated than that
of two variables.

The above result suggests many questions that one may want to explore.
Some questions are if least polynomials for other monomials, say xk

1x
l
2x

j
3,

on T 3 also attains their maximum and minimum on the boundary of T 3,
and if a least polynomial p satisfies that p(x1, x2, 1−x1−x2) agrees with the
Chebyshev polynomials of appropriate degree on the boundary of T 2. One
can also ask the question that to what extend a polynomial is determined
by its values on the boundary of the triangle.

5 Extremal polynomials in L2 norm

In this section we report results on the best L2 approximation on the unit
sphere Sd−1, the unit ball Bd and the standard simplex T d. Here the L2

norm can be taken with respect to the measure dµ = W (x)dx for some
weight function W on the domain Ω. We shall denote the error of best
approximation to f by En(xα; Ω)L2(W ) to indicate the dependence on W .
We call the polynomial Rα a least polynomial for xα if Rα = xα − Qα,
Qα ∈ Πd

|α|−1, and

En(xα; Ω)L2(W ) = inf
p∈Πd

|α|−1

‖xα − p‖L2(Ω,W ) = ‖Rα‖L2(Ω,W ).
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According to the standard Hilbert space theory, the extremal polyno-
mial Rα is orthogonal to all polynomials of degree lower than |α| and it
is unique. Such a polynomial is called a monomial orthogonal polynomial
in [27] and their explicit expression and their L2 norms are computed ex-
plicitly. For earlier study of L2 norm of these polynomials, we refer to
[4] and the references therein. The results in [27] are derived for a family
of weight functions on these domains, which includes the classical weight
functions (see below). It should be pointed out that many of the monomial
orthogonal polynomials are already known in [3] for the classical weight
functions.

Throughout this section we use the standard multiindex notation. For
α, β ∈ Nm

0 we also write α! = α1! · · ·αm! and (α)β = (α1)β1 · · · (αm)βm ,
where (a)n = a(a + 1) . . . (a + n− 1) is the Pochhammer symbol. Further-
more, for α ∈ Nm and a, b ∈ R, we write aα + b = (aα1 + b, . . . , aαm + b).

5.1 Best L2 approximation on Sd−1

The weight function on Sd−1 is

Wκ(x) = cκ

d∏
i=1

|xi|2κi , κi ≥ 0,

where cκ is a normalization constant so that the integral of Wκ over Sd−1

is 1. In the following we write |κ| = κ1 + . . . + κd. Let bxc denote
the integer part of x. For a multiindex α ∈ Nd

0 we use bα/2c to denote
(bα1/2c, . . . , bαd/2c).

Let FB be the Lauricella hypergeometric series of type B, which gener-
alizes the hypergeometric function 2F1 to several variables (cf. [6]),

FB(α, β; c;x) =
∑

γ

(α)γ(β)γ

(c)|γ|γ!
xγ , α, β ∈ Nd

0, c ∈ R, max
1≤i≤d

|xi| < 1,

where the summation is taken over γ ∈ Nd
0. We will also need the general-

ized Gegenbauer polynomials C
(λ,µ)
n (t) defined by

C(λ,µ)
n (x) = cµ

∫ 1

−1
Cλ

n(xt)(1 + t)(1− t2)µ−1dt.

These polynomials are orthogonal with respect to the weight function

wλ,µ(t) = |t|2µ(1− t2)λ−1/2, −1 ≤ t ≤ 1,
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and they become Gegenbauer polynomials when µ = 0; that is, C
(λ,0)
n (t) =

Cλ
n(t). We denote by k

(λ,µ)
n the leading coefficient of C

(λ,µ)
n (x). The explicit

formula of the least polynomial Rα for xα is given as follows.

Theorem 5.1 Let ρ = |κ|+ (d− 2)/2, β = α− bα+1
2 c and n = |α|. Then

1. Rα(x) = xαFB

(
−β,−α + β − κ +

1
2
;−n− ρ + 1;

‖x‖2

x2
1

, . . . ,
‖x‖2

x2
d

)
.

2. The best approximation to xα is given by

inf
p∈Πd

n−1

∫
Sd−1

|xα − p(x)|2Wκ(x)dω =
∫

Sd−1

|Rα(x)|2Wκ(x)dω

=
2ρ

(
κ + 1

2

)
α

(ρ)|α|

∫ 1

0

d∏
i=1

C
( 1
2
,κi)

αi (t)

k
( 1
2
,κi)

αi

t|α|+2ρ−1dt.

In the case of κ1 = . . . = κd = 0, this is the classical case of L2 approx-
imation with respect to the Lebesgue measure on Sd−1. The polynomial
Rα is defined using a generating function. It also satisfies several other
properties, including a recurrence relation. The norm of Rα is written as
an integral of one variable. This integral, however, is difficult to evaluate.
It can be written as an multiple sum of hypergeometric type. For a detail
study and several special cases, see [27].

5.2 Best L2 approximation on Bd

The weight function on Bd is

WB
κ (x) = cB

κ

d∏
i=1

|xi|2κi(1− ‖x‖)κd+1−1/2, x ∈ Bd, κi ≥ 0,

where cB
κ is a normalization constant so that the integral of WB

κ over Bd

is 1. The explicit formula of the least polynomial RB
α for xα is given as

follows.

Theorem 5.2 Let ρ = |κ|+ (d− 1)/2. For α ∈ Nd
0 and x ∈ Rd,

1. RB
α (x) = xαFB

(
−β,−α + β − κ +

1
2
;−|α| − ρ + 1;

1
x2

1

, . . . ,
1
x2

d

)
.
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2. The best approximation to xα is given by

inf
p∈Πd

n−1

∫
Bd

|xα − p(x)|2WB
κ (x)dx =

∫
Bd

|RB
α (x)|2WB

κ (x)dx

=
2ρ

(
κ + 1

2

)
α

(ρ)|α|

∫ 1

0

d∏
i=1

C
( 1
2
,κi)

αi (t)

k
( 1
2
,κi)

αi

t|α|+2ρ−1dt.

This theorem more or less follows from a close relation between orthog-
onal polynomials on Bd and those on Sd (see [23, 27]). The polynomials
correspond to the special case W (x) = (1−‖x‖2)µ−1/2 are the classical or-
thogonal polynomials. Let us mention the special case of Lebesgue measure
on Bd. Let Pn(t) denote the Legendre polynomial of degree n. Then

min
Q∈Πd

n−1

1
volBd

∫
Bd

|xα −Q(x)|2dx =
d α!

2n(d/2)n

∫ 1

0

d∏
i=1

Pαi(t)t
n+d−1dt,

(5.1)
where volBd = πd/2/Γ(d/2 + 1) is the volume of Bd.

5.3 Best L2 approximation on T d

The weight function on T d is

W T
κ (x) = cT

κ

d∏
i=1

|xi|κi−1/2(1− |x|)κd+1−1/2, x ∈ T d, κi ≥ 0

where cT
κ is a normalization constant so that the integral of W T

κ over T d

is 1. We need another generalization of the hypergeometric series 2F1 to
several variables, the Lauricella function of type A, which is defined by (cf.
[6])

FA(c, α;β;x) =
∑

γ

(c)|γ|(α)γ

(β)γγ!
xγ , α, β ∈ Nd+1

0 , c ∈ R,

where the summation is taken over γ ∈ Nd+1
0 . For the simplex T d we work

with the homogeneous coordinates X = (x1, . . . , xd, 1− x1 − . . .− xd). For
α ∈ Nd+1

0 we can derive the polynomial of best approximation for Xα. The
explicit formula of the least polynomial RT

α for Xα is given as follows.

Theorem 5.3 Let ρ = |κ|+ (d− 1)/2. For α ∈ Nd
0 and x ∈ Rd,
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1. the least polynomial for Xα in the L2 norm is

RT
α(x) = XαFB

(
− α,−α− κ +

1
2
;−2|α| − ρ + 1;

1
x1

, . . . ,
1

xd+1

)
= (−1)n (κ + 1)α

(n + |κ|+ d)n
FA(|α|+ |κ|+ d,−α;κ + 1;X).

2. The best approximation to Xα is given by

inf
p∈Πd

n−1

∫
T d

|Xα − p(x)|2W T
κ (x)dx =

∫
T d

|RT
α(x)|2W T

κ (x)dx

=
ρ α!

(
κ + 1

2

)
α

(ρ)2|α|

∫ 1

0

d+1∏
i=1

P (0,κi−1/2)
αi

(2r − 1)r|α|+ρ−1dr.

This theorem essentially follows from the result on Bd, using either
Theorem 3.3 or the close relation between orthogonal polynomials on these
two domains. Putting αd+1 = 0 gives the best approximation to xα on T d.
It is interesting to note that the additional term (1−x1− . . .−xd)k causes
many problems for the uniform norm but none for the L2 norm. Let us
mention the special case of Lebesgue measure on T d. Again Pn(t) denotes
the Legendre polynomial of degree n. Then for α ∈ Nd

0 and n = |α|,

min
Q∈Πd

n−1

1
d!

∫
T d

|xα −Q(x)|2dx =
d α!2

(d)2n

∫ 1

0

d∏
i=1

Pαi(2r − 1)rn+d−1dr. (5.2)

The formulas of the L2 norm of the least polynomials in all three cases
look simple; for example, see the formulas (5.1) and (5.2). However, these
formulas are not easy to evaluate exactly. On the other hand, they seem to
provide a way to obtain sharp estimates for these quantities, which remains
to be done.
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1 Introduction

In 1969, A. Jakimovski and D. Leviatan [18] introduced a Favard-Szasz
type operator, by means of Appell polynomials.

Throughout this paper let g (z) =
∞∑

ν=0
gνz

ν be a function analytic in the

disk |z| < R (R > 1) with g (1) 6= 0. In order to simplify the denotation

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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let us assume that g (1) = 1 as a normalization. The Appell polynomials
pν(x) (ν = 0, 1, . . .) are defined by the equation

g (z) exz =
∞∑

ν=0

pν (x) zν . (1.1)

Let E be the class of all functions f of exponential type on [0,∞), i.e.,
|f (t)| ≤ ceAt (t ≥ 0) for some finite constants c, A > 0.

The Jakimovski-Leviatan operators Pn (n = 1, 2, . . .) associate to each
function f ∈ E

Pn (f ;x) = e−nx
∞∑

ν=0

pν (nx) f
(ν
n

)
(x ≥ 0) . (1.2)

Note that the operators Pn are well-defined, for all sufficiently large n, since
the infinite sum in (1.2) is convergent if n > A/ logR.

B. Wood [24] proved that the operator Pn is positive if and only if
gν/g (1) = gν ≥ 0 (ν = 0, 1, . . .). Throughout this paper we will assume
that gν ≥ 0 (ν = 0, 1, . . .).

In the special case g (z) ≡ 1 we get back the classical operators Sn of
Szász-Mirakjan

Sn (f ;x) = e−nx
∞∑

ν=0

(nx)ν

ν!
f
(ν
n

)
(x ≥ 0) .

In [18] Jakimovski and Leviatan obtained several approximation prop-
erties of the operators (1.2). They proved that, for all f ∈ C[0,∞) ∩ E,

lim
n→∞

Pn (f ;x) = f(x),

the convergence being uniform in each compact subset of [0,∞). Jakimovski
and Leviatan [18, Theorem 5] defined also, for locally integrable functions f ,
a Kantorovich variant

Kn (f ;x) = ne−nx
∞∑

ν=0

pν (nx)
∫ ν+1

n

ν
n

f (t) dt (x ≥ 0) , (1.3)

of their operators.
Recently, Prof. Leviatan proposed a Durrmeyer variant of his operators

given by

Ln (f ;x) = e−nx
∞∑

ν=0

pν (nx)

∫∞
0 e−ntpν (nt) f (t) dt∫∞

0 e−ntpν (nt) dt
(x ≥ 0) , (1.4)
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and requested to study its approximation properties. Here we will consider
a slightly more general definition:

Dn (f ;x) ≡ Dn (f, g, h;x) (1.5)

= e−nx
∞∑

ν=0

pν (nx)

∫∞
0 e−nt qν (nt) f (t) dt∫∞

0 e−nt qν (nt) dt
(x > 0),

with a further function h (z) =
∞∑

ν=0
hνz

ν being analytic in the disk |z| < R

(R > 1) with h (1) 6= 0 and

h (z) exz =
∞∑

ν=0

qν (x) zν .

When it happens that an integral in the denominator of definition (1.5)
or (1.4) vanishes, the corresponding fraction is to be interpreted as zero.
Throughout the paper, we assume that gν , hν ≥ 0 (ν = 0, 1, 2, . . .) which
assures positivity of the linear operators (1.5). Furthermore, as a normal-
ization let g (1) = h (1) = 1.

Inserting

qν (x) =
ν∑

µ=0

hν−µ
xµ

µ!

we obtain ∫ ∞

0
e−t qν (t) tr dt =

ν∑
µ=0

hµ
(r + ν − µ)!

(ν − µ)!
. (1.6)

In particular, there holds∫ ∞

0
e−nt qν (nt) dt = n−1

ν∑
µ=0

hµ.

Therefore, the denominator in (1.5) can vanish only for a finite num-
ber of values of ν, because it is equal to n−1

∑ν
µ=0 hµ, where hµ ≥ 0

(µ = 0, 1, 2, . . .) and
∑∞

µ=0 hµ = h (1) = 1. Dropping finitely many terms
of the sum (1.5) does not change the limit and the asymptotic behaviour
of the operators as we shall see later on. Note that h0 > 0 ensures that all
denominators are positive.

We shall refer to the operatorsDn as (generalized) Jakimovski-Leviatan-
Durrmeyer operators or briefly JLD operators. It is clear that (1.5) reduces
to Leviatan’s definition (1.4) in the case g (z) = h (z).
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In the special case h (z) ≡ 1 we get the operators

Dn (f, g, 1;x) (1.7)

= ne−nx
∞∑

ν=0

pν (nx)
∫ ∞

0
e−nt (nt)

ν

ν!
f (t) dt (x ≥ 0) ,

(see [12]). In the special case g (z) = h (z) ≡ 1 we get back the Szász-
Mirakjan-Durrmeyer operators (briefly SMD operators)

Dn (f, 1, 1;x) = ne−nx
∞∑

ν=0

(nx)ν

ν!

∫ ∞

0
e−nt (nt)

ν

ν!
f (t) dt (x ≥ 0) ,

(1.8)
as studied by Heilmann [15]. A modified version was introduced by Mazhar
and Totik [19].

The purpose of this paper is to derive the complete asymptotic expan-
sion

Dn (f, g, h;x) ∼ f(x) +
∞∑

k=1

ck (f, g, h;x) n−k (n→∞), (1.9)

provided f admits derivatives of sufficiently high order at x ≥ 0. The
coefficients ck (f, g, h;x) which are dependent on the functions g and h,
but are independent of n, will be given in a very concise form. Formula
(1.9) means that, for all r = 1, 2, . . ., there holds

Dn (f, g, h;x) = f(x) +
r∑

k=1

ck (f, g, h;x) n−k + o(n−r) (n→∞).

Moreover, we study simultaneous approximation. It turns out that, for
r = 0, 1, . . ., the complete asymptotic expansion for the “derivated” JLD op-
erators can be obtained by term-by-term differentiation of the series (1.9),
i.e.,(
d

dx

)r

Dn (f, g, h;x) ∼ f (r)(x) +
∞∑

k=1

(
d

dx

)r

ck (f, g, h;x) n−k (n→∞).

In the special case g (z) = h (z) ≡ 1 we obtain the complete asymp-
totic expansion of the Szász-Mirakjan-Durrmeyer operators (1.9) and their
derivatives.

The analogous problem for the Jakimovski-Leviatan operators Pn and
their Kantorovich variant was studied by Abel and Ivan [7, 8]. We mention
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that there are further results on asymptotic expansions of approximation
operators such as Bernstein-Kantorovich operators [4], the operators of
Balázs and Szabados [6], the Meyer-König and Zeller operators [1, 3], the
operators of Butzer, Bleimann and Hahn [2, 5], and the Gamma operators
[10]. See also [17, 9]. The coefficients of the asymptotic expansions for these
operators are sums of terms mostly containing combinatorial numbers such
as Stirling numbers. We would like to emphasize that in the case of JLD
operators we are able to give a very concise representation of ck (f, g, h;x)
which is free of any combinatorial numbers.

In order to improve the rate of convergence we consider approximation
by linear combinations of JLD operators. Because of the restricted place,
we must drop the results on left quasi-interpolants of the JLD operators.

2 Main Results

Let q ∈ N. For a fixed x ∈ [0,∞), let K [q](x) be the class of all functions
f ∈ E that admit a derivative of order q at x. The next theorem contains as
our main result the complete asymptotic expansion for the JLD operators
Dn and their derivatives.

Theorem 2.1 Let q ∈ N, x > 0, and f ∈ K [2q](x). The Jakimovski-
Leviatan-Durrmeyer operators Dn satisfy the asymptotic relation

Dn (f, g, h;x) = f(x) +
q∑

k=1

ck (f, g, h;x) n−k + o
(
n−q

)
(n→∞) ,

(2.1)
where the coefficients ck (f, g, h;x) are given by

ck (f, g, h;x) =
1
k!

(
∂

∂z

)k (
zkf (k)(xz)g (z)h

(
z−1
))∣∣∣∣∣

z=1

. (2.2)

Moreover, if f ∈ K [2q+2r](x) with r ∈ N0, the derivatives of the JLD oper-
ators satisfy the asymptotic relation(

d

dx

)r

Dn (f, g, h;x) (2.3)

= f (r)(x) +
q∑

k=1

c
[r]
k (f, g, h;x) n−k + o

(
n−q

)
(n→∞) ,
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where the coefficients c[r]k (f, g, h;x) are given by

c
[r]
k (f, g, h;x) =

(
d

dx

)r

ck (f, g, h;x) . (2.4)

Remark 2.2 The continuity of f (2k+r) at the point x = 1 implies for the
coefficients in (2.3) the representation

c
[r]
k (f, g, h;x) =

1
k!

(
∂

∂z

)k (
zk+rf (k+r)(xz)g (z)h

(
z−1
))∣∣∣∣∣

z=1

. (2.5)

Remark 2.3 If f ∈ K [∞](x) =
⋂∞

q=1K
[q](x), the JLD operators and their

derivatives possess the complete asymptotic expansion(
d

dx

)r

Dn (f, g, h;x) ∼ f (r)(x) +
∞∑

k=1

(
d

dx

)r

ck (f, g, h;x) n−k (n→∞),

where the coefficients ck (f, g, h;x) are as given in Theorem 2.1.

For the convenience of the reader we list explicit expressions of the
initial coefficients c[r]k (f, g, h;x) = (d/dx)r ck (f, g, h;x).

c
[r]
0 (f, g, h;x) = f (r)(x)

c
[r]
1 (f, g, h;x) = xf (r+2)(x) +

(
r + 1 + g′ (1)− h′ (1)

)
f (r+1)(x)

c
[r]
2 (f, g, h;x) =

1
2
x2f (r+4)(x) + (r + 2 + g′(1)− h′(1))xf (r+3)(x)

+f (r+2)(x)

((
r + 2

2

)
+ (r + 2)g′(1)− (r + 1)h′(1)

−g′(1)h′(1) +
1
2
(g′′(1) + h′′(1))

)
In the special case of the Szász-Mirakjan-Durrmeyer operators Dn we

get the following corollary.

Corollary 2.4 (Complete asymptotic expansion for the derivatives of the
SMD operators). Let q ∈ N, x > 0, r ∈ N0 and f ∈ K [2q+2r] (x) .
The derivatives of the Szász-Mirakjan-Durrmeyer operators Dn satisfy the
asymptotic relation(
d

dx

)r

Dn (f, 1, 1;x) = f (r)(x)+
q∑

k=1

d
[r]
k (f ;x) n−k +o

(
n−q

)
(n→∞) ,
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where the coefficients d[r]
k (f ;x) are given by

d
[r]
k (f ;x) =

x−r

k!

(
xk+rf (k+r)(x)

)(k)
.

In the special case q = 1 Theorem 2.1 reveals the following Voronovskaja-
type result.

Corollary 2.5 (Voronovskaja-theorem for the JLD operators). For x > 0,
r ∈ N0 and f ∈ K [2r+2] (x), the Jakimovski-Leviatan-Durrmeyer operators
Dn and their derivatives satisfy the asymptotic relation

lim
n→∞

n

((
d

dx

)r

Dn (f, g, h;x)− f (r)(x)
)

= xf (r+2)(x) +
(
r + 1 + g′ (1)− h′ (1)

)
f (r+1)(x).

The specialization of Corollary 2.5 to the Szász-Mirakjan-Durrmeyer
operators

lim
n→∞

n

((
d

dx

)r

Dn (f, 1, 1;x)− f (r)(x)
)

= xf (r+2)(x) + (r + 1) f (r+1)(x)

is due to Heilmann [16, Theorem 3.2 with r=1].

3 Auxiliary results

As a first step we calculate the moments of the JLD operators. For r = 0,
1, . . ., put er(x) = xr. For each real x, we define the function ψx by
ψx (t) = t − x. For technical reasons, we consider in the following the
auxiliary operators Dn,m (m = 0, 1, 2, . . .) given by

Dn,m (f ;x) = e−nx
∞∑

ν=0

pν (nx)

∫∞
0 e−nt qν+m (nt) f (t) dt∫∞

0 e−nt qν+m (nt) dt
, (3.1)

where the quotient is to be interpreted as zero when the integral in the de-
nominator vanishes. Obviously, the JLD operators come out as the special
case Dn = Dn,0.

Firstly, we give an approximative expression for the operators Dn,m

when acting on the space of algebraic polynomials.
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Lemma 3.1 Let x > 0. For all r = 0, 1, . . ., there exists a constant c > 0
such that,

Dn,m (er;x) = n−re−nx
∞∑

ν=0

pν (nx)
(
∂

∂y

)r [
yr+ν+mh

(
y−1
)]∣∣∣∣

y=1

+O
(
e−cnx

)
as n→∞. More precisely, for the constant c we can choose each value in(
0, 1−R−1

)
.

Lemma 3.2 Let x > 0 and c ∈
(
0, 1−R−1

)
. For all r = 0, 1, . . ., the

moments of the operators Dn,m satisfy, as n→∞,

Dn,m (er;x) =
r∑

k=0

(
r

k

)
xr−k

nk

(
∂

∂z

)k (
zr+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+ O
(
e−cnx

)
.

Lemma 3.3 Let x > 0 and c ∈ (0, 1 − R−1). For all s = 0, 1, . . ., the
central moments of the JLD operators Dn possess the representation

Dn,m (ψs
x;x)

= s!
s∑

k=b(s+1)/2c

xs−k

k!nk

(
k

s− k

) (
∂

∂z

)2k−s (
zk+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+O
(
e−cnx

)
.

In particular, we have Dn (ψs
x;x) = O

(
n
−b(s+1)/2c

)
as n→∞.

In order to show Theorem 2.1 we use a general approximation theorem
for positive linear operators due to Sikkema [22, Theorems 1 and 2]. Since
it does not apply to functions of exponential growth we shall need the
following lemma for the proof of Theorem 2.1.

Lemma 3.4 (Localization Theorem) Let x > 0 be given. Assume that
f ∈ E vanishes in a neighborhood of x. Then for each positive constant q
there holds Dn,m (f ;x) = O(n−q) as n→∞.

Finally, for the study of simultaneous approximation we use the follow-
ing formula for the derivatives of the auxiliary operators Dn,m.

Lemma 3.5 For m = 0, 1, 2, . . ., the operators (3.1) possess the represen-
tation

D(r)
n,m = nr∆rDn,m (r = 0, 1, . . .) ,
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where ∆ denotes the forward difference operator of step 1 with respect to
m. In particular for the Jakimovski-Leviatan-Durrmeyer operators Dn we
have (

d

dx

)r

Dn (f ;x) = nr
r∑

m=0

(−1)r−m

(
r

m

)
Dn,m (f ;x) . (3.2)

4 Proofs

Proof of Lemma 3.1. Eq. (1.4) can be written in the more concise form

∫ ∞

0
e−tqν (t) tr dt

=
(
∂

∂y

)r ν∑
µ=0

hµy
r+ν−µ

∣∣∣∣∣∣
y=1

=
(
∂

∂y

)r [
yr+νTν

(
h; y−1, 0

)]∣∣∣∣
y=1

with the Taylor polynomial Tν (h; z, z0) of h around z0 = 0.
Obviously, we have |hµ| ≤ Kρ−µ (µ = 0, 1, . . .) with 1 < ρ < R. As a

consequence, there holds

∣∣∣∣∣∣
∞∑

µ=ν+1

hµµ
j

∣∣∣∣∣∣ ≤ K (h, ρ, j) ρ−ν (ν, j = 0, 1, . . .)

with a constant K (h, ρ, j) independent of ν, where zn (z ∈ R) denotes the
falling factorial defined by z0 = 1 and zn = z(z−1) . . . (z−n+1) (n ∈ N).
Applying the Leibniz rule twice we conclude, that

∫ ∞

0
e−tqν (t) tr dt =

r∑
j=0

(
r

j

)
(r + ν)r−j

ν∑
µ=0

hµ (−µ)j

=
r∑

j=0

(
r

j

)
(r + ν)r−j

∞∑
µ=0

hµ (−µ)j +O
(
ρ−ν

)
=

(
∂

∂y

)r [
yr+νh

(
y−1
)]∣∣∣∣

y=1

+O
(
ρ−ν

)
.
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Finally, we arrive at∫∞
0 e−nt qν (nt) tr dt∫∞

0 e−nt qν (nt) dt
= n−r

∑ν
µ=0 hµ · (r + ν − µ)r∑ν

µ=0 hµ

= n−r

(
∂
∂y

)r [
yr+νh

(
y−1
)]∣∣∣

y=1
+O (ρ−ν)

1 +O (ρ−ν)

= n−r

(
∂

∂y

)r [
yr+νh

(
y−1
)]∣∣∣∣

y=1

+O
(
ρ−ν

)
as ν →∞, where the first equality is senseful for all sufficiently large values
of ν. Put ν0 = min {ν ∈ N0 | hν+m 6= 0}. The condition h (1) = 1 and
the non-negativity of the coefficients hν ensure that ν0 is a finite integer.
Inserting the above formula into (3.1) proves Lemma 3.1, since, for fixed
x > 0, we have

e−nx
ν0−1∑
ν=0

pν (nx)n−r

(
∂

∂y

)r [
yr+νh

(
y−1
)]∣∣∣∣

y=1

= O
(
nν0−1−re−nx

)
and

e−nx
∞∑

ν=0

pν (nx) ρ−ν = g
(
ρ−1
)
e−nx(1−ρ−1) (4.1)

as n→∞. �

Proof of Lemma 3.2. Use of the Cauchy integral formula yields, by
Eq. (1.1),

pν(x) =
1

2πi

∮
|z|=ρ

g (z) exz

zν+1
dz

with 1 < ρ < R. By Lemma 3.1, we obtain

Dn (er;x)

=
n−re−nx

2πi

∮
|z|=ρ

g (z) enxz

(
∂

∂y

)r
[ ∞∑

ν=0

yr+ν+m

zν+1
h
(
y−1
)]∣∣∣∣∣

y=1

dz +O
(
e−cnx

)

=
n−re−nx

2πi

(
∂

∂y

)r

yr+mh
(
y−1
) ∮
|z|=ρ

g (z) enxz

z − y
dz

∣∣∣∣∣∣∣
y=1

+O
(
e−cnx

)
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as n → ∞. Since (2πi)−1 ∮
|z|=ρ

g(z)enxz

z−y dz = g (y) enxy, for all y with

|y − 1| < ρ − 1, an application of the Leibniz rule completes the proof
of Lemma 3.2. �

Proof of Lemma 3.3. Application of the binomial formula yields

Dn,m (ψs
x;x) =

s∑
r=0

(
s

r

)
(−x)s−r Dn,m (er;x)

and, by Lemma 3.2, we obtain

Dn,m (er;x) =
r∑

k=0

(
r

k

)
xr−k

nk

(
∂

∂z

)k (
zr+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+O
(
e−cnx

)
.

Dn,m (ψs
x;x)

=
s∑

r=0

(−1)s−r

(
s

r

) r∑
k=0

(
r

k

)
xs−k

nk

(
∂

∂z

)k (
zr+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+O
(
e−cnx

)
=

s∑
k=0

(
s

k

)
xs−k

nk

s∑
r=k

(−1)s−r

(
s− k

r − k

) (
∂

∂z

)k (
zr+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+O
(
e−cnx

)
=

s∑
k=0

(
s

k

)
xs−k

nk

(
∂

∂z

)k (
zk+m (z − 1)s−k g (z)h

(
z−1
))∣∣∣∣∣

z=1

+O
(
e−cnx

)
.

By Leibniz rule, we obtain(
∂

∂z

)k (
zk+m (z − 1)s−k g (z)h

(
z−1
))∣∣∣∣∣

z=1

=


0 (2k < s) ,

(
k

s−k

)
(s− k)!

(
∂
∂z

)2k−s (
zk+mg (z)h

(
z−1
))∣∣∣

z=1
(2k ≥ s) .

Therefore, we have

Dn,m (ψs
x;x)

= s!
s∑

k=b(s+1)/2c

(
k

s− k

)
xs−k

k!nk

(
∂

∂z

)2k−s (
zk+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+ O
(
e−cnx

)
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as n→∞, which completes the proof of Lemma 3.3. �

Proof of Lemma 3.4. We write the operators Dn,m in the form

Dn,m (f ;x) =
∫ ∞

0
Kn,m (x, t) f (t) dt (x > 0) ,

with the kernel function

Kn,m (x, t) = e−nx
∞∑

ν=0

pν (nx)
e−nt qν+m (nt)∫∞

0 e−nu qν+m (nu) du
,

where the quotient is to be interpreted as zero when the integral in the
denominator vanishes.

Let |f (t)| ≤ ceAt (t ≥ 0), for some constants c, A > 0. Assume that
f vanishes in (x− δ, x+ δ), where 0 < δ < x. Put s = bq + 1c. Since
δ−1 |t− x| ≥ 1 for all t 6∈ (x− δ, x+ δ), there holds

|Dn,m (f ;x)| ≤ cδ−2s

∣∣∣∣∫ ∞

0
Kn,m (x, t) eAt |t− x|2s dt

∣∣∣∣ .
Application of Schwarz inequality yields

|Dn,m (f ;x)| (4.2)

≤ cδ−2s

[∫ ∞

0
Kn,m (x, t) e2At dt

]1/2 [∫ ∞

0
Kn,m (x, t) |t− x|4s dt

]1/2

.

Since

∞∑
µ=ν+m+1

hµ

(
n− 2A
n

)µ−ν−m

= O
(
ρ−ν

)
(ν →∞) ,

we have

(n− 2A)
∫ ∞

0
e−(n−2A)tqν+m (nt) dt

=
ν+m∑
µ=0

hµ

(
n− 2A
n

)µ−ν−m

=
(

n

n− 2A

)ν+m(
h

(
n− 2A
n

)
+O

(
ρ−ν

))
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as ν →∞. Therefore,∫∞
0 e−(n−2A)tqν+m (nt) dt∫∞

0 e−ntqν+m (nt) dt

=
(n− 2A)−1

(
n

n−2A

)ν+m (
h
(

n−2A
n

)
+O (ρ−ν)

)
n−1 (h (1) +O (ρ−ν))

=
(

n

n− 2A

)ν+m+1

h

(
n− 2A
n

)
+O

(
ρ−ν

)
(ν →∞) .

By Eq. (4.1), this implies∫ ∞

0
Kn,m (x, t) e2At dt

=
(

n

n− 2A

)m+1

enx 2A
n−2A g

(
n

n− 2A

)
h

(
n− 2A
n

)
+O

(
e−nx(1−ρ−1)

)
which tends e2Ax as n → ∞. By Lemma 3.3 the second integral term in
Eq. (4.2) is of order O (n−s). This completes the proof of Lemma 3.4. �

Proof of Lemma 3.5. Using the fact that p(r)
ν (x) = pν−r (x) (ν ≥ r ≥ 0)

and p(r)
ν (x) = 0 (r > ν ≥ 0) it follows that(

d

dx

)r (
e−nxpν (nx)

)
= nre−nx

ν∑
j=0

(
r

j

)
(−1)r−j pν−j (nx) .

Therefore, we have(
d

dx

)r

Dn,m (f ;x)

= nre−nx
r∑

j=0

(−1)r−j

(
r

j

) ∞∑
ν=0

pν (nx)

∫∞
0 e−nt qν+j+m (nt) f (t) dt∫∞

0 e−nt qν+j+m (nt) dt

= nre−nx
r∑

j=0

(−1)r−j

(
r

j

)
Dn,m+j (f ;x) ,

which proves the assertion. �

Proof of Theorem 2.1. First we derive the complete asymptotic ex-
pansion of the undifferentiated operators Dn,m. Let f ∈ K [2q](x). We can
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assume without loss of generality that f is bounded on [0,∞) since, by
Lemma 3.4, for each q > 0, Dn,m (f ;x) = Dn,m

(
χ[x−d,x+d]f ;x

)
+ O (n−q)

as n → ∞, where χ[x−d,x+d] is the characteristic function on the interval
[x− d, x+ d].

Hence, by Lemma 3.3, the operators Dn,m satisfy the assumption of the
general approximation theorem [22, Theorems 1 and 2] and we conclude
that

Dn,m (f ;x)

=
2q∑

s=0

f (s)(x)
s∑

k=b(s+1)/2c

xs−k

k!nk

(
k

s− k

) (
∂

∂z

)2k−s (
zk+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+o
(
n−q

)
=

q∑
k=0

1
k!nk

2k∑
s=k

(
k

s− k

)
xs−kf (s)(x)

(
∂

∂z

)2k−s (
zk+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

+o
(
n−q

)
=

q∑
k=0

1
k!nk

k∑
s=0

(
k

s

)((
∂

∂z

)s

f (k)(zx)
∣∣∣∣
z=1

)

×

((
∂

∂z

)k−s (
zk+mg (z)h

(
z−1
))∣∣∣∣∣

z=1

)
+ o

(
n−q

)
=

q∑
k=0

1
k!nk

(
∂

∂z

)k

f (k)(zx)zk+mg (z)h
(
z−1
)∣∣∣∣∣

z=1

+ o
(
n−q

)

as n→∞. This completes the proof of the first part of Theorem 2.1.

Now we proceed with simultaneous approximation. Applying Eq. (1.4)
we obtain, by the first part of the theorem,

(
d

dx

)r

Dn (f ;x)

= nr
r∑

m=0

(−1)r−m

(
r

m

)[ q+r∑
k=0

1
k!nk

(
∂

∂z

)k

f (k)(zx)zk+mg (z)h
(
z−1
)∣∣∣∣∣

z=1

+o
(
n−q−r

) ]
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=
q+r∑
k=0

1
k!nk−r

r∑
m=0

(−1)r−m

(
r

m

) (
∂

∂z

)k

f (k)(zx)zk+mg (z)h
(
z−1
)∣∣∣∣∣

z=1

+o(n−q)

=
q+r∑
k=r

1
k!nk−r

(
∂

∂z

)k

f (k)(zx)zk (z − 1)r g (z)h
(
z−1
)∣∣∣∣∣

z=1

+ o
(
n−q

)
as n→∞, and application of the Leibniz rule proves Eq. (2.5).

The continuity of f (2k+r) at the point x = 1 implies Eq. (2.4). This
completes the proof of Theorem 2.1. �

5 Linear combinations of JLD operators

The aim of this section is to study linear combinations of JLD operators
having a better degree of approximation than the JLD operators themselves
(see [14, 10]). For given m ∈ N we fix certain integers 1 ≤ β0 < · · · < βm

and consider special linear combinations of the type

D〈m〉
n :=

m∑
j=0

αj Dβjn (5.1)

where in some cases the coefficients αj may depend on n and m. The αj are
determined by certain conditions on D

〈m〉
n . Relation (5.1) can be written

in terms of divided differences:

D〈m〉
n = [nβ0, . . . , n βm; ϕ(z)Dz],

for a certain function ϕ, hence

αj =
ϕ(nβj)

ω′n,m(nβj)
(j = 0, . . . ,m)

where ωn,m(z) = (z − nβ0) . . . (z − nβm).
By Theorem 2.1, for x > 0, m ∈ N0, and for each f ∈ K [2(q+m)] (x), we

have the asymptotic expansion(
d

dx

)r

D〈m〉
n (f ;x) = f (r) (x) +

q∑
k=1

c
[r]
k (f ;x)
nk

m∑
j=0

αj β
−k
j + o

(
n−q

)
, (5.2)
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i.e., (
d

dx

)r

D〈m〉
n (f ;x)

= f (r) (x) +
q∑

k=1

c
[r]
k (f ;x) [nβ0, . . . , n βm; z−kϕ(z)] + o(n−q)

as n→∞, provided

[nβ0, . . . , n βm; ϕ(z)] =
m∑

j=0

αj = 1 and αj = O (1) (5.3)

as n→∞ (j = 0, . . . ,m).
In order to improve the order of convergence we are looking for constants

αj = αj (m) independent of n such that D〈m〉
n (f ;x) − f (x) = O

(
n−m−1

)
as n→∞, for all functions f ∈ E sufficiently smooth in x. To this end we
put ϕ (z) = zm, i.e.,

D〈m〉
n := [nβ0, . . . , n βm; zm Dz].

Obviously the coefficients

αj (m) =
(nβj)

m

ω′n,m(nβj)
=

m∏
ν=0
ν 6=j

(1− βν/βj)
−1 (j = 0, . . . ,m)

are independent of n and [nβ0, . . . , n βm; zm] = 1. By Eq. (5.3), we obtain(
d

dx

)r

D〈m〉
n (f ;x)

=
q∑

k=0

c
[r]
k (f ;x) [nβ0, . . . , n βm; em−k] + o

(
n−q

)
=

q∑
k=0

c
[r]
k (f ;x)
nk

[β0, . . . , βm; em−k] + o
(
n−q

)
= f (r) (x) +

q∑
k=m+1

c
[r]
k (f ;x)
nk

[β0, . . . , βm; em−k] + o
(
n−q

)
(n→∞) .

In particular, if q = m+ 1, we have the Voronovskaja type formula

lim
n→∞

nm+1

((
d

dx

)r

D〈m〉
n (f ;x)− f (r) (x)

)
= (−1)m

(
m∏

ν=0

β−1
ν

)
c
[r]
m+1 (f ;x) ,

where we used the well-known formula [β0, . . . , βm; e−1] = (−1)m
∏m

ν=0 β
−1
ν .
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Rate of convergence of a class of Bézier

type operators for functions of bounded

variation

Octavian Agratini

Abstract. By using probability methods we introduce a general class
of Bézier type linear operators. The aim of the present paper is to
estimate the rate of pointwise convergence of this class for functions of
bounded variation defined on an interval J . Two cases are analyzed:
Int(J) = (0,∞) and Int(J) = (0, 1). In a particular case, our opera-
tors turn into the Kantorovich-Bézier operators. Also some examples
are delivered.

Mathematical Subject Classification (2000). 41A35, 41A25

Keywords and phrases. Approximation process, bounded varia-
tion, rate of convergence, Bézier type operators.

1 Introduction

Recently, in [1] we introduced Λn, n ∈ N, a general class of linear operators
acting on a function real space S, S ⊂ RJ , J a real interval. Using a
Lipschitz-type maximal function, the Peetre functional K2 and the Hardy-
Littlewood maximal function, has been estimated approximation order in
Lp-spaces for smooth functions.

The first aim of this paper is to present the Bézier variant Λn,α, n ∈ N,
α ≥ 1, of the above operators. Section 2 contains both this construction
and some direct properties of these integral operators. Our main goal
is to estimate the rate of pointwise convergence for functions f at those

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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points x at which the one-sided limits f(x+) and f(x−) exist, x ∈ Int(J).
Actually, in the last two decades it has been intensively considered functions
of bounded variation. All discontinuities of a such function are only of first
kind, consequently the proposed study is well raised.

We recall: the total variation of a function f ∈ S on [a, b] ⊂ J is defined

as the upper bound of the numbers v(f ;∆n) :=
n−1∑
k=0

|f(xk+1) − f(xk)|, for

any n ∈ N and all meshes ∆n(a = x0 < x1 < · · · < xn = b). Setting
b∨
a

(f) := sup
∆n

v(f ;∆n) ∈ [0,∞], whenever this quantity is finite we shall

say that f is of bounded variation on [a, b]. Throughout the paper, BV
stands for the class of all functions of bounded variation on every compact
subinterval of R.

In Section 3 we gather all notations which will be used for enunciation
our main result. We also prove several preliminary results. Mainly these
are estimates of the quantities in which we split the expression

|(Λn,αf)(x)− q−αf(x+)− (1− q−α)f(x−)|, (1.1)

where q > 1 plays an important role in the structure of the initial operators
Λn.

Section 4 is devoted to give an upper pointwise bound of the mentioned
deviation under some additional conditions imposed to f . We consider here
both the case J unbounded and J bounded. Considerations concerning the
convergence of our sequence of operators are delivered. Also particular
cases are analyzed. We reobtain the Bézier variant of some Kantorovich
type operators.

At the end of this section we mention that the rate of convergence
of some operators of functions with bounded variation is usually given in
terms of the arithmetic means of the sequence of total variation. A pioneer
work in this direction is due to R. Bojanic and M. Vuilleumier [6], they
deepening a technique later often used in many papers.

In time, for q = 2 and α = −1 the deviation (1.1) was intensively studied
by a large number of mathematicians. Best of our knowledge, we mention
some of their papers in connection with functions of bounded variation.
F. Cheng [9] established the rate of convergence for Bernstein operators.
His results have been extended by S. S. Guo and M. K. Khan [10] the ap-
proximation of functions of bounded variation on R has been achieved and
several classical operators (Bernstein, Szász, Baskakov, Gamma, Weier-
strass) have been discussed as examples. At the same time M. K. Khan
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[15] investigated Bernstein power series operators and later, in a joint paper
with R. Bojanic [7], functions with derivative of bounded variation on R
have been considered. For the same values, q = 2, α = −1, we quote [17],
[14], [13], in which the authors gave estimates of (1.1) for modified Szász
and Baskakov operators in Durrmeyer sense, respectively. Actually, Vijay
Gupta has studied this problem in several papers for different classes of
discrete and integral operators. The pointwise convergence of Meyer-König
and Zeller operators for bounded functions was investigated by X.-M. Zeng
and J.-N. Zhao [21].

2 The class (Λn,α)

Let J be a given interval of the real line. Let In, n ∈ N, be sets of indices
such that In ⊂ In+1 holds true. We have in mind the variants: In finite thus
as a model can be chosen {0, 1, 2, . . . , sn}, or In is infinite thus our model
can be considered N0 := N∪{0}. For each integer n ≥ 1 we consider a net on
J namely (kn−β)k∈In , where β > 0 is a fixed real number. We start from a
sequence (Ln)n of linear positive operators of discrete type having the form
(Lnf)(x) =

∑
k∈In

an,k(x)f(k/nβ), x ∈ J , where an,k ∈ C(J), an,k ≥ 0, for

every (n, k) ∈ N× In and f belongs to a vectorial subspace of RJ such that
the operators are well defined. Setting ej the j-th monomial, ej(t) = tj ,
j ∈ N0, for every n ∈ N we require the following conditions to be fulfilled{

Lne0 = e0, Lne1 = e1, Lne2 = e2 + ϕn,
an,k(x) ≤ φn(x), k ∈ In, x ∈ Int(J),

(2.1)

where ϕn ∈ C(J), φn ∈ RJ
+ are certain functions. These requirements

imply that each operator Ln has the degree of exactness 1.
Next, let X be a non constant real random variable on a probability

space (Ω,F , P ). Denoting by ψ its probability density function, we assume
that ψ ∈ L2(R) and supp(ψ) ⊂ [−µ, µ] ∩ J , µ > 0. A bounded compactly
supported ψ ∈ L2(R) is automatically in L1(R). Also, one has ψ ≥ 0 and

‖ψ‖1 =
∫
R

ψ(t)dt = 1. (2.2)

We set E(X) := e, V ar(X) := σ2, the expectation and the variance of
X respectively. Starting from X we generate the random variables Xn,k

defined by

Xn,k :=
1
nβ

(X + k − e), (n, k) ∈ N× In. (2.3)
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Consequently, PXn,k
, the distribution function of Xn,k, satisfies dPXn,k

=
nβψ(nβ · −k + e) and one has E(Xn,k) = k/nβ, representing exactly the
mesh of the Ln operator.

Letting S := {f ∈ RR : E(|f ◦Xn,k|) < ∞ for every (n, k) ∈ N × In},
we introduce the operators Λn : S → C(J), n ∈ N, as follows

Λnf =
∑
k∈In

an,kE(f ◦Xn,k) =
∑
k∈In

an,k

∫
Ω

f ◦Xn,kdP, (2.4)

this meaning (Λnf)(x) = nβ
∑
k∈In

an,k(x)
∫
R

f(t)ψ(nβt− k + e)dt, x ∈ J .

Following Altomare and Campiti monograph [3; §5.2] this is a positive
approximation process generated by a random scheme on J . Since X is
non-constant, by examining (2.3) we deduce that for any (k1, k2) ∈ In× In
the variables Xn,k1 , Xn,k2 are not independent. All these variables repre-
sent scaled versions of the same variable X, they being obtained from it
by contractions (n−β, n ∈ N) and by translations ((k − e)n−β, k ∈ In).
Moreover, by using (2.1) a simple computation shows us that the operators
Λn keep the degree of exactness 1 and Λne2 = e2 + ϕn + σ2/n2β.

The next step is to define the Bézier variant of Λn operators. Let α be
a real number, α ≥ 1. We consider the operators Λn,α, n ∈ N, given as
follows

(Λn,αf)(x) = nβ
∑
k∈In

Q
(α)
n,k(x)

∫
R

f(t)ψ(nβt− k + e)dt

=
∑
k∈In

Q
(α)
n,k(x)

∫
supp(ψ)

ψ(t)f
( t+ k − e

nβ

)
dt, (2.5)

where

Q
(α)
n,k(x) := Sαn,k(x)− Sαn,k+1(x), Sn,k(x) :=

∑
j≥k
j∈In

an,j(x), (2.6)

for every x ∈ J and k ∈ In.
Based on (2.2) and knowing that

∑
k∈In

an,k = 1, we deduce Sn,k = 1 for

k ≤ inf(In). If k > sup(In), we agree to take Sn,k = 0.
In the last years the operators of Bézier-type have also been studied. By

using probabilistic tools, X. M. Zeng and W. Chen [19] estimated (1.1) for
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Durrmeyer-Bézier operators (instead of qα appeared as valid (α+1)−1). X.-
M. Zeng and V. Gupta [20], [11] approached the Bézier variants of Baskakov
and Baskakov-Kantorovich operators, respectively. As regards the Bézier
variant of Szász-Durrmeyer operators a fruitful investigation has been car-
ried out by U. Abel and V. Gupta [12]. Also a general class of Durrmeyer-
Bézier type operators was recently presented in [2]. A similar technique as
in [2] will be applied in this study. However, the results aim at different
classes of operators and arise from distinct hypotheses.

Remark 2.1 The operator Λn,α is a linear positive one and it can be writ-
ten as a singular integral of the type

(Λn,αf)(x) =
∫
R

Kn,α(x, t)f(t)dt, x ∈ J,

with the kernel Kn,α(x, t) := nβ
∑
k∈In

Q
(α)
n,k(x)ψ(nβt− k + e), (x, t) ∈ J × R.

Clearly, Λn,1 becomes just Λn defined by (2.4).

Remark 2.2 For all k ∈ In, x ∈ J and α ≥ 1, the quantities Q(α)
n,k, Sn,k,

Kn,α verify the following direct properties useful in the sequel.

Sn,k(x)− Sn,k+1(x) = an,k(x), 0 ≤ Sn,k(x) ≤ 1, (2.7)

∑
k∈In

Q
(α)
n,k(x) = 1,

∫
R

Kn,α(x, t)dt = 1, (2.8)

Q
(α)
n,k(x) ≤ αan,k(x). (2.9)

Relations (2.7) and (2.8) are implied by (2.6) combined with (2.2). Re-
lation (2.8) means that Λn,α, α ≥ 1, reproduces the constants, in other
words Λn,αe0 = e0. Further on, if a, b ∈ [0, 1] and α ≥ 1 then ca,b between
a, b exists such that |bα − aα| = α|b − a|cα−1

a,b ≤ α|b − a|. Based on this
inequality, (2.9) is implied by (2.6) and (2.7).

In what follows, as regards the family (an,k)k, we make an additional
assumption considering that a real number q, q > 1, exists such that∣∣∣ ∑

k>nβx

an,k(x)−
1
q

∣∣∣ ≤ ã(n, x), x ∈ Int(J), (2.10)
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where ã(n, ·) is continuous on Int(J) for each n ∈ N and ã(n, x) = o(1)
(n → ∞). Here o(·) represents, as usual, the Landau symbol. In order to
justify that this is not an unusual request we deliver the following examples.

Let J = [0,∞), In = N0 and β = 1. We consider the Banach lattice

E2 :=
{
f ∈ C([0,∞))| f(x)

1 + x2
is convergent as x→∞

}
endowed with the norm ‖ · ‖∗, ‖f‖∗ := sup

x≥0
(1 + x2)−1|f(x)|.

Example 2.3 Choosing an,k(x) = e−nx(nx)k/k!, Ln become Mirakjan-
Favard-Szász operators, n ∈ N. The domain S can be considered E2. For
these operators X. M. Zeng [18; Lemma 2] has proved that (2.10) is fulfilled
with q = 2 and ã(n, x) =

√
1 + 3x/

√
nx.

Example 2.4 Choosing an,k(x) = (1 + x)−n
(
n+ k − 1

k

)(
x

1 + x

)k
, Ln

become Baskakov operators, n ∈ N, with S = E2. Again (2.10) holds true
with q = 2 and ã(n, x) = (3x + C)/

√
nx(1 + x) in concordance with [20;

Lemma 5]. In the above C indicates a constant.

As a matter of fact, following (2.1), for these examples we specify that
ϕn(x) = x/n and ϕn(x) = (x+ x2)/n, respectively.

Note that a similar relation as (2.10) was proved for other discrete
operators, like as Meyer-König and Zeller, see [21; Lemma 6].

Remark 2.5 We try to construct a true ”bridge” between our assump-
tion (2.10) and the approximation processes presenting both a particular
approximation process for which (2.10) is not valid and some classes of
approximation processes which verify (2.10) for an arbitrary number q > 1.

2.5.1. We consider Lupaş operator [16] defined by

(Snf)(x) =
1
n

n∑
k=0

[
k − 1
n

,
k

n
,
k + 1
n

; |t− x|
]
t

f

(
k

n

)
,

x ∈ [0, 1], f ∈ C([0, 1]), where, for mutually distinct numbers a, b, c, we
denote by [a, b, c; f(t, x)]t the fact that the divided difference is applied on
the variable t.

Actually, Snf is the piecewise linear continuous function that inter-
polates f at the points k/n, k = 0, n. Among the properties of Sn
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operator, we mention: it is linear positive, Snei = ei for i = 0 and
i = 1, Sne2 = e2 + zn(1 − zn)/n2 where zn(x) := nx − [nx], [·] in-
dicating the integral part function. In harmony with (2.10), we have
an,k(x) := n−1[(k − 1)/n, k/n, (k + 1)/n; |t− x|]t and further on

∑
k>nx

an,k(x) =
1
2

∑
k>nx

{|k + 1− nx|+ |k − 1− nx| − 2|k − nx|} = zn(x).

Clearly, for any q > 1 the relation |zn(x) − q−1| = o(1) (n → ∞) is
false. Consequently, the operators Sn, n ∈ N, satisfy (2.1) but (2.10) is not
fulfilled.

2.5.2. Following [8] we recall the notion of bell-shaped function. A non
negative function b belonging to L1(R) is named bell-shaped if a real num-
ber a exists such that b takes a global maximum in x = a, b is non-decreasing
on (−∞, a) and non-increasing on [a,∞). Here a will be called the center
of the bell-shaped function. The function b may have jump discontinuities.
In what follows we consider that suppb is contained in the interval [−T, T ],

T > 0, and the center of b is a = 0. Letting I∗ :=
∫ T

−T
b(t)dt > 0, the uni-

variate Cardaliaguet-Euvrard neural network operators are given by the
formula

(Fnf)(x) =
n2∑

k=−n2

f(k/n)
I∗nα

b(n1−α(x− k/n)), x ∈ R,

where 0 < α < 1 and f is continuous and bounded on R.
Based on [4, Theorem 2.1], we obtain that (Fn) is a positive approxi-

mation process on L1(R) ∩ CB(R) with respect to L1(R), in the sense of
Altomare and Campiti [3; page 264].

Letting an,k(x) := n−αb(n1−α(x− k/n))/I∗ and following [4; Eq.(2.10)]
we define S1

n(x) :=
∑

k≥[nx]+1

an,k(x). It was proved, see [4; Lemma 2.1] that

S1
n(x) → (I∗)−1

∫ 0

−T
b(t)dt as n→∞. Comparing this result with relation

(2.10), it is enough to choose q = I∗
(∫ 0

−T
b(t)dt

)−1
. Consequently, for a

given q > 1 we can define a bell-shaped function b such that the above
identity holds true. Actually there are an infinity of such functions b, an
easy construction being piecewise constant functions.
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3 Notation and preliminary results

Since an affine substitution maps (a, b), −∞ ≤ a < b ≤ ∞ onto (0, 1),
(0,∞) or R, in general is enough to consider these intervals as being Int(J).
For the first two situations, we are going to present the rate of pointwise
convergence of Λn,α operators for functions f ∈ BV and satisfying the
growth condition |f(t)| ≤ Mf (1 + |t|N ), t ∈ R, where Mf is a positive
constant depending on f . We denote briefly this class by BVN .

For any real numbers a < b set J−(a) := (−∞, a), J(a, b) := [a, b] and
J+(b) := (b,∞).

Throughout the paper we will use the quantities un,x := x − xn−β,
vn,x := x+xn−β, wn,x := x+(1−x)n−β. Next we define the real functions
gx, εx,q, ĝ1,x, ĝ2,x, δx as follows

gx(t) =


f(t)− f(x−), t < x,

0, t = x,
f(t)− f(x+), t > x,

εx,q(t) =


−1, t < x,
0, t = x,

qα − 1, t > x,

ĝ1,x(t) =
{
gx(t), t ≥ 0,
gx(0), t < 0,

ĝ2,x(t) =
{
gx(t), t ≤ 2x,
gx(2x), t > 2x,

δx(t) =
{

1, t = x,
0, t 6= x.

The size of the saltus of f at x ∈ Int(J) will be denoted by sf (x),
that is sf (x) := f(x+) − f(x−). For any integer s ≥ 0 we introduce
the s-order central moment of the operator Λn,α, µ〈α〉n,s := Λn,αψx,s where
ψx,s(t) := (t− x)s. If α = 1 then these moments will be simply denote by
µn,s. For every (n, s) ∈ N× N and α ≥ 1 one has

µ
〈α〉
n,2s ≤ αµn,2s. (3.1)

The proof runs as follows. By using the known inequality bα−aα ≤ α(b−a),
0 ≤ a, b ≤ 1, α ≥ 1, and taking into account (2.6) we get

Q
(α)
n,k(x) = Sαn,k(x)− Sαn,k+1(x) ≤ α(Sn,k(x)− Sn,k+1(x)) = αQ

(1)
n,k(x).

Since Λn,α are linear positive operators, for every ψx,2s ≥ 0 relation
(3.1) holds true.

Some inequalities involving the kernel Kn,α will be read as follows.
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Lemma 3.1 If x ∈ Int(J) then the following relations hold true
(i) for each y < x, ∫

J−(y)

Kn,α(x, t)dt ≤ αµn,2(x)
(x− y)2

, (3.2)

(ii) for each z > x, ∫
J+(z)

Kn,α(x, t)dt ≤ αµn,2(x)
(z − x)2

. (3.3)

Proof. Let x ∈ Int(J).
If y < x, then 1 ≤ (t− x)2(x− y)−2 for each t ∈ J−(y).
If z > x, then 1 ≤ (t− x)2(z − x)−2 for each t ∈ J+(z).
These inequalities combined with (3.1) lead us to the claimed result. �

Further on, we associate with the kernel Kn,α the following mapping

λn,α(x, t) :=
∫

J−(t)

Kn,α(x, u)du, x ∈ J. (3.4)

We are now in position to enunciate some technical results involving

the decomposition of the integral
∫
R

gx(t)Kn,α(x, t)dt.

Lemma 3.2 If

An,α(x) :=
∫

J−(un,x)

ĝ1,x(t)Kn,α(x, t)dt

and
Dn,α(x) :=

∫
J+(vn,x)

ĝ2,x(t)Kn,α(x, t)dt,

then the following statements hold true

|An,α(x)| ≤ αµn,2(x)
x2

( x∨
0

(gx) +
n−1∑
k=1

((k + 1)2β − k2β)
x∨

uk,x

(gx)
)
, n ≥ 2,

(3.5)

|Dn,α(x)| ≤ αµn,2(x)
x2

( 2x∨
x

(gx) +
n−1∑
k=1

((k + 1)2β − k2β)
vk,x∨
x

(gx)
)
, n ≥ 2.

(3.6)
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Proof. Recalling (3.4), integrating by parts and using the definition of ĝ1,x
we have

An,α(x) = ĝ1,x(t)λn,α(x, t)
∣∣∣
t∈J−(un,x)

+
∫

J(un,x)

λn,α(x, t)dt(−ĝ1,x(t))

= gx(un,x−)λn,α(x, un,x−) +
∫ un,x

0
λn,α(x, t)dt(−gx(t)). (3.7)

We can write |gx(un,x−)| = |gx(un,x−)−gx(x)| ≤
x∨

un,x

(gx). For t < un,x < x,

applying (3.2) we get

λn,α(x, un,x−) ≤ αµn,2(x)
x2

n2β, λn,α(x, t) ≤ αµn,2(x)
(x− t)2

.

Since the mappings t 7→
x∨
t

(gx) ± gx(t) are decreasing for t < x, we

have |dt(−gx(t))| ≤ dt

(
−

x∨
t

(gx)
)
. Gathering these relations, identity (3.7)

implies

|An,α(x)| ≤ αµn,2(x)
(
n2βx−2

x∨
un,x

(gx)−
∫ un,x

0
(x− t)−2dt

( x∨
t

(gx)
))

= αµn,2(x)
(
x−2

x∨
0

(gx) + 2
∫ un,x

0
(x− t)−3

x∨
t

(gx)dt
)
. (3.8)

In the last integral making the change t = x−x/yβ , one gets 1 ≤ y < n
(n ≥ 2) and it becomes

β

x2

∫ n

1
y2β−1

x∨
x−xy−β

(gx)dy =
β

x2

n−1∑
k=1

∫ k+1

k

x∨
x−xy−β

(gx)y2β−1dy

≤ β

x2

n−1∑
k=1

∫ k+1

k

x∨
uk,x

(gx)y2β−1dy =
1

2x2

n−1∑
k=1

((k + 1)2β − k2β)
x∨

uk,x

(gx).

We took into account that y ∈ [k, k+1) implies [x−xy−β, x) ⊂ [uk,x, x).
Returning to (3.8) we obtain inequality (3.5).

In a similar manner (3.6) can be proved, consequently we omit it. �
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Lemma 3.3 Let f ∈ BVN and Int(J) = (0,∞). If

Bn,α(x) :=
∫

J−(0)

(gx(t)− gx(0))Kn,α(x, t)dt

and
En,α(x) :=

∫
J+(2x)

(gx(t)− gx(2x))Kn,α(x, t)dt,

then the following statements hold true

|Bn,α(x)| ≤ αMf

(
x−2µn,2(x) +

√
α−1µn,2N (x)

)
, (3.9)

|En,α(x)| ≤ αMf

(
(2 + (2x)N )x−2µn,2(x) + 2N

√
α−1µn,2N (x)

)
. (3.10)

Proof. Clearly, both proofs follow the same line. We put the second one in
detail. Because of t > 2x and f ∈ BVN we obtain

|gx(t)− gx(2x)| = |f(t)− f(2x)| ≤Mf ((1 + tN ) + (1 + 2NxN )).

Further on,

|En,α(x)| ≤Mf

(
(2 + 2NxN )

∫
J+(2x)

Kn,α(x, t)dt+
∫

J+(2x)

tNKn,α(x, t)dt
)
.

For the first integral we apply (3.3) and for the second we use Schwarz
inequality ∫

J+(2x)

tNKn,α(x, t)dt ≤ 2N
∫

J+(2x)

(t− x)NKn,α(x, t)dt

≤ 2N
{ ∫
J+(2x)

(t− x)2NKn,α(x, t)dt
}1/2{ ∫

J+(2x)

Kn,α(x, t)dt
}1/2

≤ 2N
√
µ
〈α〉
n,2N (x),

because of t > 2x, J+(2x) ⊂ J and (2.8). Relation (3.1) finishes the proof.
�



188 A class of Bézier type operators

Lemma 3.4 If Cn,α(x) :=
∫

J(un,x,vn,x)

gx(t)Kn,α(x, t)dt, then one has

|Cn,α(x)| ≤
vn,x∨
un,x

(gx). (3.11)

The same relation is true if we substitute vn,x by wn,x.

Proof. For t ∈ J(un,x, vn,x) one has |gx(t)| = |gx(t)− gx(x)| ≤
vn,x∨
un,x

(gx) and

knowing that 0 ≤
∫

J(un,x,vn,x)

Kn,α(x, t)dt ≤ 1, inequality (3.11) is proved.

The last assertion of our lemma is evident. �

Lemma 3.5 Under the hypothesis (2.10) one has

|(Λn,αεx,q)(x)| ≤ Cα,q,ψ(ã(n, x) + φn(x)), x ∈ Int(J), (3.12)

where Cα,q,ψ depends on α, q and the length of the set supp(ψ).

Proof. We split In into three subsets. In,1 := {k ∈ In : k < nβx+ e− t for
every t ∈ supp(ψ)}, In,2 := {k ∈ In : k > nβx+e−t for every t ∈ supp(ψ)}
and In,3 := In \ (In,1 ∪ In,2). Taking into account (2.5), (2.2) and (2.8) we
obtain

Λn,αεx,q = −
∑
k∈In,1

Q
(α)
n,k + (qα − 1)

∑
k∈In,2

Q
(α)
n,k

+
∑
k∈In,3

Q
(α)
n,k

∫
supp(ψ)

ψ(t)εx,q

(
t+ k − e

nβ

)
dt

= qα
∑
k∈In,2

Q
(α)
n,k − 1 +

∑
k∈In,3

Q
(α)
n,k

(
1 +

∫
supp(ψ)

ψ(t)εx,q

(
t+ k − e

nβ

)
dt
)
.

Letting k0 := min(In,2), it is evident that any k > k0, k ∈ In, will belong
to In,2. Taking also into account (2.6), we get

∑
k∈In,2

Q
(α)
n,k = Sαn,k0 . Using
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again the inequality |aα − 1| ≤ α|a − 1|, α ≥ 1, a ∈ [0, 1], and observing
that |εx,q| < qα, with the help of (2.6) and (2.9) we can write

|Λn,αεx,q| ≤ αq
∣∣∣ ∑

j≥k0
j∈In

an,j −
1
q

∣∣∣+ α(1 + qα)
∑
k∈In,3

an,k. (3.13)

Let l̃ψ be the length of the bounded interval supp(ψ). The construction
of In,3 implies Card(In,3) ≤ dl̃ψe, where dse indicates the ceiling of the
number s. If j ≥ k0, then j > nβx+e−t for every t ∈ supp(ψ). At the same

time, for every t ∈ supp(ψ) one has |e − t| =
∣∣∣ ∫
supp(ψ)

(u − t)ψ(u)du
∣∣∣ ≤ l̃ψ.

All these facts combined with (2.10) and (2.1) allow us to get from (3.13)
to (3.12). �

4 Main results

The focus of this section is to present the rate of pointwise convergence of
Λn,α operators for functions of bounded variation. At first we discuss the
case Int(J) = (0,∞).

Theorem 4.1 Let Int(J) = (0,∞). Let a function f belong to BVN and
Λn,α be defined by (2.5) such that (2.10) is fulfilled. For every real number
β > 0, x > 0 and integer n ≥ 2, the following inequality

|(Λn,αf)(x)− q−αf(x+)− (1− q−α)f(x−)| ≤ αµn,2(x)
x2

∆n(β, f ;x)

+
x+x/nβ∨
x−x/nβ

(gx) +Mα,fµ
1/2
n,2N (x) + Cα,q,ψ|sf (x)|(ã(n, x) + φn(x))

holds true, where

∆n(β, f ;x) =
2x∨
0

(gx) +Mf (3 + (2x)N ) +
n−1∑
k=1

((k + 1)2β − k2β)
x+x/kβ∨
x−x/kβ

(gx)

and Mf ,Mα,f , Cα,q,ψ are positive constants depending only on the quantities
which appear as their indices.
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Proof. Having in mind the notation introduced in Section 3, for each t ∈ R
we can write

f(t) = q−αf(x+) + (1− q−α)f(x−) + gx(t) + q−αsf (x)εx,q(t)

+δx(t)(f(t)− q−αf(x+)− (1− q−α)f(x−)).

In the above we apply the linear operator Λn,α. Since Λn,α reproduces
the constants and Λn,αδx is null, we get

|(Λn,αf)(x)− q−αf(x+)− (1− q−α)f(x−)|

≤ |(Λn,αgx)(x)|+ q−α|sf (x)||(Λn,αεx,q)(x)|. (4.1)

Further on, examining Lemma 3.2, Lemma 3.3 and Lemma 3.4 as well,
we can write Λn,αgx = An,α +Bn,α + Cn,α +Dn,α + En,α.

Using the statements of these mentioned lemmas together with Lemma
3.5, after some arrangements, from (4.1) we arrive at the claimed result. �

In order to discuss the case Int(J) = (0, 1) we need the function ĝ3,x
defined as follows

ĝ3,x(t) =
{
gx(t), t ≤ 1,
gx(1), t > 1.

Lemma 4.2 Let f ∈ BVN and Int(J) = (0, 1). If

Fn,α(x) :=
∫

J+(wn,x)

ĝ3,x(t)Kn,α(x, t)dt

and

Gn,α(x) :=
∫

J+(1)

(gx(t)− gx(1))Kn,α(x, t)dt,

then the following statements hold true

|Fn,α(x)| ≤ αµn,2(x)
(1− x)2

( 1∨
x

(gx) +
n−1∑
k=1

((k + 1)2β − k2β)
wk,x∨
x

(gx)
)
, n ≥ 2,

(4.2)

|Gn,α(x)|≤ αMf

(
(3 + 2N−1xN )(1− x)−2µn,2(x) + 2N−1

√
α−1µn,2N (x)

)
.

(4.3)
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Proof. At first step, integrating by parts, we have

Fn,α(x) = ĝ3,x(t)λn,α(x, t)
∣∣∣
t∈J+(wn,x)

−
∫

J+(wn,x)

λn,α(x, t)dt(ĝ3,x(t))

= gx(1)− gx(wn,x+)λn,α(x,wn,x+)−
∫ 1

wn,x

λn,α(x, t)dt(gx(t)).

Since

gx(1) = gx(wn,x+) +

1∫
wn,x

dt(gx(t)) and 1− λn,α(x, z) =
∫

J+(z)

Kn,α(x, u)du

for any real z, we get

Fn,α(x) = gx(wn,x+)
∫

J+(wn,x)

Kn,α(x, u)du

+

1∫
wn,x

( ∫
J+(t)

Kn,α(x, u)du
)
dt(gx(t)).

Taking into account the following inequalities

|gx(wn,x+)| = |gx(wn,x+)− gx(x)| ≤
wn,x∨
x

(gx), |dt(gx(t))| ≤ dt

( t∨
x

(gx)
)

and the relation (3.3) as well, one obtains

|Fn,α(x)| ≤ αµn,2(x)
{ 1

(wn,x − x)2

wn,x∨
x

(gx) +
∫ 1

wn,x

1
(t− x)2

dt

( t∨
x

(gx)
)}

= αµn,2(x)
{ 1

(1− x)2

1∨
x

(gx) + 2
∫ 1

wn,x

(t− x)−3
t∨
x

(gx)dt
}
.

In the integral, replacing t = x+(1−x)z−β and using [x, x+(1−x)z−β] ⊂
[x,wk,x] for any z ∈ [k, k + 1], k = 1, n− 1, n ≥ 2, we have∫ 1

wn,x

t∨
x

(gx)
dt

(t− x)3
≤ 1

2(1− x)2

n−1∑
k=1

((k + 1)2β − k2β)
wk,x∨
x

(gx).
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Assembling all relations, we obtain (4.2).
The proof of the second statement follows the same line as the proof of

(3.10). There is, though, a slight modification. This time, for x < 1 < t,
we use the following inequality tN ≤ 2N−1((t− x)N + xN ). �

As regards the case Int(J) = (0, 1), we decompose Λn,αgx = An,α +
Bn,α + Cn,α + Fn,α + Gn,α, n ≥ 2, and using relations (3.5), (3.9), (3.11),
(4.2), (4.3) we obtain the following result.

Theorem 4.3 Let Int(J) = (0, 1). Let a function f belong to BVN and
Λn,α be defined by (2.5) such that (2.10) is fulfilled. For every real number
β > 0, x ∈ (0, 1) and integer n ≥ 2, the following inequality

|(Λn,αf)(x)− q−αf(x+)− (1− q−α)f(x−)| ≤ αµn,2(x)τ(x)∆n(β, f ;x)

+
x+(1−x)/nβ∨
x−x/nβ

(gx) +Mα,fµ
1/2
n,2N (x) + Cα,q,ψ|sf (x)|(ã(n, x) + φn(x))

holds true, where

∆n(β, f ;x) =
1∨
0

(gx)+Mf (4+2N−1xN )+
n−1∑
k=1

((k+1)2β−k2β)
x+(1−x)/kβ∨
x−x/kβ

(gx),

τ(x) = max{x−2, (1 − x)−2} and Mf ,Mα,f , Cα,q,ψ are positive constants
depending only on the quantities which appear as their indices.

Remark 4.4 From the point of view of Approximation Theory, we are in-
terested in those sequences (Λn,α)n which form an approximation process,
see [3; page 264]. In this respect, it is natural to assume that (Λn)n en-
joys this property. On the other hand, continuity of gx at x implies that
x+z2∨
x−z1

(gx) → 0 as z1, z2 → 0+. By the virtue of Theorem 4.1 these facts

allow us to state the following.
If
(i) φn(x) = o(1) (n→∞) and

(ii) µn,2(x)
n−1∑
k=1

((k + 1)2β − k2β)
x+x/kβ∨
x−x/kβ

(gx) = o(1) (n→∞)

then lim
n→∞

(Λn,αf)(x) =
f(x+) + (qα − 1)f(x−)

qα
for every f ∈ BVN , where

x ∈ (0,∞).
A similar statement is true for the case Int(J) = (0, 1).
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Remark 4.5 If x is a continuity point of f then Theorems 4.1 and 4.3
establish an upper bound of the expression |(Λn,αf)(x) − f(x)|. This time
sf (x) = 0 and the proved inequalities have a simpler form.

Particular case. In what follows we consider that the random variable
X is uniformly distributed in the interval Iθ := (0, 2θ), θ > 0. Since
ψ(t) = (2θ)−1 for t ∈ Iθ and ψ(t) = 0 otherwise, we find E(X) = θ. In this
special case, denoting by Λ∗n,α the operators defined at (2.5), we get

(Λ∗n,αf)(x) =
nβ

2θ

∑
k∈In

Q
(α)
n,k(x)

∫
Ik,n,θ

f(y)dy, x ∈ J, (4.4)

where Ik,n,θ := [(k − θ)n−β, (k + θ)n−β], k ∈ In.
For α = 1, (Λ∗n,1)n represents a known class of the Kantorovich type

operators. It is self-evident that as discrete operators Ln, see (2.1), should
be chosen Bernstein, Szasz or Baskakov operators. For a similar sequence,
the rate of pointwise convergence for locally bounded functions f measur-
able on an interval I was studied by G. Aniol. It is fair to notice that
those operators [5; Eq. (2)] are constructed by using more general subin-
tervals as ours. However, the established results are not the same because
of a different approach. For θ = 1/2 and β = 1, the operators defined by
(4.4) represent the Bézier variant of the classical generalized Kantorovich
operators, in a slight modified form.

Consequently, for Λ∗n,α our main results given at this section can be
applied.
Final remark. I am thankful to the anonymous referee for his pertinent
suggestions. Moreover, he indicated a probabilistic look of the operators
Λn,α as follows.

(Λn,αf)(x) = Ef

(
X + Z

(α)
n (x)− e

nβ

)
,

where Zn(x) is a variable independent of X verifying

P (Z(α)
n (x) = k) = Pα(Zn(x) ≥ k)− Pα(Zn(x) ≥ k + 1)

and P (Zn(x) = k) = an,k(x). Certainly, manipulating probabilistic tools,
similar results as ours can be given in terms of the numerical characteristics
of the above random variables.
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Fractional and Other Approximation

of Csiszar’s f-Divergence

George A. Anastassiou

Abstract. Here are established various sharp and nearly optimal
probabilistic inequalities that give best or nearly best estimates for the
Csiszar’s f -divergence. These involve fractional and ordinary deriva-
tives of the directing function f . Also are given lower bounds for the
Csiszar’s distance. The Csiszar’s discrimination is the most essen-
tial and general measure for the comparison between two probability
measures.
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tance, fractional calculus.

1 Preliminaries

Throughout this paper we use the following.
I) Let f be a convex function from (0,+∞) into R which is strictly

convex at 1 with f(1) = 0. Let (X,A, λ) be a measure space, where λ is
a finite or a σ-finite measure on (X,A). And let µ1, µ2 be two probability
measures on (X,A) such that µ1 � λ, µ2 � λ (absolutely continuous), e.g.
λ = µ1 + µ2. Denote by p = dµ1

dλ , q = dµ2

dλ the (densities) Radon-Nikodym
derivatives of µ1, µ2 with respect to λ. Here we assume that

0 < a ≤ p

q
≤ b, a.e. on X

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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and a ≤ 1 ≤ b.
The quantity

Γf (µ1, µ2) =
∫

X
q(x)f

(
p(x)
q(x)

)
dλ(x), (1.1)

was introduced by I. Csiszar in 1967, see [5], and is called f -divergence of
the probability measures µ1 and µ2. By Lemma 1.1 of [5], the integral (1.1)
is well-defined and Γf (µ1, µ2) ≥ 0 with equality only when µ1 = µ2. In [5]
the author without proof mentions that Γf (µ1, µ2) does not depend on the
choice of λ. We would like to give a proof of that fact in our setting.

Lemma 1.1 Call

p =
dµ1

d(µ1 + µ2)
, q =

dµ2

d(µ1 + µ2)
, p∗ =

dµ1

dλ
, q∗ =

dµ2

dλ
.

Then ∫
X

q(x)f
(

p(x)
q(x)

)
d(µ1 + µ2) =

∫
X

q∗(x)f
(

p∗(x)
q∗(x)

)
dλ. (1.2)

Proof. Since f : (0,+∞) → R is a convex function then is continuous there
and Borel measurable, making f

(p(x)
q(x)

)
to be X-measurable.

In general let µ, ν be σ-finite measures on X such that ν � µ and
g-measurable function on X, then it is known that∫

X
g± dν =

∫
X

g±

(
dν

dµ

)
dµ,

respectively, where g = g+ − g−, g± ≥ 0. Finally we get∫
X

g dν =
∫

X
g

(
dν

dµ

)
dµ. (1.3)

Next let E ∈ A be such that λ(E) = 0, then µ1(E) = µ2(E) = 0 and
(µ1 + µ2)(E) = 0, i.e. µ1 + µ2 � λ. Clearly here we have that

µ1 � µ1 + µ2 � λ, (1.4)
µ2 � µ1 + µ2 � λ. (1.5)

Then it is known that

dµ1

dλ
=

dµ1

d(µ1 + µ2)
d(µ1 + µ2)

dλ
, (1.6)
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and
dµ2

dλ
=

dµ2

d(µ1 + µ2)
d(µ1 + µ2)

dλ
. (1.7)

That is
p∗ = p

d(µ1 + µ2)
dλ

(1.8)

and
q∗ = q

d(µ1 + µ2)
dλ

. (1.9)

Here by assumption

0 < a ≤ p

q
,

p∗

q∗
≤ b, a.e. on X,

i.e. q, q∗ > 0 a.e. on X. That is d(µ1+µ2)
dλ > 0 a.e. on X. Therefore from

the above we get
p∗

q∗
=

p

q
a.e. on X. (1.10)

Consequently it holds∫
X

q(x)f
(

p(x)
q(x)

)
d(µ1+µ2) =

∫
X

f

(
p∗(x)
q∗(x)

)
dµ2 =

∫
X

q∗(x)f
(

p∗(x)
q∗(x)

)
dλ.

The concept of f -divergence was introduced first in [4] as a generaliza-
tion of Kullback’s “information for discrimination” or I-divergence (gener-
alized entropy) [8], [9] and of Rényi’s “information gain” (I-divergence of
order α) [10]. In fact the I-divergence of order 1 equals

Γu log2 u(µ1, µ2).

The choice f(u) = (u − 1)2 produces again a known measure of difference
of distributions that is called χ2-divergence, of course the total variation
distance |µ1 − µ2| =

∫
X |p(x)− q(x)| dλ(x) equals Γ|u−1|(µ1, µ2).

Here by assuming f(1) = 0 we can consider Γf (µ1, µ2) as a measure of
the difference between the probability measures µ1, µ2. The f -divergence
is in general asymmetric in µ1 and µ2. But since f is convex and strictly
convex at 1 (see Lemma 2 next) so is

f∗(u) = uf

(
1
u

)
(1.11)

and as in [5] we get
Γf (µ2, µ1) = Γf∗(µ1, µ2). (1.12)
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Lemma 1.2 Let f : (0,+∞) → R be a strictly convex function at 1. Then
so is f∗(u) = uf

(
1
u

)
, u ∈ (0,+∞).

Proof. Let 0 < u1 < 1 < u2, then 1
u2

< 1 < 1
u1

. Hence

f

(
2

u1 + u2

)
= f

((
u1

u1 + u2

)
1
u1

+
(

u2

u1 + u2

)
1
u2

)
<

(
u1

u1 + u2

)
f

(
1
u1

)
+
(

u2

u1 + u2

)
f

(
1
u2

)
.

Clearly we get(
u1 + u2

2

)
f

(
1(

u1+u2
2

)) <
u1f

(
1
u1

)
+ u2f

(
1
u2

)
2

.

Thus we have

f∗
(

u1 + u2

2

)
<

f∗(u1) + f∗(u2)
2

,

proving our claim.

In Information Theory and Statistics many other concrete divergences
are used which are special cases of the above general Csiszar f -divergence,
e.g. Hellinger distance DH , α-divergence Dα, Bhattacharyya distance DB,
Harmonic distance DHa, Jeffrey’s distance DJ , triangular discrimination
D∆, for all these see, e.g. [2], [6]. The problem of finding and estimating
the proper distance (or difference or discrimination) of two probability
distributions is one of the major ones in Probability Theory.

The above f -divergence measures in their various forms have been also
applied to Anthropology, Genetics, Finance, Economics, Political Science,
Biology, Approximation of Probability distributions, Signal Processing and
Pattern Recognition. A great inspiration for this article has been the very
important monograph on the topic by S. Dragomir [6].

II) In the next we follow [3]. Let g ∈ C([0, 1]). Let ν be a positive
number, n := [ν] and α := ν − n (0 < α < 1). Define

(Jνg)(x) :=
1

Γ(ν)

∫ x

0
(x− t)ν−1g(t) dt, 0 ≤ x ≤ 1, (1.13)

the Riemannian-Liouville integral, where Γ is the gamma function. We
define the subspace Cν([0, 1]) or Cn([0, 1]) as follows:

Cν([0, 1]) := {g ∈ Cn([0, 1]) : J1−αDng ∈ C1([0, 1])},
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where D := d
dx . So for g ∈ Cν([0, 1]), we define the ν-fractional derivative

of g as
Dνg := DJ1−αDng. (1.14)

When ν ≥ 1 we have the Taylor’s formula

g(t) = g(0) + g′(0)t + g′′(0)
t2

2!
+ · · ·+ g(n−1)(0)

tn−1

(n− 1)!
+ (JνD

νg)(t), for all t ∈ [0, 1]. (1.15)

When 0 < ν < 1 we find

g(t) = (JνD
νg)(t), for all t ∈ [0, 1]. (1.16)

Next we transfer above notions over to arbitrary [a, b] ⊆ R (see [1]).
Let x, x0 ∈ [a, b] such that x ≥ x0, where x0 is fixed. Let f ∈ C([a, b]) and
define

(Jx0
ν f)(x) :=

1
Γ(ν)

∫ x

x0

(x− t)ν−1f(t) dt, x0 ≤ x ≤ b, (1.17)

the generalized Riemann-Liouville integral. We define the subspace
Cν

x0
([a, b]) of Cn([a, b]):

Cν
x0

([a, b]) := {f ∈ Cn([a, b]) : Jx0
1−αDnf ∈ C1([x0, b])}.

For f ∈ Cν
x0

([a, b]), we define the generalized ν-fractional derivative of
f over [x0, b] as

Dν
x0

f := DJx0
1−αf (n) (f (n) := Dnf). (1.18)

Observe that

(Jx0
1−αf (n))(x) =

1
Γ(1− α)

∫ x

x0

(x− t)−αf (n)(t) dt

exists for f ∈ Cν
x0

([a, b]).
We recall the following generalization of Taylor’s formula (see [1], [3]).

Theorem 1.3 Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b], fixed.

(i) If ν ≥ 1 then

f(x) = f(x0) + f ′(x0)(x− x0) + f ′′(x0)
(x− x0)2

2

+ · · ·+ f (n−1)(x0)
(x− x0)n−1

(n− 1)!
+ (Jx0

ν Dν
x0

f)(x), for all x ∈ [a, b] : x ≥ x0. (1.19)
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(ii) If 0 < ν < 1 then

f(x) = (Jx0
ν Dν

x0
f)(x), for all x ∈ [a, b] : x ≥ x0. (1.20)

We make

Remark 1.4 1) (Dn
x0

f) = f (n), n ∈ N.
2) Let f ∈ Cν

x0
([a, b]), ν ≥ 1 and f (i)(x0) = 0, i = 0, 1, . . . , n − 1;

n := [ν]. Then by (1.19)

f(x) = (Jx0
ν Dν

x0
f)(x).

I.e.
f(x) =

1
Γ(ν)

∫ x

x0

(x− t)ν−1(Dν
x0

f)(t) dt, (1.21)

for all x ∈ [a, b] with x ≥ x0. Notice that (1.21) is true, also when 0 < ν <
1.

We also make

Remark 1.5 Let ν, γ ≥ 1 such that ν−γ ≥ 1, so that γ < ν. Call n := [ν],
α := ν − n; m := [γ], ρ := γ −m. Note that ν −m ≥ 1 and n −m ≥ 1.
Let f ∈ Cν

x0
([a, b]) be such that f (i)(x0) = 0, i = 0, 1, . . . , n − 1. Hence by

(1.19)
f(x) = (Jx0

ν Dν
x0

f)(x), for all x ∈ [a, b] : x ≥ x0.

Therefore by Leibnitz’s formula and Γ(p + 1) = pΓ(p), p > 0, we get that

f (m)(x) = (Jx0
ν−mDν

x0
f)(x), for all x ≥ x0.

It follows that f ∈ Cγ
x0([a, b]) and thus (Dγ

x0f)(x) := (DJx0
1−ρf

(m))(x) exists
for all x ≥ x0.

Easily we obtain

(Dγ
x0

f)(x) = D((Jx0
1−ρf

(m))(x))

=
1

Γ(ν − γ)

∫ x

x0

(x− t)(ν−γ)−1(Dν
x0

f)(t) dt, (1.22)

and thus
(Dγ

x0
f)(x) = (Jx0

ν−γ(Dν
x0

f))(x)

and is continuous in x on [x0, b].
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2 Main Results

Again f and the whole setting is as in Section 1 (I). Other notations as in
Section 1 (II). We present the following

Theorem 2.1 Let a < b, 1 ≤ ν < 2, f ∈ Cν
a ([a, b]), and a ≤ p(x)

q(x) ≤ b, a.e.
on X. Then

Γf (µ1, µ2) ≤
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x)− aq(x))ν dλ(x). (2.1)

Proof. Here n := [ν] = 1 and from (1.21) we get

f(x) =
1

Γ(ν)

∫ x

a
(x− w)ν−1(Dν

af)(w) dw, all a ≤ x ≤ b. (2.2)

Then

|f(x)| ≤ 1
Γ(ν)

∫ x

a
(x− w)ν−1|(Dν

af)(w)| dw

≤
‖Dν

af‖∞,[1,b]

Γ(ν)

∫ x

a
(x− w)ν−1 dw

=
‖Dν

af‖∞,[1,b]

Γ(ν + 1)
(x− a)ν . (2.3)

I.e. we get

|f(x)| ≤
‖Dν

af‖∞,[a,b]

Γ(ν + 1)
(x− a)ν , for all a ≤ x ≤ b. (2.4)

Consequently we obtain

Γf (µ1, µ2) =
∫

X
q(x)f

(
p(x)
q(x)

)
dλ ≤

∫
X

q(x)
∣∣∣∣f (p(x)

q(x)

)∣∣∣∣ dλ

≤
(‖Dν

af‖∞,[a,b]

Γ(ν + 1)

)∫
X

q(x)
(

p(x)
q(x)

− a

)ν

dλ

=
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x)− aq(x))ν dλ(x). (2.5)

That is proving (2.1).

The counterpart of previous result follows.
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Theorem 2.2 Let a < b, ν ≥ 2, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n− 1, and a ≤ p(x)
q(x) ≤ b, a.e. on X. Then

Γf (µ1, µ2) ≤
‖Dν

af‖∞,[a,b]

Γ(ν + 1)

∫
X

(q(x))1−ν(p(x)− aq(x))ν dλ(x). (2.6)

Proof. As in the proof of Theorem 2.1.

Next we give an Lα estimate.

Theorem 2.3 Let a < b, ν ≥ 1, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n− 1, and a ≤ p(x)
q(x) ≤ b, a.e. on X. Let α, β > 1: 1

α + 1
β = 1.

Then

Γf (µ1, µ2) ≤
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

·
∫

X
(q(x))2−ν− 1

β (p(x)− aq(x))ν−1+ 1
β dλ(x). (2.7)

Proof. From (1.21) we have

f(x) =
1

Γ(ν)

∫ x

a
(x− w)ν−1(Dν

af)(w) dw, for all a ≤ x ≤ b. (2.8)

Also (Dν
af)(w) ∈ C([a, b]). Hence

|f(x)| ≤ 1
Γ(ν)

∫ x

a
(x− w)ν−1|(Dν

af)(w)| dw

≤ 1
Γ(ν)

(∫ x

a
(x− w)β(ν−1) dw

)1/β (∫ x

a
|(Dν

af)(w)|α dw

)1/α

≤
‖Dν

af‖α,[a,b]

Γ(ν)

(∫ x

a
(x− w)β(ν−1) dw

)1/β

=
‖Dν

af‖α,[a,b]

Γ(ν)

(
(x− a)β(ν−1)+1

β(ν − 1) + 1

)1/β

. (2.9)

I.e. we get that

|f(x)| ≤
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β
(x− a)

(
ν−1+ 1

β

)
. (2.10)
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Hence

Γf (µ1, µ2) ≤
∫

X
q

∣∣∣∣f (p

q

)∣∣∣∣ dλ

≤
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

∫
X

q

(
p

q
− a

)ν−1+ 1
β

dλ (2.11)

=
‖Dν

af‖α,[a,b]

Γ(ν)(β(ν − 1) + 1)1/β

∫
X

q
2−ν− 1

β (p− aq)ν−1+ 1
β dλ,

proving (2.7).

It follows an L∞ estimate

Theorem 2.4 Let a < b, ν ≥ 1, n := [ν], f ∈ Cν
a ([a, b]), f (i)(a) = 0,

i = 0, 1, . . . , n− 1, and a ≤ p(x)
q(x) ≤ b, a.e. on X. Then

Γf (µ1, µ2) ≤
‖Dν

af‖1,[a,b]

Γ(ν)

∫
X

q(x)2−ν(p(x)− aq(x))ν−1 dλ(x). (2.12)

Proof. Again from (1.21) and (2.8) we have

|f(x)| ≤ 1
Γ(ν)

∫ x

a
(x− w)ν−1|Dν

af(w)| dw

≤ 1
Γ(ν)

(x− a)ν−1

∫ x

a
|Dν

af(w)| dw

≤ 1
Γ(ν)

(x− a)ν−1

∫ b

a
|Dν

af(w)| dw

=
1

Γ(ν)
(x− a)ν−1‖Dν

af‖1,[a,b]. (2.13)

I.e.

|f(x)| ≤
‖Dν

af‖1,[a,b]

Γ(ν)
(x− a)ν−1, (2.14)

for all x in [a, b]. Therefore

Γf (µ1, µ2) ≤
∫

X
q

∣∣∣∣f (p

q

)∣∣∣∣ dλ ≤

(∫
X

q

(
p

q
− a

)ν−1

dλ

)
‖Dν

af‖1,[a,b]

Γ(ν)

=
‖Dν

af‖1,[a,b]

Γ(ν)

(∫
X

q2−ν(p− aq)ν−1 dλ

)
, (2.15)

proving (2.12).
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Remark 2.5 Let f : [a, b] → R convex,

f ∈ C1([a, b]), x0 ∈ [a, b], a 6= b.

Then
f(x) ≥ f(x0) + f ′(x0)(x− x0), for all x ∈ [a, b]. (2.16)

Then easily one can prove that

∆(x0) :=
1

b− a

∫ b

a
f(x) dx− f(x0) ≥ f ′(x0)

[
a + b

2
− x0

]
(2.17)

see also S. Dragomir and C.E.M. Pearce, [7, p. 9, Theorem 18]. In this
paper’s setting

0 < a ≤ p(x)
q(x)

≤ b, a.e. on X,

and by calling

M :=
1

b− a

∫ b

a
f(x) dx (2.18)

we get

M − f

(
p(x)
q(x)

)
≥ f ′

(
p(x)
q(x)

)[
a + b

2
− p(x)

q(x)

]
, a.e. on X. (2.19)

Then

q(x)M − q(x)f
(

p(x)
q(x)

)
≥ f ′

(
p(x)
q(x)

)[
q(x)

(a + b)
2

− p(x)
]

, a.e. on X.

(2.20)
Here q(x) > 0 a.e. on X. Therefore by integrating (2.20) against λ we
obtain

M −
∫

X
q(x)f

(
p(x)
q(x)

)
dλ(x)

≥
∫

X
f ′
(

p(x)
q(x)

)(
q(x)(a + b)

2
− p(x)

)
dλ(x) (2.21)

We have established

Theorem 2.6 Let all elements as in Section 1 (I) hold and additionally
assume that f ∈ C1([a, b]), a 6= b. Then

Γf (µ1, µ2) ≤
1

b− a

∫ b

a
f(x) dx

−
∫

X
f ′
(

p(x)
q(x)

)(
q(x)(a + b)

2
− p(x)

)
dλ. (2.22)
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Remark 2.7 Let all elements as in Section 1 (I) hold and f ∈ C1([a, b]).
Then by (2.16) we get

f(x) ≥ f ′(1)(x− 1) (2.23)

and

f

(
p(x)
q(x)

)
≥ f ′(1)

(
p(x)
q(x)

− 1
)

, a.e. on X. (2.24)

Thus

q(x)f
(

p(x)
q(x)

)
≥ f ′(1)(p(x)− q(x)), a.e. on X. (2.25)

Integrating (2.25) against λ over X we get

Γf (µ1, µ2) ≥ 0 (2.26)

which is known and mentioned in [5].

Remark 2.8 Let n ∈ N, f ∈ Cn+1([a, b]), [a, b] ⊂ R, such that f (n+1) ≥ 0
(≤ 0), then by Taylor’s formula we get that

f(x) ≥ (≤)
n∑

i=0

f (i)(x0)
(x− x0)i

i!
, (2.27)

respectively, for any x, x0 ∈ [a, b] : x ≥ x0. Inequalities (2.27) are valid also
when n is odd and x ≤ x0. Take 0 < a ≤ 1 ≤ b, a ≤ p

q ≤ b, a.e. on X and
f(1) = 0, along with f ∈ Cn+1([a, b]), n odd, such that f (n+1) ≥ 0 (≤ 0),
then

f(x) ≥ (≤)
n∑

i=1

f (i)(1)
(x− 1)i

i!
, (2.28)

for all x in [a, b]. Hence

qf

(
p

q

)
≥ (≤)

n∑
i=1

f (i)(1)
q
(p

q − 1
)i

i!
. (2.29)

And finally we obtain

Γf (µ1, µ2) ≥ (≤)
n∑

i=2

f (i)(1)
i!

∫
X

q1−i(p− q)i dλ, n odd. (2.30)
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Remark 2.9 Let n odd, f ∈ Cn+1([a, b]), [a, b] ⊂ R, such that f (n+1) ≥ 0
(≤ 0), x, x0 ∈ [a, b], then as before we have

f(x)− f(x0) ≥ (≤)
n∑

i=1

f (i)(x0)
(x− x0)i

i!
. (2.31)

Then

1
b− a

∫ b

a
f(x) dx− f(x0) =

1
b− a

∫ b

a
(f(x)− f(x0)) dx

≥ (≤)
1

b− a

∫ b

a

n∑
i=1

f (i)(x0)
i!

(x− x0)i dx

=
1

b− a

n∑
i=1

f (i)(x0)
i!

∫ b

a
(x− x0)i dx

=
1

b− a

n∑
i=1

f (i)(x0)
(i + 1)!

(
(x− x0)i+1

∣∣b
a

)
=

1
b− a

n∑
i=1

f (i)(x0)
(i + 1)!

[
(b− x0)i+1 − (a− x0)i+1

]
. (2.32)

We obtained

1
b− a

∫ b

a
f(x) dx− f(x0) ≥ (≤)

n∑
i=1

f (i)(x0)
(i + 1)!

[
i∑

k=0

(b− x0)i−k(a− x0)k

]
,

(2.33)
where n is odd.

Next let 0 < a ≤ p
q ≤ b, a.e. on X. Then from (2.33) we get

q

b− a

∫ b

a
f(x) dx− qf

(
p

q

)
≥ (≤)

n∑
i=1

f (i)
(p

q

)
(i + 1)!

[
i∑

k=0

q

(
b− p

q

)i−k (
a− p

q

)k
]

=
n∑

i=1

f (i)
(p

q

)
(i + 1)!

[
i∑

k=0

q1−i(bq − p)i−k(aq − p)k

]
. (2.34)
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So when n is odd we get

1
b− a

∫ b

a
f(x) dx− Γf (µ1, µ2) (2.35)

≥ (≤)
n∑

i=1

1
(i + 1)!

(
i∑

k=0

∫
X

f (i)

(
p

q

)
q1−i(bq − p)(i−k)(aq − p)kdλ

)
.

We have proved

Theorem 2.10 Let n odd and f ∈ Cn+1([a, b]), such that f (n+1) ≥ 0 (≤
0), 0 < a ≤ p

q ≤ b, a.e. on X. Then

Γf (µ1, µ2) ≤ (≥)
1

b− a

∫ b

a
f(x) dx (2.36)

−
n∑

i=1

1
(i + 1)!

(
i∑

k=0

∫
X

f (i)

(
p

q

)
q1−i(bq − p)(i−k)(aq − p)kdλ

)
.

Remark 2.11 Let n odd, f ∈ Cn+1([a, b]), a, b ∈ R, such that f (n+1) ≥ 0
(≤ 0), x, x0 ∈ [a, b] and µ be any probability measure on [a, b], then by
(2.31) we get∫

[a,b]
f(x)dµ− f(x0) ≥ (≤)

n∑
i=1

f (i)(x0)
i!

∫
[a,b]

(x− x0)idµ. (2.37)

Comment 1. Assume all singletons of X belong toA. Let the Dirac measure
δx0 � λ, x0 ∈ X, then there exists density f̂ ≥ 0 such that

δx0(E) =
∫

E
f̂ dλ, for all E ∈ A,

(here f̂ is the Radon-Nikodym derivative of δx0 with respect to λ). Clearly

1 = δx0({x0}) =
∫
{x0}

f̂ dλ = f̂(x0)λ({x0}). (2.38)

Since f̂ is real valued we must have λ({x0}) 6= 0 and

f̂(x0) =
1

λ({x0})
> 0. (2.39)
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Also
0 = δx0(X − {x0}) =

∫
X−{x0}

f̂ dλ.

Therefore
f̂
∣∣
X−{x0} = 0, a.e. on X. (2.40)

So let µ2 = δx0 , then q = f̂ and

Γf (µ1, δx0) =
∫

X
f̂ f

(
p

f̂

)
dλ = f(λ({x0})p(x0)), (2.41)

trivial and of no interest for further study.

Finally we give

Comment 2. Let f ∈ Cν
x0

([a, b]), x0 ∈ [a, b] ⊂ R and ν ≥ 1, the remainder
of fractional Taylor formula (see Theorem 1.3, (1.19)) is

(
Jx0

ν (Dν
x0

f)
)
(x) =

1
Γ(ν)

∫ x

x0

(x− t)ν−1(Dν
x0

f)(t) dt, (2.42)

for all x0 ≤ x ≤ b. If (Dν
x0

f)(t)
≥ 0

(≤ 0)
over [x0, b] then

(
Jx0

ν (Dν
x0

f)
)
(x)

≥ 0
(≤ 0)

over [x0, b]. The last implies (by (1.19)) that

f(x) ≥ (≤)
n−1∑
i=0

f (i)(x0)
(x− x0)i

i!
, (2.43)

where n := [ν], for all x0 ≤ x ≤ b. According to Section 1 (I) we take
here f to be convex from (0,+∞) into R which is strictly convex at 1 with
f(1) = 0. Also we take 0 < a ≤ p

q ≤ b a.e. on X, with a ≤ 1 ≤ b.
Let ν ≥ 1 and additionally assume that f ∈ Cν

a ([a, b]) such that
(Dν

af)(t) ≥ 0 (≤ 0) over [a, b], then we get

f(x) ≥ (≤)
n−1∑
i=0

f (i)(a)
(x− a)i

i!
, (2.44)

for all a ≤ x ≤ b, n := [ν]. Then

qf

(
p

q

)
≥ (≤)

n−1∑
i=0

f (i)(a)
q
(p

q − a
)i

i!
, (2.45)
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a.e. on X. Consequently we obtain

Γf (µ1, µ2) ≥ (≤)
n−1∑
i=0

f (i)(a)
i!

∫
X

q1−i(p− qa)i dλ, (2.46)

where n := [ν], ν ≥ 1.
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[5] I. Csiszar, Information-type measures of difference of probability dis-
tributions and indirect observations, Studia Math. Hungarica 2 (1967),
299–318.

[6] S. S. Dragomir (ed.), Inequalities for Csiszar f-Divergence in Infor-
mation Theory, Victoria University, Melbourne, Australia, 2000. On
line: http://rgmia.vu.edu.au

[7] S. S. Dragomir and C. E. M. Pearce, Selected Topics
on Hermite-Hadamard Inequalities and Applications, Monograph,
2000, Victoria University, Melbourne, Adelaide, Australia, on line
http://rgmia.vu.edu.au

[8] S. Kullback and R. Leibler, On information and sufficiency, Ann.
Math. Statist. 22 (1951), 79–86.

[9] S. Kullback, Information Theory and Statistics, Wiley, New York,
1959.



212 Csiszar’s f -Divergence
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Abstract. Associated with a space B of continuous real-valued func-
tions vanishing at infinity on a locally compact Hausdorff space X
and an infinite set Λ, is the space `∞Λ (B) of all bounded Λ-nets of
functions from B. This space has a natural representation as a space
of functions on a locally compact space. Separation conditions for
`∞Λ (B) are translated into separation conditions for B. The concept
of an ultra non-vanishing space of functions is introduced and results
about functions which operate by composition on such a space are
obtained.
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1 Separation conditions

Let X be a locally compact Haussdorff space and let Λ be an infinte set. For
a subspace B of C0(X,R), the space of all continuous real-valued functions
vanishing at infinity on X, we define the ”sequence” space `∞Λ (B) as

`∞Λ (B) = {b̃ = (bλ)λ∈Λ : bλ ∈ B and ‖b̃‖∞ := sup
λ∈Λ

‖bλ‖∞ <∞} .

We represent `∞Λ (B) as a space of functions on a locally compact Haus-
dorff space: The sequence space `∞Λ (C0(X,C)), defined analogously to

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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`∞Λ (B) with C0(X,C) replacing B, is a C∗-algebra, with multiplication and
conjugation defined coordinatewise. Thus `∞Λ (C0(X,C)) can be identified
with C0(γ(Λ×X),C), where γ(Λ×X) denotes the locally compact maximal
ideal space of `∞Λ (C0(X,C)), and Λ × X is identified with a dense subset
of γ(Λ × X) via f̃(ρ, x) = fρ(x), where f̃ = (fλ)λ∈Λ ∈ `∞Λ (C0(X,C)), for
(ρ, x) ∈ Λ×X. Thus `∞Λ (B) is a subspace of C0(γ(Λ×X),R).

We are interested in which implications separation properties for `∞Λ (B)
have for the space B, especially which implications the condition that
`∞Λ (B) does not vanish at any point of γ(Λ × X) has for B. When X is
compact γ(Λ×X) = β(Λ×X), the Stone-Cech compactification of Λ×X
(Λ is given the discrete topology). If B contains the constant functions,
then so does `∞Λ (B) and thus saying that `∞Λ (B) separates the points of
β(Λ×X) is equivalent to saying that lat(`∞Λ (B)), the lattice generated by
`∞Λ (B), is dense in C(β(Λ×X),R). This of course implies that B separates
the points of X and thus in particular that lat(B) is dense in C0(X,R).
But actually a much stronger statement holds:
There is a number M > 0 and a natural number n such that, given any
f ∈ C(X,R) with ‖f‖∞ ≤ 1 there are bi, ci ∈ B, with ‖bi‖∞, ‖ci‖∞ ≤ M ,
1 ≤ i ≤ n, such that

‖f − ∧n
i=1bi − ∧n

i=1ci‖∞ < 1/2 .

This is proved in [5] for Λ = N, but the proof goes for any infinite set
Λ. Now, the above intrinsic condition for B is easily seen to imply that
`∞Λ (B) separates the points of β(Λ×X) for any Λ.

The sequence spaces were introduced by A. Bernard in [1] for the case
Λ = N. He called spaces B for which `∞N (B) separates the points of β(N×X)
ultraseparating on X.

In the locally compact case where the constant functions are absent,
point separation by a subspace need not imply density of the lattice gen-
erated by the subspace. For that to hold a stronger separation condition
is needed: for any pair of points a function must exist in the space whose
values at the points have opposite signs.

In the locally compact case the following conditions are equivalent:

1. There is an infinite set Λ such that, given a pair ξ, η ∈ γ(Λ×X) there
is b̃ ∈ `∞Λ (B) with b̃(ξ) < 0 and b̃(η) > 0.

2. lat(`∞Λ (B)) is dense in C0(γ(Λ×X),R), i.e. given any f̃ ∈ C0(γ(Λ×
X),R) there is n ∈ N and b̃i, c̃i ∈ `∞Λ (B), 1 ≤ i ≤ n, such that

‖f̃ − ∧n
i=1b̃i − ∧n

i=1c̃i‖∞ < 1/2 .
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3. There is a number M > 0 and a natural number n such that, given
any f̃ ∈ C0(γ(Λ×X),R) with ‖f̃‖∞ ≤ 1 there are b̃i, c̃i ∈ `∞Λ (B) with
‖b̃i‖∞, ‖c̃i‖∞ ≤M, 1 ≤ i ≤ n, such that

‖f̃ − ∧n
i=1b̃i − ∧n

i=1c̃i‖∞ < 1/2 .

4. There is a number M > 0 and a natural number n such that given any
f ∈ C0(X,R) with ‖f‖∞ ≤ 1 there are bi, ci ∈ B with ‖bi‖∞, ‖ci‖∞ ≤
M , 1 ≤ i ≤ n, such that

‖f − ∧n
i=1b̃i − ∧n

i=1ci‖∞ < 1/2 .

5. Condition 1. holds for any infinite Λ.

The proof of the equivalence of these conditions is similar to the proof
of the equivalence of related conditions in [5], Thm. 6.

If the above conditions hold B is said to be ultraseparating on X.

Remark 1.1 The equivalence of Conditions 1, 2 and 3 shows that point
separation (with opposite signs) for `∞Λ (B) is much stronger than point
separation for B, it implies a bound on the number of functions from `∞Λ (B)
and their norms, needed to approximate any continuous function of norm
less than or equal to 1.

The following example due to O. Hatori [6] shows that even for compact
X and for B ultraseparating on X, the space of functions in B which vanish
at some x0 in X need not to be ultraseparating on X \ {x0}.

Example 1.2 Let X = {±1/n : n ∈ N} and let X1 = X ∪ {0}. The space
B1, consisting of the constant functions and those continuous functions
f on X for which f(1/n) = 1/2 f(−1/n) for all n, is ultraseparating on
X1. However, the space B consisting of those functions f on X for which
f(1/n) = 1/2 f(−1/n) for all n and limn→∞ f(1/n) = 0 is not ultrasepa-
rating on X.

We now come to a much weaker separation condition. Let X be locally
compact and let B a subspace of C0(X,R) that does not vanish at any
point of X, i.e. for any x in X there is b in B with b(x) 6= 0. Further let Λ
be any infinite set.

Suppose `∞Λ (B) does not vanish at any point of γ(Λ × X). Which
consequences does this have for B? To answer this question we first note
that the condition that `∞Λ (B) does not vanish at any point of γ(Λ × X)
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is equivalent to the condition that there are, for any compact subset K of
γ(Λ × X), elements b̃1, . . . , b̃n in `∞Λ (B) such that b̃1 ∨ · · · ∨ b̃n > 1 on K.
Just as was the case with ultraseparation this is seen to imply that there
is, independent of K, a bound on the number n, of functions needed, and
on their norms.

Proposition 1.3 The following conditions are equivalent:

1. There is an infinite set Λ such that `∞Λ (B) does not vanish at any point
of γ(Λ×X).

2. For any compact subset K of γ(Λ×X) there is n ∈ N and b̃i ∈ `∞Λ (B),
1 ≤ i ≤ n, such that

b̃1 ∨ · · · ∨ b̃n > 1 on K .

3. There is a number M > 0 and a natural number n, such that for any
compact subset K of γ(Λ×X) there are b̃i ∈ `∞Λ (B) with ‖b̃i‖∞ ≤M ,
1 ≤ i ≤ n, such that

b̃1 ∨ · · · ∨ b̃n > 1 on K .

4. There is a number M > 0 and a natural number n such that for any
compact subset K of X there are bi ∈ B with ‖bi‖∞ ≤ M, 1 ≤ i ≤ n,
such that

b1 ∨ · · · ∨ bn > 1 on K .

5. There is a number M > 0 and a natural number n such that for any
f ∈ C0(X,R) with ‖f‖∞ ≤ 1 there are bi ∈ B with ‖bi‖ ≤M, 1 ≤ i ≤
n, such that

‖f − f ∧ (b1 ∨ · · · ∨ bn)‖∞ < 1/2 .

6. For any infinite set Λ, `∞Λ (B) does not vanish at any point of γ(Λ×X).

Proof. Clearly Condition 1 implies Condition 2. Given Condition 2 sup-
pose Condition 4 does not hold. Then there is a sequence (Kn) of compact
subsets of X such that if b1, . . . , bk are in B and b1∨· · ·∨bk > 1 on Kn then,
either k > n or ‖bi‖∞ > n for some i with 1 ≤ i ≤ n. We may suppose that
N is a subset of Λ. LetK be a fixed compact ofX andKλ = K for λ ∈ Λ\N.
There is for each λ ∈ Λ a function fλ ∈ C0(X,R) with ‖fλ‖∞ ≤ 1, such that
fλ = 1 on Kλ. Let f̃ = (fλ)λ∈Λ and let K = {ξ ∈ γ(Λ×X) : f̃(ξ) = 1}, a
compact subset of γ(Λ×X). By Condition 2 there are b̃1, . . . , b̃n in `∞Λ (B)
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such that b̃1 ∨ · · · ∨ b̃n > 1 on K. Since ‖b̃i‖∞, 1 ≤ i ≤ n, are finite quanti-
ties, looking at the inequality b̃1 ∨ · · · ∨ b̃n > 1 on {λ} ×Kλ for each λ ∈ Λ
gives a contradiction.

It is fairly obvious that Condition 4 implies Condition 3 and 5. Also,
since Condition 5 clearly implies that there are for any f̃ ∈ `∞Λ (C0(X,R))
elements b̃1, . . . b̃n in `∞Λ (B) such that ‖f̃ − f̃ ∧ (b̃1 ∨ · · · ∨ b̃n)‖∞ ≤ 1/2 it
follows that Condition 5 implies Condition 6.

If any of the conditions above are satisfied we say that B is ultra non-
vanishing on X.

Remark 1.4 If a subspace B of C0(X) does not vanish at any point of X
then for K compact there are b1, . . . , bn ∈ B such that b1 ∨ · · · ∨ bn > 1 on
K. In general the number n of functions needed as well as a bound on their
norms will depend on the compact set K. The equivalence of Conditions 1,
2 and 3 shows that for the sequence spaces these quantities are independent
of the compact set.

Example 1.5

1. Let X and B be as in Example 1. Then, given any compact subset
K of X there is b ∈ B such that b ≥ 1 on K and ‖b‖∞ = 2, so that
Condition 3 of Proposition 1 is satisfied with n = 1 and M = 2 and
B is ultra non-vanishing on X.

2. Let again X be as in Example 1 and let B consist of the continuous
odd functions on X. Again Condition 3 of Proposition 1 is satisfied,
this time with n = 2 and M = 1.

3. As an example of a space not satisfying the conditions of Proposition
we can take any subspace B of C0(X,R) with X containing a line
segment of the dual space B∗.

2 Operating functions

If B is a vector space of real-valued functions on a set X, a real-valued
function ϕ defined on an interval I of the real line is said to operate on B if
the composite function ϕ◦b is in B whenever b is in B and the composition
is defined. Affine functions, functions of the form ϕ(t) = αt+ β (β = 0, if
B does not contain the constant functions), operate on B and in general
these may be the only functions which operate on B.
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Suppose X is a locally compact Hausdorff space and B a subspace of
C0(X,R), the space of all continuous real-valued functions vanishing at
infinity on X. Operating functions for B are assumed to be continuous.

If X is compact and B is a uniformly closed subspace of C(X,R) which
contains the constant functions and separates the points of X, a theorem of
de Leeuw and Y. Katznelson, ([4], Theorem 4.21), says that if a non-affine
function operates on B, then B = C(X,R). This is a generalization of
the Stone-Weierstrass theorem which in this context says that if ϕ(t) = t2

operates on B, then B = C(X,R).
When B contains the constant functions, B = C(X,R) if and only

if B contains every f in C(X,R) which can be approximated from B on
every pair of points in X. This latter condition is not equivalent to the
condition B = C0(X,R) if B does not contain the constant functions. It
might happen for some real number α and some pair x1, x2 of points in X
that b(x1) = α b(x2) for all b in B.

It is natural to ask whether the following is true.
Let X be locally compact and let B be a uniformly closed subspace of C0(X,R)
which separates the points of X. If there is an operating function for B, de-
fined in a neighbourhood of 0, and non-affine in every neighbourhood of 0,
then B contains every f in C0(X,R) which can be approximated from B on
every pair of points in X.

This result is known to be true with some additional conditions on
the operating function ϕ, such as |ϕ(t)| ≤ k|t| for all t and some positive
number k or, limt→o ϕ(t)/t = ∞, [2] and [3].

If ϕ is a continuous, non-affine real-valued function defined on an inter-
val I of the real line, it is easy to see that there is an interior point t0 of I
and real numbers δ, k, with δ > 0, such that the function

ψ(t) = k
(
ϕ(t+ t0)− ϕ(−t+ t0)− 2ϕ(t0)

)
is defined on the interval (−δ, δ) and satisfies

ψ(t) > ψ(0) = 0 for t ∈ (−δ, δ), t 6= 0 .

Thus, if B contains the constant functions and if there is a non-affine
function which operates on B then there is a function, operating on B,
which is defined in a neighbourhood of 0, vanishes at 0, and is strictly
positive otherwise.

With this condition on the operating function and the conditions from
Proposition 1 we obtain the following version of the Stone-Weierstrass The-
orem.
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Theorem 2.1 Let B be uniformly closed subspace of C0(X,R), which is
ultra non-vanishing on X. If there is an operating function ϕ for B, defined
in a neighbourhood of 0 and satisfying ϕ(t) > ϕ(0) = 0 for t 6= 0, then B
contains every function in C0(X,R) that can be approximated from B on
every pair of points in X.

Proof. If there is a number α, with 0 < α < 1, such that ϕ(αt) = αϕ(t)
for t in some neighbourhood of 0 then one can easily show that there is a
number k > 0 such that |ϕ(t)| ≤ k|t| for all t. In this case the result is
already known, [2]. So we assume there is no such number α as above.

Let Λ denote the collection of all compact subsets of X, and let γ(Λ×
X) denote the maximal ideal space of `∞Λ (C0(X,R)). There is a natural
embedding of Λ×X into γ(Λ×X) given by (λ, x) → ϕλ,x, where ϕλ,x(f̃) =
fλ(x).

Let Kλ = λ for each λ ∈ Λ and let K denote the closure of ∪λ∈Λ{λ}×Kλ

in γ(Λ × K). The set K is a compact subset of γ(Λ × K), since there is
an element g̃ ∈ `∞Λ (C0(X,R)) with g̃ = 1 on K; we let gλ = 1 on Kλ, with
‖gλ‖∞ = 1 and put g̃ = (gλ).

The conditions on B show that there is for each ξ ∈ K a function
b̃ ∈ `∞Λ (B) such that b̃(ξ) 6= 0 and hence (ϕ◦rb̃)(ξ) > 0, if r is small so that
ϕ ◦ rb̃ is defined. Since K is compact we conclude that there is c̃ ∈ `∞Λ (B)
such that c̃ > 0 on K.

Let us show that given any pair ξ, η of points in K, either `∞Λ (B) does
not separate ξ and η or, there is b̃ ∈ `∞Λ (B) such that b̃(ξ) = 0 and b̃(η) = 1.
If {(b̃(ξ), b̃(η)) : b̃ ∈ `∞Λ (B)} is a 1-dimensional supbspace of R2, then for
some number α, b̃(ξ) = αb̃(η) for all b̃ ∈ `∞Λ (B). Suppose α 6= 1. Since
ϕ ◦ (rb̃) ≥ 0, α is positive. We can assume that α < 1. Otherwise we
write b̃(η) = α−1b̃(ξ). Suppose b̃(η) 6= 0. For all sufficiently small t, we
have (ϕ ◦ tb̃)(ξ) = α(ϕ ◦ tb̃)(η) and thus ϕ(αts) = αϕ(ts), where s = b̃(η),
for all sufficiently small t, contradicting the assumptions on ϕ. Thus, if
the subspace of R2 defined above is 1-dimensional then `∞Λ (B) does not
separate ξ and η.

For b̃ ∈ `∞Λ (B), for a C∞0 -function ψ with support in a sufficiently small
neighbourhood of 0 and for real numbers r, t with |r| and |t| small,∫

ϕ ◦ (rc̃+ tb̃− sc̃)ψ(s)ds ∈ `∞Λ (B) .

Let
d̃ =

∫
ϕ ◦ (rc̃− sc̃)ψ′′(s)ds .
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If we differentiate the first expression above twice w.r.t. t and put t = 0 we
find that b̃2d̃/c̃2 can be approximated uniformly on K by elements of `∞Λ (B),
and hence the functions ãb̃d̃/c̃2, where ã, b̃ ∈ `∞Λ (B) can be approximated
uniformly on K by elements of `∞Λ (B).

Let M denote the set of those f̃ ∈ C(K,R) for which f̃ b̃ can be ap-
proximated uniformly on K by elements of `∞Λ (B). Then M is a uniformly
closed subalgebra of C(K,R) containing the constant functions and sepa-
rating any two points of X that are separated by `∞Λ (B). It follows that
for any b̃ ∈ `∞Λ (B), b̃2 can be approximated uniformly on K by elements of
`∞Λ (B).

Let b ∈ B and let bλ = b for all λ ∈ Λ and b̃ = (bλ). For any ε > 0 there
is ã ∈ `∞Λ (B) such that |b̃2 − ã| < ε on K and thus there is for any ε > 0 a
number M > 0 such that there is for any compact subset K of X a function
aK ∈ B, with ‖aK‖∞ ≤ M such that |b2 − aK | < ε on K. By standard
approximation arguments we have b2 ∈ B. It follows that B = C0(X,R).
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Abstract. If Tµ is a Fourier multiplier such that µ is any (possibly un-
bounded) symbol with uniformly bounded q-variation on dyadic coro-
nas, we prove that the commutator [T, Tµ] = TTµ − TµT is bounded
on the Besov space Bσ,r

p (Rn), if T is any bounded linear operator on a
couple of Besov spaces B

σj ,rj
p (Rn) (j = 0, 1, and 0 < σ1 < σ < σ0).
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1 Introduction

In [11] Rochberg and Weiss developed the study of the commutators [T,Ω]
of bounded linear operators T and certain operators, Ω, generaly unbounded
and nonlinear, associated with the complex interpolation method. A simi-
lar analysis was carried out for the real method by Jawerth, Rochberg and
Weiss in [8], where they noticed that, although there are strong analogies
between the two cases, the details are very different.

Finally, it was shown in [3] how some common general principles of
these abstract interpolation methods can be used to prove the bounded-
ness of commutators. The purpose of that paper was to set up a unified

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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method of both theories with an analysis that leads to a simple approach
to commutator theorems, giving the precise rôle that cancelation plays in
the theory.

A typical application using complex interpolation is the one given in [11],
where the boundedness of [T, b] on Lp(Rn) (1 < p < ∞) was proved when
T is a Calderón-Zygmund operator and b the multiplication by a BMO
function. Another application of these ideas was given in [4] using real in-
terpolation. For Besov spaces of periodic functions Bσ,r

p = Bσ,r
p (T), it was

shown that the commutator

[T, Tµ] : Bσ,r
p (T) → Bσ,r

p (T)

is bounded for a wide class of operators T and symbols µ. Here, Tµ is the
Fourier multiplier defined by T̂µf = µf̂ , where f̂ is the Fourier transform
of f .

This result has been extended in [5] to the case Bσ,r
p = Bσ,r

p (Rn) of non
periodic functions of several variables with a direct proof, but still using
cancellation properties combined with the real interpolation method. The
admissible symbols µ may be unbounded, but their variations on closed
dyadic coronas need to be uniformly bounded. This condition allows to use
the Macinkiewicz multiplier theorem (and its extension to n variables) for
symbols that are admissible and bounded.

In this note, we briefly review the main facts needed for the proof of
this commutator theorem and we show how the class of admissible multi-
pliers can be slightly enlarged by considering q-variations on closed dyadic
coronas. In the spacial case q = 2, the commutator theorem holds for any
1 < p < ∞, and this is an improvement of the main result in [5]. Moreover,
as in [4], we give a new proof based on the abstract method of [3], or [8].

Concerning notation, if A and B are two Banach spaces, we write T :
A −→ B to mean that T is a bounded linear operator between A and B.
Finally, P . Q means that P ≤ cQ for some constant c > 0 independent of
the variables involved, while by P ' Q we mean that P . Q and Q . P .

We always assume 0 < θ < 1, 1 ≤ r, q < ∞, 1 < p < ∞, σ > 0, and
function classes and Banach spaces will be included in L0 = L0(Rn), the
space of measurable functions on Rn. If X is a Banach space, ‖f‖X = ∞
will mean that f 6∈ X.

For undefined notation and standard definitions concerning interpola-
tion theory we refer to [1].
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2 Preliminaries

Let us recall some facts about Besov spaces and real interpolation theory
(see [1] or [2] for more details concerning interpolation theory, and [6] and [9]
for Besov spaces).

If X is a given Banach space, we say that {V (t)}t>0 is an approximation
family if V (s) ⊂ V (t) when s < t, −V (t) = V (t), and V (s)+V (t) ⊂ V (s+t).
The corresponding distance function is

E(t, f) := inf
g∈V (t)

‖f − g‖X ' ‖f − ft‖X

if ft ∈ V (t) and ‖f − ft‖X ≤ cE(t, f) for some constant c > 1, and then we
say that ft is almost optimal for this distance function.

The associated approximation spaces Er,q are defined by the condition

‖f‖Er,q = ‖t1/rE(t, f)‖Lq(dt/t) < ∞.

Example 2.1 X = L∞, V (t) =
{
f ; |supp f | ≤ t

}
(|supp f | denotes the

measure of support of f); then E(t, f) = f∗(t) and Er,q = Lr,q, a Lorentz
space. See [10].

The Besov space Bσ,q
p = Bσ,q

p (Rn) is the approximation space E1/σ,q

when X = Lp(Rn) and V (t) =
{
g ∈ S ′(Rn); supp ĝ ⊂ [−t, t]n

}
. As usual,

S ′(Rn) denotes the class of all tempered distributions. Hence,

‖f‖Bσ,q
p

= ‖tσE(t, f)‖Lq(dt/t) =
(∫ ∞

0
[tσE(t, f)]q

dt

t

)1/q

.

As a special case, Bσ,2
2 = Hσ,2, a Sobolev space.

Let us also recall that, for a given Banach couple B̄ = (B0, B1), the
corresponding interpolation Banach space B̄θ,q is defined by the condition

‖f‖θ,q =
∥∥∥K(t, f)

tθ

∥∥∥
Lq( dt

t
)
< ∞,

where
K(t, f) = K(t, f ; B̄) := inf

f=f0+f1

‖f0‖0 + t‖f1‖1

is the Peetre’s K–functional (we write ‖ · ‖j instead of ‖ · ‖Bj ).
In the case of Besov spaces,

(Bσ0,q0
p , Bσ1,q1

p )θ,q = Bσ,q
p , (σ = (1− θ)σ0 + θσ1).
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If Ā, B̄ are two Banach couples, we denote by L(Ā; B̄) the set of all
linear operators T : Σ(Ā) −→ Σ(B̄) such that T (Aj) ⊂ Bj (j = 0, 1) and
‖T‖ = max(‖T‖A0,B0 ; ‖T‖A1,B1) < ∞. If T ∈ L(Ā; B̄), then by interpola-
tion, T ∈ L(Āθ,q; B̄θ,q).

The following proposition is a weak type interpolation result as defined
in [1] for Lorentz spaces. For the sake of an easy reading we include its
short proof.

Proposition 2.2 If

Sf(t) :=
∫ t

0
f(s)

ds

s
+ t

∫ ∞

t
f(s)

ds

s2

is the Calderón operator and T : Σ(Ā) → Σ(B̄) is such that

K(t, Tf ; B̄) ≤ CS(K(·, f ; Ā))(t),

then T : Āθ,q −→ B̄θ,q with ‖Tf‖θ,q ≤ C
θ(1−θ)‖f‖θ,q.

Proof. If in Hardy’s inequalities for averages,∥∥∥t−θ

∫ t

0
g(s) ds

∥∥∥
Lq( dt

t
)
≤ 1

θ
‖t1−θg(t)‖Lq( dt

t
) (θ > 0)

and ∥∥∥t1−θ

∫ ∞

t
g(s)

ds

s

∥∥∥
Lq( dt

t
)
≤ 1

1− θ
‖t1−θg(t)‖Lq( dt

t
) (θ < 1),

we take g(s) = K(s, f)/s, then

‖Tf‖θ,q = ‖t−θK(t, Tf)‖Lq( dt
t

) ≤ C‖t−θS(K(·, f))(t)‖Lq( dt
t

)

≤ C
∥∥∥t−θ

∫ t

0
K(s, f)

ds

s

∥∥∥
Lq( dt

t
)
+ C

∥∥∥t−θt

∫ ∞

t

K(s, f)
s

ds

s

∥∥∥
Lq( dt

t
)

≤ M
∥∥∥t1−θ K(t, f)

t

∥∥∥
Lq( dt

t
)
= M‖f‖θ,q

and the constant is M = C
θ(1−θ) .

We set

σ(Ā) :=
{
x ∈ Σ(Ā); ‖x‖σ(Ā) := S(K(·, x))(1) < ∞

}
,

where S is the Calderón operator. Observe that σ(Ā) is a linear subspace
of Σ(Ā) which contains all real interpolation spaces Āθ,q and moreover



J. Cerdà and J. Mart́ın 225

‖Tx‖σ(B̄) ≤ ‖T‖‖x‖σ(Ā), (T ∈ L(Ā; B̄)). Thus σ(·) is an interpolation
method.

The following theorem, whose proof easily follows by combining Theo-
rem 3 and Corollary 1 of [4], may be considered as a special instance of the
general commutator method given in [3] and can also be obtained from the
work by Jawerth, Rochberg and Weiss in [8]. It will be useful in order to
proof our main result.

Theorem 2.3 Let {tj}j∈Z ⊂ (0,∞) be an increasing sequence such that
tj ≤ 1 if j < 0 and tj ≥ 1 if j > 1, tj ↑ ∞ as j ↑ ∞ and tj ↓ 0 as j ↓ −∞,
and let {µk}k∈Z be any sequence of complex numbers such that

sup
n∈Z

∑
tk∈[2n−1,2n)

|µk+1 − µk| < ∞.

For a given Banach couple B̄ and for every tj let x = x0(tj) + x1(tj) be
a quasi-optimal decomposition for the K-functional, i.e.

‖x0(tj)‖0 + tj ‖x1(tj)‖1 ≤ cK(tj , x)
(
x ∈ σ(B̄)

)
where c > 1 is a fixed constant.

Let us define

Tµx :=
∞∑

k=1

µk (x0(tk)− x0(tk−1)) .

Then, if Tµ : σ(B̄) →
∑

(B̄) is bounded, there exists a constant C > 0 such
that

K(t, [T, Tµ](x)) ≤ C ‖T‖S(K(·, x))(t)

for any x ∈ σ(B̄) and T ∈ L(B̄; B̄).

In order to apply this theorem we shall need a quasi-optimal decompo-
sition for the K-functional for a couple of Besov spaces, which is obtained
in the following proposition.

Proposition 2.4 Let σ0 > σ1 and δ := σ0 − σ1. Then, for a couple
(Bσ0,q0

p (Rn), Bσ1,q1
p (Rn)) of Besov spaces,

K(tδ, f) ' ‖Ptf‖0 + tδ‖f − Ptf‖1,

where Pt = Tµ and µ = χ[−t,t]n.
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Proof. Since Pt is admissible and bounded, with ‖Pt‖p,p ≤ cp and Pt(Lp) ⊂
V (t), it follows that ‖f −Ptf‖p ≤ ‖f − ft‖p + ‖Pt(ft− f)‖p ≤ cE(t, f) and
Ptf is almost optimal. Then the Holmstedt type formula

K(tδ, f) ' ‖Ptf‖0 + tδ‖f − Ptf‖1

holds (cf. [4, Theorem 4]).

3 Multipliers

A basic tool for the proof of our result is Xu’s sufficient condition for a
function to be a Fourier multiplier of Lp(Rn) via its q-variation on dyadic
intervals (cf. [12]).

Let us denote Qj = [−2j , 2j ]n, C0 = Q0, Cj = Qj \ Qj−1 (j > 0).
To define the q-variation V q

C̄
(µ) of µ on a closed set C̄ we only consider

rectangles R with sides parallel to the axes and with vertices in C̄ and,
with the notation of [12],

∆R(µ) := ∆1
R∆2

R · · ·∆n
Rµ(a), a = (a1, . . . , an)

where, if R = [a1, b1]×· · ·×[an, bn] and x = (x1, . . . , xn), ∆k
R is the difference

operator in the k-th variable

∆k
Rµ(x) = f(x1, . . . , xk−1, bk, xk+1 . . . , xn)−f(x1, . . . , xk−1, ak, xk+1 . . . , xn)

(if n = 2, ∆k
Rµ = µ(b1, b2)− µ(b1, a2)− µ(a1, b2) + µ(a1, a2)). Then

V q
C̄
(µ) := sup

R

(∑
R∈R

|∆R(µ)|q
)1/q

,

where the supremum is taken over all finite families R of rectangles as
above, with disjoint interior.

In the case n = 1, V q
C̄
(µ) = sup(

∑
k≥1(|µ(tk)− µ(tk−1)|q)1/q, where the

supremum runs over all finite increasing sequences {tk}k≥0 ⊂ C̄. We say
that µ is q-admissible if V q(µ) := supV q

C̄j
(µ) < ∞.

If n > 1, we say that µ is q-admissible if the following three conditions
are satisfied:
(1) For each 1 ≤ k < n, Sk := supj V q

C(µk,j) < ∞, where µk,j(x1, . . . , xk) =
µ(x1, . . . , xk, 2j , . . . , 2j) is a function of k variables and C = [−2j , 2j ]k.
(2) The condition Sπ,k < ∞ analogous to (1) is valid for each permutation
π of the n variables.
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(3) Sn := supj≥0 V q
C̄j

(µ) < ∞.

We define V q(µ) as the sum of all the quantities S appearing in the
above conditions. Thus, µ is admissible if V q(µ) < ∞.

It follows from the main result in [12] that, if µ is q-admissible and
bounded, then Tµ : Lp(Rn) −→ Lp(Rn) for every 1 < p < ∞ satisfying |1p−
1
2 | <

1
q . This extends to n variables the improvement of the Marcinkiewicz

multiplier theorem due to Coifman, Rubio de Francia and Semmes.

A dyadic multiplier will be a function

µ = {µj}j≥0 :=
∞∑

j=0

µjχCj ,

which is constant on every corona Cj .
For dyadic multipliers and for any 1 ≤ q < ∞ the admissibility condition

is simply
V (µ) = sup

j≥0
|µj − µj−1| < ∞ (µ−1 = 0)

and, for any admissible multiplier µ,

µ(d) :=
∞∑

j=0

µ(2j , · · · , 2j)χCj =
∞∑

j=0

µjχCj .

defines an admissible dyadic multiplier with

V (µ(d)) ≤ V (µ).

Observe that χQ0 , log+(max{|x1|, · · · , |xn|}) and {k}∞k=0 are q-admissible,
while χ{‖x‖<1} for n > 1 and χ{x1>0}(x) log+(max{|x1|, · · · , |xn|}) are never
q-admissible.

4 The Main Result

In order to prove the main theorem, let us start with a reduction to dyadic
multipliers.

Lemma 4.1 Let µ be a q-admissible multiplier, µ(d) its admissible dyadic
multiplier, i.e.

µ(d) :=
∞∑

j=0

µ(2j , · · · , 2j)χCj =
∞∑

j=0

µjχCj ,
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and |1/p − 1/2| < 1/q. If T is any bounded linear operator on Bσ,r
p (Rn),

then
[T, Tµ] : Bσ,r

p (Rn) −→ Bσ,r
p (Rn)

if and only if
[T, Tµ(d) ] : Bσ,r

p (Rn) −→ Bσ,r
p (Rn).

Proof. As observed in [5, Lemma 2], [T, Tµ]− [T, Tµ(d) ] = [T, Tµ−µ(d) ], where
µ− µ(d) is bounded and V q(µ− µ(d)) < ∞, and it follows from Xu’s result
that Tµ−µ(d) : Lp → Lp if |1/p−1/2| < 1/q. But then Tµ−µ(d) : Bσ,r

p → Bσ,r
p

for any σ > 0 and 1 ≤ r < ∞, and [T, Tµ]− [T, Tµ(d) ] : Bσ,r
p → Bσ,r

p .

Lemma 4.2 Let us consider a couple B̄ = (Bσ0,q0
p (Rn), Bσ1,q1

p (Rn)) of
Besov spaces with δ := σ0 − σ1 > 0. Then Lf :=

∑
j≥0(f − P2jf) defines

a bounded operator L : σ(B̄) −→ Σ(B̄).

Proof. We have ‖Lf‖Σ(B̄) ≤
∑

j≥0 ‖f − P2jf‖1, where, by Proposition 2.4,

∑
j≥0

‖f − P2jf‖1 .
∑
j≥0

K(2δj , f ; Ā)
2δj

≤ 2δ

δ log 2

∫ ∞

1

K(s, f ; Ā)
s

ds

s
≤ 2δ

δ log 2
‖f‖σ(B̄).

Theorem 4.3 Let σ0 > σ1 > 0, 1 ≤ r, q0, q1 < ∞, σ = (1 − θ)σ0 + θσ1

(0 < θ < 1), T ∈ L((Bσ0,q0
p (Rn), Bσ1,q1

p (Rn)); (Bσ0,q0
p (Rn), Bσ1,q1

p (Rn)))
and µ a q-admissible multiplier. Then

[T, Tµ] : Bσ,r
p (Rn) −→ Bσ,r

p (Rn),

if 1 < p < ∞ and |1/p− 1/2| < 1/q.

Proof. By Lemma 4.1, we may assume that µ is a dyadic admissible mul-
tiplier, i.e. µ =

∑∞
k=0 µkχCk

, with µ0 = 0 and supk |µk+1 − µk| = C < ∞.
Then

Tµf =
∞∑

k=1

µk(P2kf − P2k−1f),

since µk(P2kf − P2k−1f )̂ = µk(χQk
− χQk−1

)f̂ = µkχCk
f̂ .

Now, by denoting

λ0 = µ1 − µ0 = µ1, λ1 = µ2 − µ1, . . . , λk = µk+1 − µk, . . .
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we get ‖λ‖∞ = supk |λk| = supk |µk+1 − µk| < ∞, and λ0 = µ1, λ0 + λ1 =
µ2, . . . ,

∑k
j=0 λj = µk+1.

Then, by Lemma 4.2, Tµf =
∑∞

j=0 λj(f − P2jf) and

Tµ : σ(B̄) −→ Σ(B̄), if B̄ = (Bσ0,r0
p (Rn);Bσ1,r1

p (Rn)),

with ‖Tµf‖Σ(B̄) ≤ ‖λ‖∞‖Lf‖Σ(B̄) . ‖f‖σ(B̄).

Let δ = σ0 − σ1, an define tk = 2δk (k ≥ 0). By Proposition 2,

‖P2kf‖0 + tk ‖f − P2kf‖1 ≤ cK(tk, f).

Thus, if we define
x0(tk) = P2kf,

we can write

Tµf =
∞∑

k=1

µk (x0(tk)− x0(tk−1)) .

On the other hand, since 2δ > 1, we have that

sup
n∈Z

∑
tk∈[2n−1,2n)

|µk+1 − µk| ' sup
n∈Z

∑
tk∈[2δ(n−1),2δn)

|µk+1 − µk|

= sup
k
|µk+1 − µk| = C < ∞

(see [7]), and Theorem 2.3 applies.

Remark. Of course, with the obvious changes, Theorem 4.3 may be
adapted to obtain

[T, Tµ] : Bσ,r
p (Rn) −→ Bσ′,r

p (Rn)

for
T : (Bσ0,q0

p (Rn), Bσ1,q1
p (Rn)) −→ (Bσ′0,q′0

p (Rn), Bσ′1,q′1
p (Rn)),

if µ is q-admissible, σ0−σ1 = σ′0−σ′1 and 1 < p < ∞ and |1/p−1/2| < 1/q.

Remark. The interested reader can find in [5] a direct proof that does not
use the abstract methods of Theorem 1. Only the last part of the proof of
Theorem 4.3 needs to be adapted.
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[5] J. Cerdà and J. Mart́ın, Commutators for Fourier multipliers on
Besov spaces, J. Approx. Theory 129 (2004), 119-128.

[6] R.A. DeVore and G.G. Lorentz, Constructive Approximation,
Springer–Verlag, 1993.

[7] R.E. Edwards and G.I. Gaudry, Littlewood-Paley Multipliers The-
ory, Springer-Verlag, 1977.

[8] B. Jawerth, R. Rochberg and G. Weiss, Commutators and
other second order estimates in real interpolation theory, Ark. Mat.
24 (1986), 191–219.

[9] J. Peetre, New thoughts on Besov spaces, Duke University Mathe-
matics Series, 1976.

[10] J. Peetre and G. Sparr, Interpolation of normed abelian groups,
Ann. Math. Pura Appl. 92 (1972), 217–262.

[11] R. Rochberg and G. Weiss, Derivatives of analytic families of
Banach spaces, Ann. of Math. 118 (1983), 315–347.

[12] Q. Xu, Fourier multipliers for Lp(Rn) via q–variation, Pacific. J.
Math. 176 (1996), 287–296.
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Uniform Integrability, Rearrangements

and Embeddings

Jurie Conradie

Abstract. A theorem of de la Vallée Poussin characterizes a uni-
formly integrable subset of L1(X,Σ, µ), where (X,Σ, µ) is a proba-
bility space, as a set that is bounded in some Orlicz space LΦ, with
limt→∞

Φ(t)
t = ∞. In this paper we investigate the possibility of re-

placing the Orlicz space in this result by other types of Banach func-
tion spaces. The fact that uniform integrability can be charcterized in
terms of rearrangements of functions enables such rearrangement in-
variant spaces to be constructed, and for the results to be generalized
to non-commutative function spaces.

Mathematical Subject Classification (2000). 46E30, 46L52

Keywords and phrases. Uniform integrability, rearrangement in-
variant function space, non-commutative function space.

1 Introduction

If (X,Σ, µ) is a probability space, 1 < p ≤ ∞ and K is a bounded subset of
Lp(X,Σ, µ), then K is a uniformly integrable set. Not all uniformly inte-
grable subsets of L1(X,Σ, µ) arise in this fashion, however; for this purpose
the family {Lp(X,Σ, µ) : p > 1} is not large enough. A classical theorem of
de la Vallée Poussin (see, for example, [10], Theorem I.2.2) essentially says
that the family of Orlicz spaces LΦ(X,Σ, µ) for which limt→∞

Φ(t)
t = ∞ is

adequate for this purpose. The aim of this paper is to investigate whether
there are other adequate families of Banach function spaces, and to attempt
to characterize such spaces.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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In the first section we give an overview of the various characterizations
of uniform integrability and related concepts. This is done as far as pos-
sible for σ-finite measure spaces, with specialization to probability spaces
where appropriate. Although most of the results are not new, we attempt
to bring together ideas scattered throughout the literature and indicate the
useful role of the decreasing rearrangement of a measurable function in this
context. Adequate families of Banach function spaces are introduced in
the second section and examples of such families of rearrangement invari-
ant Banach function space constructed. This leads to a new proof of an
improved version of de la Vallée Poussin’s theorem. The fact that a set is
uniformly integrable if and only if the same is true of the set of its rear-
rangements makes it possible to extend these results to non-commutative
Banach function spaces, as is shown in the final section of the paper.

2 Uniformly integrable sets

In what follows (X,Σ, µ) will be a σ-finite measure space. The space of
all real-valued measurable functions on X, with the usual identification of
functions that are equal almost everywhere, will be denoted by L0(X,Σ, µ).
As usual, L1(X,Σ, µ) and L∞(X,Σ, µ) stand for the space of integrable and
essentially bounded real-valued functions respectively. We will frequently
use the abbreviated notation L0(X), L1(X) and L∞(X). The norm of
L1(X) is given by ||f ||1 =

∫
X |f | dµ (f ∈ L1(X). The positive part f+ of

f ∈ L0(X) is given by f+(x) = f(x) if f(x) ≥ 0 and f+(x) = 0 otherwise.
The cone {f ∈ L0(X) : f = f+} is denoted by L+

0 (X); with the partial
order induced by this cone, L0(X) is a vector lattice with L1(X) as a vector
sublattice.

The set of measurable sets with finite measure will be denoted by Σf ,
i.e. Σf = {A ∈ Σ : µ(A) < ∞}. If f ∈ L0(X) and t > 0, [|f | > t] stands
for the set {x ∈ X : |f(x)| > t}. For a sequence (An) in Σ, we write An ↓ ∅
when (An) is decreasing and µ(∩∞n=1An) = 0 (equivalently, µ(B ∩An) → 0
as n→∞ for every B ∈ Σf ).

Definition 2.1 A subset K of L1(X) is uniformly absolutely continuous
if and only if for every ε > 0 there is a δ > 0 and an Xε ∈ Σf such that
supf∈K

∫
A |f | dµ < ε whenever A ∈ Σ and µ(A ∩Xε) < δ.

Note that if µ(X) < ∞, K is uniformly absolutely continuous if and
only if for every ε > 0 there is a δ > 0 such that supf∈K

∫
A |f | dµ < ε
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whenever A ∈ Σ and µ(A) < δ. For future reference, we list some known
or easily checked equivalent forms of the definition.

Proposition 2.2 Let K ⊂ L1(X). The following statements are equiva-
lent:

1. K is uniformly absolutely continuous.

2. For every ε > 0 there is a δ > 0 and an Xε ∈ Σf such that whenever
A ∈ Σ and µ(A ∩Xε) < δ then supf∈K |

∫
A f dµ| < ε .

3. For every ε > 0 there is a δ > 0 and an Xε ∈ Σf such that
supf∈K

∫
X\Xε

|f | dµ < ε and supf∈K
∫
A |f | dµ < ε whenever A ∈ Σ

and µ(A) < δ.

4. supf∈K |
∫
An
f dµ| → 0 as n→∞ whenever An ↓ ∅ in Σ.

5. supf∈K |
∫
An
f dµ| → 0 as n→∞ whenever (An) is a pairwise disjoint

sequence in Σ.

Proposition 2.3 Let (X,Σ, µ) be non-atomic and K ⊂ L1(X) be uni-
formly absolutely continuous. Then K is bounded.

Proof. Choose A1 ∈ Σf , 0 < δ < µ(A1) such that if A ∈ Σ, µ(A ∩ A1) < δ,
then supf∈K

∫
A |f | dµ < 1. Since A1 is non-atomic, there are disjoint sets

A2, A3 ⊂ A such that A2∪A3 = A1 and µ(A2) = 1
2δ. Let A = (X\A1)∪A2,

then µ(A ∩A1) = µ(A2) < δ, so supf∈K
∫
A |f | dµ ≤ 1. Choose n ∈ N large

enough to ensure that 1
nµ(A3) < δ. Since A3 is non-atomic, there are

disjoint sets B1, . . . , Bn ∈ Σf such that ∪ni=1Bi = A3 and µ(Bi) = 1
nµ(A3).

It follows that if f ∈ K, then
∫
A3
|f | du =

∑n
i=1

∫
Bi
|f | dµ ≤ n. Hence

sup
f∈K

∫
X
|f | du = sup

f∈K

∫
A
|f | du+ sup

f∈K

∫
A3

|f | du ≤ 1 + n.

�

Corollary 2.4 Every uniformly absolutely continuous subset of L1(X) is
bounded if and only if X contains no atoms of finite positive measure.

Proof. If B0 ∈ Σ is an atom such that 0 < µ(B0) < ∞, then the set
{nχB0 : n ∈ N} is uniformly absolutely continuous but unbounded.

Conversely, suppose X contains no atoms of finite positive measure, and
write X = X1∪X2, where X1 contains no atoms and X2 is a disjoint union
of atoms of infinite measure. Now let K ⊂ L1(X) be uniformly absolutely
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continuous. Then for every f ∈ K and every atom A in X2, f is 0 on A.
Thus we may assume K ⊂ L1(X). It follows from the proposition that K
is bounded. �

The fact that, in general, a uniformly absolutely continuous set need
not be bounded leads to:

Definition 2.5 A subset K of L1(X) will be called uniformly integrable if
and only if it is bounded in L1(X) and uniformly absolutely continuous.

If u ∈ L1(X) then {u} is uniformly integrable. From this it follows easily
that the order interval [−u, u] = {f ∈ L1(X) : |f | ≤ u} is uniformly
integrable. This example can be stretched somewhat:

Definition 2.6 Let Bε = {f ∈ L1(X) : ||f ||1 < ε}. A subset K of L1(X)
is order precompact or almost order bounded if for every ε > 0 there is
a uε ∈ L+

1 (X) such that K ⊂ [−uε, uε] + Bε, or, equivalently, such that
supf∈K ||(|f | − uε)+||1 = supf∈K || |f | − |f | ∧ uε||1 < ε.

The notion of order precompactness makes sense in any normed lattice
(or even a lattice with a locally solid topology). The reader is referred to
[7] and [12], §122 for further information in this regard.

It is easy to check that an order precompact set is uniformly integrable.
The converse also holds:

Proposition 2.7 A subset K of L1(X) is uniformly integrable if and only
if it is order precompact.

Proof. If K is uniformly integrable, it is bounded, say supf∈K ||f ||1 = C. If
ε > 0, we can find a δ > 0 and an Xε ∈ Σf such that supf∈K

∫
X\Xε

|f | dµ <
1
2ε and supf∈K

∫
A |f | dµ <

1
2ε whenever A ∈ Σ and µ(A) < δ. Choose m >

0 large enough to ensure that C
m < δ. Since mµ([|f | > m]) ≤ ||f ||1 ≤ C, for

every f ∈ K, µ([|f | > m]) ≤ C
m < δ. Put uε = mχXε . Then uε ∈ L1(X)+

and if f ∈ K,

|| |f | − |f | ∧ uε||1 ≤
∫

[|f |>m]
|f | dµ+

∫
X\Xε

|f | dµ < 1
2
ε+

1
2
ε = ε,

showing that K is order precompact. �

Proposition 2.8 If K ⊂ L1(X) is uniformly integrable, sup{
∫
[|f |>c] |f | dµ :

f ∈ K} → 0 as c → ∞. When (X,Σ, µ) is non-atomic, uniformly inte-
grable may be replaced by uniformly absolutely continuous.
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Proof. Since K is bounded, C = sup{||f ||1 : f ∈ K} < ∞. For c > 0 and
f ∈ K, cµ([|f | > c]) ≤ ||f ||1 ≤ C. This shows that µ([|f | > c]) ≤ k

c → 0 as
c→∞. The first result now follows easily from the fact that K is uniformly
absolutely continuous; the second is then immediate from Proposition 2.3.
�

If K is uniformly absolutely continuous, it need not be the case that
sup{

∫
[|f |>c] |f | dµ : f ∈ K} → 0 as c→∞, as shown by the the set {nχA :

n ∈ N}, where A is an atom with µ)(A) > 0. The set K = {χ[0,n] : n ∈ N}
in L1([0,∞) satisfies sup{

∫
[|f |>c] |f | dµ : f ∈ K} → 0 as c → ∞, but is

neither bounded, nor uniformly absolutely continuous.
If µ(X) < ∞ and supf∈K

∫
[|f |>c] |f | dµ → 0 as c → ∞, then K is

bounded. This is clear from the inequality∫
X
|f | dµ =

∫
[|f |>c]

|f | dµ+
∫

[|f |≤c]
|f | dµ ≤

∫
[|f |>c]

|f | dµ+ cµ(X).

It follows from this observation that our definition of uniform integra-
bility agrees with the usual one in finite measure spaces:

Corollary 2.9 If µ(X) <∞, a subset K of L1(X) is uniformly integrable
if and only if supf∈K

∫
[|f |>c] |f | dµ→ 0 as c→∞.

We note in passing that the condition sup{
∫
[|f |>c] |f | dµ : f ∈ K} → 0 as

c→∞ is not equivalent to sup{|
∫
[|f |>c] f dµ| : f ∈ K} → 0 as c→∞. The

first condition clearly implies the second. To see that the converse does not
hold, let fn(t) = 2nχ[0,2−n−1](t) − 2nχ[2−n−1,2−n](t) and K = {fn : n ∈ N}.
Since ||fn||1 = 1 for every n, K is bounded and sup{|

∫
[|fn|>c] fn dµ| : n ∈

N} = 0 for every c > 0, but sup{
∫
[|fn|>c] |fn| dµ : n ∈ N} = 1 for every

c > 0.
If f ∈ L0(X), its decreasing rearrangement is the function f∗ on [0,∞)

defined by
f∗(t) = inf{s : µ([|f | > s]) ≤ t}.

For f ∈ L1(X) we have f∗(t) < ∞ for every t > 0. More information on
decreasing rearrangements can be found in [2] and [9].

The following result is a slight improvement of [3]], Theorem 2.1:

Proposition 2.10 Let K ⊂ L1(X). Then the following are equivalent:

1. supf∈K
∫
[|f |>c] |f | dµ→ 0 as c→∞

2. supf∈K
∫
X(|f | − c)+ dµ→ 0 as c→∞
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3. supf∈K
∫ t
0 f

∗(s) ds→ 0 as t→ 0.

Proof. The inequality∫
X

(|f | − c)+ dµ =
∫

[|f |>c]
(|f | − c)+ dµ ≤

∫
[|f |>c]

|f | dµ

shows that (1) implies (2).
Suppose (2) holds. By considering the cases f∗(t) > c and f∗(t) ≤ c
separately, it can be shown that∫ t

0
f∗(s) ds ≤

∫
(|f | − c)+ dµ+ ct

for all t > 0, c > 0 and f ∈ K. Given ε > 0, choose c large enough to
ensure that supf∈K|

∫
X(|f | − c)+ dµ < 1

2ε, and then choose t small enough
to ensure that 2ct < ε. Then for every f ∈ K,∫ t

0
f∗(s) ds ≤

∫
(|f | − c)+ dµ+ ct =

∫
[|f |>c]

|f | dµ+ ct < ε,

so that (3) holds.
Finally, suppose (3) holds and ε > 0. We can choose t > 0 such that

supf∈K
∫ t
0 f

∗(s) ds < ε. Then it follows as in the proof of [3], Theorem 2.1
that there is a ct > 0 such that supf∈K f∗(t) = ct. Then λ([f∗ > ct]) ≤
λ([0, t]) = t, where λ denotes Lebesgue measure on [0,∞). Hence for every
f ∈ K, ∫

[|f |>c]
|f | dµ =

∫ µ([f∗>ct]

0
f∗(s) ds ≤

∫ t

0
f∗(s) ds < ε.

�

From Corollary 2.9 we immediately get

Corollary 2.11 If µ(X) < ∞, a set K in L1(X) is uniformly integrable
if and only it satisfies any one of the above three conditions.

The maximal function f∗∗ of f∗ is defined by

f∗∗(t) =
1
t

∫ t

0
f∗(s) ds (t > 0).

Let (X1,Σ1, µ1) be a (possibly different) σ-finite measure space (with µ(X) =
µ1(X1) if the measure spaces are finite) and f ∈ L0(X), g ∈ L0(X1). If
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f∗∗(t) ≤ g∗∗(t) for every t ∈ (0,∞), we say f is submajorized by g and
write this as f ≺≺ g. For fixed g ∈ L1(X1) we write

Ω(g) = {f ∈ L1(X) : f ≺≺ g}.

It follows from the definition that if K ⊂ Ω(g) then supf∈K
∫ t
0 f

∗(s) ds→ 0
as t→ 0 and K is bounded in L1(X). The converse is also true; this result
(for the case µ(X) <∞) is essentially given in [3], Lemma 4.1. We include
a proof since the techniques used will be useful in the next section.

Proposition 2.12 For a subset K of L1(X) there is a g ∈ L+
1 [0,∞) such

that K ⊂ Ω(g) if and only if K is bounded in L1(X) and supf∈K
∫ t
0 f

∗(s) ds→
0 as t→ 0.

Proof. Suppose ||f ||1 ≤ C for every f ∈ K. We define the function ψ :
[0,∞) → [0,∞) by

ψ(t) = sup
f∈K

∫ t

0
f∗(s) ds.

It follows immediately from this definition that ψ(0) = 0, ψ(t) > 0 if t > 0
(unless K = {0}) and that ψ is increasing. Also ψ(t) =

∫ t
0 f

∗(s) ds ≤∫∞
0 f∗(s) ds =

∫
X |f | dµ ≤ C for all t ≥ 0. For t > 0,

ψ(t)
t

= sup
f∈K

1
t

∫ t

0
f∗(s) ds = sup

f∈K
f∗∗(t).

Since each f∗∗ is decreasing ([2], Proposition 2.3.2), so is ψ(t)
t . This shows

that ψ is a quasi-concave function. It follows that if ψ̃ is the least con-
cave majorant of ψ, we have 1

2 ψ̃(t) ≤ ψ(t) ≤ ψ̃(t) for every t ∈ [0,∞)
([2], Proposition 2.5.10). Since ψ̃ is concave, it is differentiable almost ev-
erywhere. We define the function g : [0,∞) → R such that it is right
continuous and g(t) = ψ̃′(t) for those t at which ψ̃ is differentiable. Then
g is positive, decreasing and right continuous on [0,∞). Also

0 ≤ 1
2
ψ̃(0+) ≤ ψ(0+) = lim

t↓0
sup{

∫ t

0
f∗(s) ds : f ∈ K} = 0,

and so
∫∞
0 g(s) ds =

∫∞
0 ψ̃′(s) ds = limt→∞ ψ̃(t)− ψ̃(0+) ≤ C, showing that

g ∈ L1[0,∞). Thus if f ∈ K and 0 < t <∞,∫ t

0
f∗(s) ds ≤ ψ(t) ≤ ψ̃(t) =

∫ t

0
ψ̃′(s) ds =

∫ t

0
g(s) ds.

Hence f ≺≺ g, for every f ∈ K. �
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Corollary 2.13 If µ(X) = a < ∞, then K ⊂ L1(X) is uniformly inte-
grable if and only if there is a g ∈ L1([0, a]) such that K ⊂ Ω(g).

Note that if µ(X) = ∞, Ω(g) need not be uniformly absolutely con-
tinuous. As an example, let g(t) = χ[0,1](t), fn(t) = χ[n−1,n](t), t > 0 and
K = {fn : n ∈ N}. Then K ⊂ Ω(g), but K is not uniformly absolutely
continuous, as can be seen by considering the sequence (Am) in Σ, with
Am = [m,∞) for which we have Am ↓ ∅ but supn

∫
Am

|fn| du = 1 for every
m.

3 Adequate families

We shall call a Banach space E (with norm || · ||E) contained in L0(X) a
Banach function space if it is an order ideal in L0(X) (i.e if f ∈ L0(X), g ∈
E and |f | ≤ |g| implies f ∈ E and ||f ||E ≤ ||g||E). The Köthe dual of E is
the order ideal E× of L0(X) defined by

E× = {g ∈ L0(X) :
∫
X
|fg| dµ <∞ for every f ∈ E}.

Then for every g ∈ E× the functional on E defined by ϕg(f) =
∫
X fg dµ is

in the continuous dual E∗ of E and

||ϕg||E∗ = ||g||E× ≡ sup{
∫
X
|fg| dµ : f ∈ E, ||f ||E ≤ 1}.

With the norm || · ||E× E× is itself a Banach function space. Further
information may be found in [2], Chapter 1 and [11], Chapter 15.

The closed linear subspace of a Banach function space E generated by
the set of all characteristic functions of sets in Σf will be denoted by Eb.
We say that f ∈ E has absolutely continuous norm if ||fχAn ||E → 0 as
n → ∞ whenever (An) is a sequence in Σ such that An ↓ ∅. The set of
all f ∈ E with absolutely continuous norm is denoted by Ea. We have
Ea ⊂ Eb.

Definition 3.1 We call a family E of Banach function spaces adequate if
(a) E ⊂ L1(X) for every E ∈ E;
(b) a subset K of L1(X) is uniformly integrable if and only if there is an
E ∈ E such that K is a bounded subset of E.

It is immediate from the definition that ∪{E : E ∈ E} = L1(X). A
necessary condition for a family to be adequate is that any norm bounded
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subset of a member of the family must be uniformly integrable. Our first
result narrows down the field.

Proposition 3.2 Let E be a Banach function space such that E ⊂ L1(X).
Then every norm bounded subset of E is uniformly integrable if and only if
L∞(X) ⊂ E×a . If µ(X) <∞, this is equivalent to E×b = E×a .

Proof. It follows from E ⊂ L1(X) that L∞(X) ⊂ E×. Suppose that
L∞(X) ⊂ E×a and that K ⊂ E is bounded in E, say ||f ||E ≤ C for all
f ∈ K. For any A ∈ Σ,

sup
f∈K

∫
A
|f | dµ = sup

f∈K

∫
X
|f |χA dµ ≤ sup

f∈K
||f ||E ||χA||E× ≤ C||χA||E× .

Taking A = X shows at once that K is bounded in L1(X). Let (An) be
a sequence in Σ such that An ↓ ∅. Since χX ∈ E×a , it follows from the
inequality above that supf∈K

∫
An
|f | dµ ≤ C||χXχAn ||E× → 0 as n → ∞.

It follows that K is uniformly integrable.
Conversely, suppose that B = {f ∈ E : ||f ||E ≤ 1} is uniformly inte-

grable and g ∈ L∞(X). For A ∈ Σ

||gχA||E× = sup
f∈B

∫
X
|fgχA| dµ ≤ ||g||∞ sup

f∈B

∫
A
|f | dµ.

Taking A = X shows that g ∈ E×; the same inequality shows that if An ↓ ∅
then ||gχAn ||E× → 0 as n→∞, and hence L∞(X) ⊂ E×a .

The last statement follows from [2], I.3.13. �

A Banach function space E is called rearrangement invariant if f ∈
L0(X), g ∈ E and f∗ = g∗ implies f ∈ E and ||f ||E = ||g||E . If f, g ∈ E
and f ≺≺ g implies ||f ||E ≤ ||g||E , then E is symmetric. The reader is
referred to [2], Chapter II and [9], Chapter II for further information.

Proposition 3.3 Let E be a rearrangement invariant Banach function
space over the σ-finite infinite measure space (X,Σ, µ). Then we cannot
have L∞(X) ⊂ Ea.

Proof. There is a sequence (Xn) in Σf such that Xn ↑ X. Then An =
X \Xn ↓ ∅ and µ(An) = ∞ for every n. If L∞(X) ⊂ Ea, then χX ∈ Ea and
hence we must have ||χXχAn ||E = ||χAn ||E → 0 as n→∞. But χ∗An

= χ∗X
and so ||χAn ||E = ||χX ||E > 0 for every n, a contradiction. �
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If (X,Σ, µ) is either non-atomic or consists of a countable number of
atoms of equal measure and E is rearrangement invariant, then so is E×

([2], Corollary II.4.4). The above proposition shows that there is no hope
of finding adequate families of rearrangement invariant spaces over infinite
measure spaces of this kind. In the rest of this section we shall therefore
assume that µ(X) <∞, and without loss of generality we may assume that
(X,Σ, µ) is a probability space.

Definition 3.4 Let E ⊂ L0(X) be a rearrangement invariant Banach
function space. The fundamental function ϕE of E is defined by

ϕE(t) = sup{||χA||E : A ∈ Σ, µ(A) ≤ t} t ∈ [0, 1].

If t is in the range of µ, then it follows that for every A ∈ Σ such that
µ(A) = t, we have ϕE(t) = ||χA||E .

The proof of [2], Theorem II.5.5 can be adapted to show that if the
measure space (X,Σ, µ) has the property that inf{µ(A) : A ∈ Σ, µ(A) >
0} = 0 (in particular, if the measure space is non-atomic), then Ea = Eb
if and only if ϕE×(0+) = 0. If inf{µ(A) : A ∈ Σ, µ(A) > 0} = a > 0, then
ϕE(t) = 0 for 0 ≤ t < a and Ea = Eb. Combining Proposition 3.2 with
these observations we obtain:

Corollary 3.5 Let E ⊂ L1(X) be a rearrangement invariant Banach func-
tion space. Then every norm bounded subset of E is uniformly integrable if
and only if ϕE×(0+) = 0.

It follows from Proposition 2.13 that for a family E to be adequate, we
need to be able to find, for each g ∈ L1([0, 1]), an E ∈ E such that Ω(g)
is bounded in E. This suggests a way of constructing an adequate family.
For each g ∈ L+

1 ([0, 1]) we construct a Banach function space Mg such that
Ω(g) is the closed unit ball of Mg. Put

ψg(t) =
∫ t

0
g∗(s) ds for t ∈ [0, 1] and ϕg(0) = 0, ϕg(t) =

t

ψg(t)
for t ∈ (0, 1].

It is then easy to check that ϕg is a quasi-concave function on [0, 1]. It
follows that

||f ||Mg = inf{λ > 0 : f ∈ λΩ(g)} = sup{ϕg(t)f∗∗(t) : t ∈ (0, 1]}

is a rearrangement invariant norm on the subspace

Mg(X) = ∪{nΩ(g) : n ∈ N} = {f ∈ L1(X) : ||f ||Mg <∞}
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of L1(X), and that the fundamental function of Mg is ϕg (cf. [2], Proposi-
tion II.5.8). This construction immediately gives:

Proposition 3.6 A subset K of L1(X) is uniformly integrable if and only
if there is a g ∈ L+

1 ([0, 1]) such that K is bounded in Mg(X). The family
E = {Mg(X) : g ∈ L+

1 ([0, 1])} is therefore adequate.

Corollary 3.7 A family E is adequate if and only if

1. for every g ∈ L1([0, 1]), there is an E ∈ E such that Mg ↪→ E and

2. for every E ∈ E, there is a g ∈ L1([0, 1]) such that E ↪→Mg,

where ↪→ denotes a continuous embedding.

We are now ready to construct another important adequate family. Let
h ∈ L+

1 ([0, 1]) and put

Λh(X) = {f ∈ L0(X) :
∫ 1

0
f∗(t)h∗(t) dt <∞}

and

||f ||Λh
=

∫ 1

0
f∗(t)h∗(t) dt.

Then Λh(X) is a rearrangement invariant Banach function space when
equipped with the norm || · ||Λh

, and its fundamental function is given by
ϕΛh

(t) =
∫ t
0 h

∗(t) dt (cf. [2], II.5.12). Note that if h ∈ L∞([0, 1]), then
L1(X) ⊂ Λh(X).

Proposition 3.8 Let (X,Σ, µ) be non-atomic. A subset K of L1(X) is
uniformly integrable if and only if there is a h ∈ L+

1 ([0, 1]) \L∞([0, 1]) such
that K is bounded in Λh(X). The family E = {Λh(X) : h ∈ L1([0, 1]) \
L∞([0, 1])} is therefore adequate.

Proof. Let K be uniformly integrable. Then it follows from Proposition 3.6
that there is a g ∈ L+

1 ([0, 1]) such that K is a bounded subset of Mg(X),
say K ⊂ C1Ω(g). Since Mg([0, 1]) ⊂ L1([0, 1]) but Mg([0, 1]) 6= L1([0, 1]),
we have L∞([0, 1]) ⊂Mg([0, 1])× but L∞([0, 1]) 6= Mg([0, 1])×. Hence there
is an h ∈Mg([0, 1])× \ L∞([0, 1]) such that

∫ 1
0 g

∗(t)h∗(t) dt = C2 <∞ ([2],
Corollary II.4.4). If f ∈ K, then f ≺≺ C1g and therefore

||f ||Λh
=

∫ 1

0
f∗(t)h∗(t) dt ≤ C1

∫ 1

0
g∗(t)h∗(t) dt = C1C2,
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by Hardy’s Lemma ([2], II.3.6). Hence K is bounded in Λh(X).
Conversely, suppose K is bounded in Λh(X), for some h ∈ L+

1 ([0, 1]) \
L∞([0, 1]). The fundamental function of Λh(X)× is given by

ϕΛh(X)×(t) =
t∫ t

0 h
∗(s) ds

=
1

h∗∗(t)
,

by [2], II.5.2. Since h /∈ L∞([0, 1]) and therefore limt→0 h
∗∗(t) = ∞, it

follows that ϕΛh(X)×(t) → 0 as t→ 0. It follows from Proposition 3.5 that
K is uniformly integrable. �

Let (X,Σ, µ) be non-atomic and E ⊂ L0(X) be a rearrangement invari-
ant Banach function space. Let ϕE be the least concave majorant of the
fundamental function of E. The rearrangement invariant Banach function
spaces M(E) and Λ(E) are defined by putting

||f ||M(E) = sup
0<t≤1

ϕE(t)f∗∗(t), M(E) = {f ∈ L0(X) : ||f ||M(E) <∞}

and

||f ||Λ(E) =
∫ 1

0
f∗(t)dϕE(t) dt, Λ(E) = {f ∈ L0(X) : ||f ||Λ(E) <∞}.

Each of these spaces has fundamental function ϕE . We have the continuous
norm 1 embeddings

Λ(E) ↪→ E ↪→M(E)

([2], Theorem II.5.13). If ϕE(0+) = a > 0, it follows from E ↪→M(E) that
||f ||∞ = sup0<t≤1 f

∗∗(t) ≤ a−1||f ||E for all f ∈ E. Since L∞(X) ⊂ E ([2],
II.6.6), this implies that E = L∞(X) in this case.

The definitions in fact make sense with any non-negative concave func-
tion ϕ on [0,∞) which is 0 only at 0 in the place of ϕE . The spaces cor-
responding to M(E) and Λ(E) are known as Marcinkiewicz and Lorentz
spaces respectively and it can be shown that these spaces are symmetric as
well.

Theorem 3.9 Let E be a family of rearrangement invariant Banach func-
tion spaces over a non-atomic probability space and put Φ = {ϕE : E ∈ E},
where for each E, ϕE denotes the least concave majorant of the fundamental
function of E.

1. If E is an adequate family, then

(a) limt↓0
t

ϕ(t) = 0 for every ϕ ∈ Φ and
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(b) for every g ∈ L1([0, 1]) there is a ϕ ∈ Φ such that
sup0<t≤1 g

∗∗(t)ϕ(t) <∞.

2. The family E is adequate if

(a) limt↓0
t

ϕ(t) = 0 for every ϕ ∈ Φ and

(b) for every g ∈ L1([0, 1]) there is a ϕ ∈ Φ such that∫ 1
0 g

∗(t) dϕ(t) <∞.

Proof.

1. If E is an adequate family and E ∈ E , then limt↓0
t

ϕE(t) = ϕE×(0+) = 0,
by Corollary 3.5. If g ∈ L1([0, 1]),then Ω(g) is uniformly integrable,
so there is an E ∈ E such that Ω(g) is bounded in E. Since E ↪→
M(E), it follows that Ω(g) is bounded in M(E). This implies that
supf∈Ω(g) sup0<t≤1 ϕE(t)f∗∗(t) = sup0<t≤1 ϕE(t)g∗∗(t) <∞.

2. The first condition ensures that for every E ∈ E , bounded subsets of E
are uniformly integrable (Corollary 3.5). If K ⊂ L1(X) is uniformly
integrable, then there is a g ∈ L1([0, 1]) such that K ⊂ Ω(g). By
(b) there is an E ∈ E such that ||g||∞ϕE(0+) +

∫ 1
0 g

∗(t)ϕ′E(t) dt =∫ 1
0 g

∗(t) dϕE(t) <∞. Hence if ϕE(0+) = 0 and f ∈ Ω(g),∫ 1

0
g∗(t) dϕE(t) =

∫ 1

0
f∗(t)ϕ′E(t) dt ≤

∫ 1

0
g∗(t)ϕ′E(t) dt <∞,

showing that K is bounded in Λ(E). If ϕE(0+) > 0, it follows from
the remarks above that Λ(E) = E = L∞(X) and g ∈ L∞(X). Then
f ∈ Ω(g) implies that f∗∗(t) ≤ ||g||∞ for every 0 < t ≤ 1, and hence
K is bounded in L∞(X) = Λ(E).

�

Recall that a function Φ : [0,∞) → [0,∞) which is convex, continu-
ous at 0 and 0 only at 0 is called a Young’s functions. The Orlicz space
LΦ(X) consists of all f ∈ L0(X) such that there is a λ > 0 such that∫
X Φ(|λf |) dµ <∞. When equipped with the Luxemburg norm

||f || = inf{λ−1 :
∫
X

Φ(|λf |) dµ ≤ 1},

LΦ(X) becomes a symmetric, rearrangement invariant Banach function
space. More information on Orlicz spaces can be found in [2], IV.8, [8]
and [10].
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Let Φ be a Young’s function with right-inverse Φ−1 given by

Φ−1(t) = sup{s : Φ(s) ≤ t}.

The fundamental function ϕLΦ
of the Orlicz space LΦ(X) is given by

ϕLΦ
(t) = [Φ−1(1

t )]
−1 ([2], IV.8.17). The fundamental function ϕL×Φ

of the

Kőthe dual of LΦ is therefore given by ϕL×Φ
(t) = t

ϕLΦ
(t) = tΦ−1(1

t ) ([2],
II.5.2). Hence

lim
t↓0

ϕL×Φ
(t) = lim

t↓0
tΦ−1(

1
t
) = lim

s→∞

Φ−1(s)
s

= lim
s→∞

s

Φ(s)
.

It follows that limt↓0 ϕL×Φ
(t) = 0 if and only if limt→∞

Φ(t)
t = ∞. In con-

junction with Corollary 3.5 this gives

Proposition 3.10 Let (X,Σ, µ) be a non-atomic probability space and Φ
be a Young’s function. The bounded subsets of the Orlicz space LΦ(X) are
uniformly integrable if and only if limt→∞

Φ(t)
t = ∞.

The proposition gives a necessary condition for a family of Orlicz spaces
to be adequate. We show that it is also sufficient, thus recovering de la
Vallée Poussin’s theorem in the process.

Theorem 3.11 Let (X,Σ, µ) be a non-atomic probability space. The fam-
ily

E = {LΦ(X) : Φ is a Young’s function, lim
t→∞

Φ(t)
t

= ∞}

is adequate.

Proof. In the light of the last proposition it will suffice to show that every
uniformly integrable set K ⊂ L1(X) is bounded in some member of the
family. By Proposition 3.8 we can find an h ∈ L1([0, 1]) \ L∞([0, 1])
such that K is bounded in Λh(X). It will suffice to find an LΦ(X) ∈ E
with the same fundamental function as Λh(X), since we have a continuous
embedding Λh(X) ↪→ LΦ(X) in this case. We know that the fundamental
function ϕ of Λ(X) is given by ϕ(t) =

∫ t
0 h

∗(s) ds, and that ϕ is concave
and strictly increasing. It follows that it has an inverse ϕ−1 which is a
convex function on the range of ϕ. Let k = ϕ(1) and α = k[h∗(1)]−1. Then
α ≥ 1. Define

Φ(t) =
{

(kt)α for 0 ≤ t ≤ 1
k

(ϕ−1(1
t ))

−1 for t > 1
k .
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The choice of α ensures that Φ is continuous and differentiable on [0,∞).
Since ϕ−1 and the function t 7→ 1

t are both convex and positive functions
on [k−1,∞), and t 7→ (kt)α is positive and convex on [0, k−1], the same is
true of Φ on [0,∞). We also have

lim
t→∞

Φ(t)
t

= lim
t→∞

[
tϕ−1

(
1
t

)]−1

= lim
s→0

ϕ(s)
s

= lim
s→0

h∗∗(s) = ∞,

since h /∈ L∞([0, 1]). It follows from this that LΦ(X) is in the family E .
The fundamental function ψ of LΦ(X) is given by ψ(t) = [Φ−1(1

t )]
−1.

It can be checked that ψ(1) = sup0<t≤1 ψ(t) = k. If 0 < t ≤ 1 and s = ψ(t),
then Φ(s−1) = t−1, and since 0 < s ≤ k, t = [Φ(s−1)]−1 = ϕ−1(s), so that
ψ(t) = s = ϕ(t), as required. �

It is possible to refine the above construction to show that the family
of Young’s functions with the ∆2 property is still adequate. Recall that a
Young’s function Φ is said to satisfy the ∆2 condition if there are constants
t0 > 0 and k > 0 such that Φ(2t) ≤ kΦ(t) for t ≥ t0. If this is the case we
write Φ ∈ ∆2.

Suppose K ⊂ L1(X) is uniformly integrable and g ∈ L1([0, 1]) is such
that K ⊂ Ω(g). Let ψg be defined as in the discussion preceding Proposi-
tion 3.6 and for fixed 0 < p < 1 put

gp(t) =
1

[ψg(t)]p
, 0 < t ≤ 1.

Since gp is decreasing on (0, 1], g∗p = gp and since ψp(0+) = 0, gp(0+) = ∞,
so gp /∈ L∞([0, 1]). Furthermore

||gp||Λg =
∫ 1

0
g∗p(t)ψ

′
g(t) dt =

∫ 1

0

ψ′g(t)
[ψg(t)]p

dt =
[ψg(1)]1−p

1− p
<∞,

so gp ∈ Λg. If f ∈ K then f ≺≺ g. Hence∫ 1

0
f∗(t)g∗p(t) dt ≤

∫ 1

0
g∗(t)g∗p(t) dt = ||gp||Λg ,

showing thatK is bounded in Λgp . The fundamental function of Λgp is given
by ϕp(t) =

∫ t
0 g

∗
p(s) ds, and ϕ′p(t) = gp(t) almost everywhere in [0, 1]. Since

ϕp is positive, concave and strictly increasing, ϕ−1
p exists and is positive

and convex on the range of ϕp. Let k = ϕp(1) and α = k[g∗p(1)]−1; then
α ≥ 1. Put

Φp(t) =
{

(kt)α for 0 ≤ t ≤ 1
k

(ϕ−1
p (1

t ))
−1 for t > 1

k .
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Then it follows as before that Φp is convex and limt→∞
Φp(t)
t = ∞, and

that the fundamental function of LΦp is ϕp. It remains to show that Φp ∈
∆2. Let u > 0, 0 < r ≤ 1. Then it is easy to check that ψg(ru) ≥ rψg(u),
and hence that gp(ru) ≤ r−pgp(u). From this it follows that ϕp(ru) ≤
r1−pϕp(u). Now let t > k−1 and put u = ϕ−1

p (1
t ), so that ϕp(u) = 1

t .
Choose r such that 0 < r < 1 and r1−p ≤ 1

2 . Then

rϕ−1
p

(
1
t

)
= ru ≤ ϕ−1

p

(
r1−pϕp(u)

)
≤ ϕ−1

p

(
r1−p

1
t

)
≤ ϕ−1

p

(
1
2

1
t

)
,

and hence Φp(2t) ≤ r−1Φp(t). We have shown:

Theorem 3.12 Let (X,Σ, µ) be a non-atomic probability space. The fam-
ily

E = {LΦ(X) : Φ is a Young’s function, lim
t→∞

Φ(t)
t

= ∞, Φ ∈ ∆2}

is adequate.

We note that de la Vallée Poussin’s theorem has also been generalized
by Alexopoulos in [1], Theorem 2.5.

4 Uniform integrability in non-commutative spaces

A commutative von Neumann algebra can be represented as an L∞-space
over a suitable measure space, and the corresponding L1-space is a predual
for the von Neumann algebra. This motivates the interpretation of von
Neumann algebras as non-commutative L∞-spaces, and their preduals as
non-commutative L1-spaces. We look briefly at uniformly integrable sets
in this context.

To have at hand an analogue of a measure, we restrict attention to a
semi-finite von Neumann algebra M equipped with a faithful semi-finite
normal trace τ . We assume that M is a subalgebra of the algebra B(H)
of all bounded linear operators on a Hilbert space H and denote the inner
product on H by (·, ·). The set of projections in M will be denoted by Mp.

A closed densely defined operator x on H is affiliated with M if u∗xu =
x for all unitary operators u in the commutant M′ of M. For such an
operator x and s ≥ 0 we denote by χ(s,∞)(|x|) the projection in M cor-
responding to the characteristic function χ(s,∞) via the functional calculus
for |x|. We call an operator x affiliated with M τ -measurable if there is an
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s ≥ 0 such that τ(χ(s,∞)(|x|)) <∞. The set of all τ -measurable operators
will be denoted by M̃. It becomes a ∗-algebra when sums and products
are defined as the closures of respectively the algebraic sum and algebraic
product. For x ∈ M̃ we write x ≥ 0 if (xξ, ξ) ≥ 0 for all ξ in the domain
of x and we put M̃+ = {x ∈ M̃ : x ≥ 0}. The cone M̃+ defines a partial
order on the self-adjoint elements of M̃.

For x ∈ M̃, the decreasing rearrangement µ.(x) of x is the real-valued
decreasing right-continuous function defined on [0,∞) by

µt(x) = inf{s ≥ 0 : τ(χ(s,∞)) ≤ t}, t ≥ 0.

The relation ≺≺ is defined on M̃ by

x ≺≺ y if and only if
∫ s

0
µt(x) dt ≤

∫ s

0
µt(y) dt for every s ≥ 0,

where x, y ∈ M̃.
A normed vector subspace E of M̃ is called rearrangement invariant if

and only if x ∈ M̃, y ∈ E and µ(x) ≤ µ(y) implies x ∈ E and ||x||E ≤ ||y||E
and symmetric if and only if x, y ∈ E and x ≺≺ y implies ||x||E ≤ ||y||E .

Since L∞((0,∞)) may be regarded as an abelian von Neumann alge-
bra and the Lebesgue integral as a trace on it, we may apply the above
definitions in this context. Measurable operators correspond to almost ev-
erywhere finite measurable functions on (0,∞) that are bounded except on
a set of finite measure. If E((0,∞)) is a symmetric rearrangement invariant
space of such functions, we put

E(M) = {x ∈ M̃ : µ(x) ∈ E((0,∞))}, ||x||E(M) = ||µ(x)||E((0,∞)).

Then E(M) is a rearrangement invariant symmetric Banach space. This
applies in particular to the spaces L1(M) and L∞(M), and it can be shown
that L∞(M) = M and L1(M) = M∗, where M∗ stands for the predual
of M. This implies that if x ∈ M̃, then x ∈ L1(M) if and only if µ(x) ∈
L1([0, 1]) and then ||x||1 = τ(|x|) =

∫ 1
0 µt(x) dt.

For more information on non-commutative Banach function spaces the
reader is referred to [4], [5] and [6].

For the rest of this section we assume that τ(1) = 1, where 1 denotes
the identity of M.

Definition 4.1 A subset K of L1(M) is uniformly integrable if

lim
t→∞

sup
x∈K

τ(|x|χ(t,∞)(|x|)) = 0.
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Every uniformly integrable set K is bounded in L1(M). To see this, choose
t > 0 such that supx∈K τ(|x|χ(t,∞)(|x|)) ≤ 1. If x ∈ K, then

||x||1 = τ(|x|) = τ(|x|χ(t,∞)(|x|)) + τ(|x|χ[0,t](|x|))
≤ 1 + τ(tχ[0,t](|x|))
≤ 1 + tτ(1) = 1 + t.

Proposition 4.2 A subset K of L1(M, τ) is uniformly integrable iff it
is bounded in L1(M, τ) and for every ε > 0 there is a δ > 0 such that
supx∈K τ(p|x|p) < ε for all p ∈Mp with τ(p) < δ.

Proof. Let ε > 0 and choose t > 0 such that supx∈K τ(|x|χ(t,∞)(|x|)) < 1
2ε.

Let δ = ε
2t . If x ∈ K and p ∈ Mp, τ(p) < δ, then using the inequality

|x|χ[0,t[(|x|) ≤ tχ[0,t[(|x|),

τ(p|x|p) = τ(p|x|χ(t,∞)(|x|)p) + τ(p|x|χ[0,t](|x|)p)
≤ ||p||τ(|x|χ(t,∞)(|x|))||p||+ τ(ptχ[0,t](|x|)p)

≤ 1
2
ε+ t||pχ[0,t](|x|)||τ(p)

≤ 1
2
ε+ tτ(p) = ε

Suppose, conversely, that K is bounded and satisfies the condition. Put
C = supx∈K ||x||1. Given ε > 0, choose δ > 0 as in the condition and t0
large enough to ensure that C

t0
< δ. Then if t ≥ t0 and x ∈ K, we have

tχ(t,∞)(|x|) ≤ |x|χ(t,∞)(|x|) and hence

tτ(χ(t,∞)(|x|)) ≤ τ(|x|χ(t,∞)(|x|)) ≤ ||x||1 ≤ C.

It follows that τ(χ(t,∞)(|x|)) ≤ C
t0

< δ, and hence τ(|x|χ(t,∞)(|x|)) =
τ(χ(t,∞)(|x|)|x|χ(t,∞)(|x|)) < ε. �

Proposition 4.3 A subset K of L1(M) is uniformly integrable iff

lim
s→0

sup
x∈K

∫ s

0
µt(x) dt = 0 (∗)

Proof. A setK satisfying (∗) is bounded in L1(M). To see this, choose s > 0
such that supx∈K

∫ s
0 µt(x) dt ≤ 1. If x ∈ K, then µs(x)s ≤

∫ s
0 µt(x) dt ≤ 1,

and hence µs(x) ≤ 1
s . Therefore

τ(|x|) ≤
∫ s

0
µt(x) dt+

∫ 1

s
µt(x) dt ≤ 1 + µs(x)(1− s) ≤ 1 +

1− s

s
= C.
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For every t > 0, τ(χ(t,∞)|(|x|)) = λ({s > 0 : µs(x) > t}), where λ denotes
Lebesgue measure. Hence

tτ(χ(t,∞)|(|x|)) = tλ({s > 0 : µs(x) > t})

≤
∫

[µ(x)>t]
µs(x) ds

≤
∫ 1

0
µs(x) ds

= τ(|x|) ≤ C,

and so τ(χ(t,∞)(|x|)) ≤ C
t for every t > 0. Let ε > 0. First use (∗) to choose

s > 0 such that supx∈K
∫ s
0 µu(x) du < ε and then choose t0 > 0 such that

C
t0
≤ s. If t ≥ t0, then τ(χ(t,∞)|(|x|)) ≤ C

t0
< s, and so if x ∈ K,

τ(|x|χ(t,∞)(|x|)) =
∫ 1

0
µr(xχ(t,∞)(|x|)) dr

=
∫

[µ(x)>t]
µr(x) dr

≤
∫ s

0
µr(x) dr < ε.

Hence K is uniformly integrable.
Conversely, suppose K is uniformly integrable, ε > 0 and choose t0 > 0

such that supx∈K τ(|x|χ(t,∞)(|x|)) < ε
2 if t ≥ t0. If s < ε

2t0
and x ∈ K, then∫ s

0
µr(x) dr =

∫ s

0
µr(x)χ[µ(x)>t0] dr +

∫ s

0
µr(x)χ[µ(x)≤t0] dr

≤
∫ 1

0
µr(xχ(t0,∞)) dr + t0s

< τ(|x|χ(t0,∞)) +
ε

2
< ε.

�

Corollary 4.4 A subset K of L1(M) is uniformly integrable if and only if
the subset {µ(x) : x ∈ K} of L1([0, 1]) is uniformly integrable.

We note that it follows from [5], Proposition 2.10, the classical Dunford-
Pettis theorem and the corollary above that a subset of L1(M) is relatively
σ(L1(M),M)-compact if and only if it is uniformly integrable.
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The corollary and the fact that a subset K of L1(M) is bounded in
E(M) if and only if the set {µ(x) : x ∈ K} is bounded in E enables us to
generalize the results of section 2 to the non-commutative setting. Since the
Marcinkiewicz, Lorentz and Orlicz spaces used there are all symmetric re-
arrangement invariant Banach function spaces, they have non-commutative
counterparts. As an example of the results that can be obtained we give a
non-commutative version of Theorem 3.12.

Theorem 4.5 Let M be a semi-finite von Neumann algebra. A subset K
of L1(M) is uniformly integrable if and only if there is a Young’s function
Φ with Φ ∈ ∆2 and limt→∞

Φ(t)
t = ∞ such that K is bounded in LΦ(M).
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Köthe duality, Trans. Amer. Math. Soc. 339 (1993), 717–750.

[7] M. Duhoux, Order precompactness in topological Riesz spaces, J.
London Math. Soc. 23 (1981), 509–522.

[8] M.A. Krasnoselskii and Ya.B. Rutickii, Convex functions and
Orlicz spaces, Noordhoff 1961.

[9] S.G. Krein, Ju.I. Petunin and E.M. Seminov, Interpolation of
linear operators, Translations of Mathematical Monographs, Amer.
Math. Soc. 54, 1982.

[10] M.M. Rao and Z.D. Ren, Theory of Orlicz spaces, Marcel Dekker
1991.



Conradie 253

[11] A.C. Zaanen, Integration, North Holland 1967.

[12] A.C. Zaanen, Riesz spaces II, North Holland 1983.

Jurie Conradie
Department of Mathematics and Applied Mathematics
University of Cape Town
Rondebosch
7701 South Africa
email: jurie@dmaths.uct.ac.za



RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
Serie II, Suppl. 76 (2005) pp. 255–267

New Automatic non Interpolatory

Quadrature and Cubature Formulas

Francesco Costabile and Maria Italia Gualtieri

Abstract. Given a real function f ∈ C2k[0, 1], k ≥ 1 Costabile,
Gualtieri, Serra, in 1996 [7], proposed an asymptotic expansion for-
mula for the corresponding Bernstein polynomials Bn(f, x) in terms
of h = 1/n. Previously this problem had been studied from the point
of view of the search of an expansion formula in terms of the inde-
pendent variable x.

This idea was generalized to multivariate case by several authors
([1], [11], [15], [24], [25]).

In the present paper we apply these results to the numerical inte-
gration problem. In this way we can build some scheme of adaptive
non interpolatory quadrature for univariate and bivariate functions
over rectangular and triangular domains. The theoretical results are
validate by numerical tests.

Mathematical Subject Classification (2000). 65D32

Keywords and phrases. Bernstein polynomials, asymptotic expan-
sion, Richardson extrapolation,automatic quadrature.

1 Introduction

There are several well-known useful quadrature and cubature schemes which
are not derived from interpolatory procedures: Romberg’s quadrature,
based upon extrapolation technique for the error; adaptive quadrature
methods, useful when no properties of integrand are known; Sard’s optimal
quadratures obtained by minimizing the L2 norm of the Peano kernel of

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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the error functional; Euler-McLaurin quadrature; these are someone of the
more known examples. In particular the Romberg scheme, which evaluates∫ b
a f(x)dx by means of trapezoidal rule with step size hi = (b− a)/2i, is an

important example of application of Richardson extrapolation method.
The aim of this paper is to propose new schemes of non interpolatory

quadrature and cubature, obtained as possible applications of some recent
results about the acceleration of the convergence for the sequence of Bern-
stein operators.

The outline of the paper is the following:
in section 2 we give a survey over the asymptotic expansions of Bernstein

polynomials in the univariate and bivariate case; in section 3 we derive the
quadrature and cubature formulas by Bernstein polynomials with asymp-
totic expansion of the error; in section 4 we formulate the new scheme of
non interpolatory quadrature and cubature by means of the Richardson
extrapolation; finally in section 5 we consider some numerical tests which
prove that the behaviour of the new schemes is comparable with Romberg’s
ones.

2 Bernstein polynomials and asymptotic expan-
sion

The Bernstein operators for a function f , denoted by Bn(f, x), are a well
known tool to approximate real functions, with very good qualitative fea-
tures of approximation, but in spite of these properties, they are not useful
from a computational point of view, because of a very slow rate of conver-
gence.

Many authors worked on the possibility of improve the order of conver-
gence, that is exactly n−1, if n is the degree of the operator and f ∈ C2.

In general the question is: can the convergence of a given sequence be
accelerated? The focus has been on the way to obtain the acceleration of
the convergence by a suitable extrapolation algorithm. So the attention
has been shifted on the conditions which allow to use the extrapolation
schemes. To obtain these conditions, the most widespread criterion is the
existence of an asymptotic expansion for the sequence to be accelerated.

In the following some results, obtained in the last years by several re-
searchers, concerning the existence of an asymptotic expansion for Bern-
stein polynomials under suitable conditions of regularity for the function
to be approximated, are showed.
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2.1 The univariate case

The general Bernstein polynomial of a function f within the interval [0, 1]
is defined as [2]

Bn(f, x) =
n∑

ν=0

f
(ν
n

)
pn,ν(x) (2.1)

where pn,ν(x) =
(
n
ν

)
xν(1− x)n−ν .

It’s well known that Bn(f, x) approaches f uniformly on [0, 1] for f ∈
C[0, 1]; unfortunately, the classical result of Voronowskaja [23]

lim
n→∞

n [Bn(f, x)− f(x)] =
x(1− x)

2
f (2)(x), (2.2)

prove that the order of approximation to f(x) by Bn(f, x) is exactlyO(1/n),
if f (2)(x) 6= 0, that is the convergence is very slow. This make the approx-
imation by means of Bernstein polynomials useless from a numerical point
of view.

By assuming sufficiently conditions of regularity for f , Costabile et al.,
generalized the result of Voronowskaja, in fact in [7] the following theorem
was proved

Theorem 2.1 [7] Let f ∈ C2k[0, 1], k ≥ 1, then the following expansion
holds

Bn(f, x) = f(x) +
k∑

i=1

hiSi(f, x) + hkEh(f, x) (2.3)

where h = 1/n, the coefficients Si(f, x), i = 1, . . . , k, are independent of h
and Eh(f, x) vanishes as h→ 0.

The asymptotic expansion (2.3) in terms of h = 1/n allowed to apply some
extrapolation algorithms in order to speed up the rate of the convergence of
Bn(f) to f and in the following allow us to obtain an asymptotic expansion
of the error for quadrature formulas too.

2.2 The bivariate case: squared domains

The definition of the Bernstein polynomials can be spread to the bivariate
case, over a rectangular domain, preserving all properties of approximation
of the univariate case.
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In detail, let D ≡ [0, 1] × [0, 1] a squared domain, for f : D → IR
Bernstein polynomials are defined as

Bm
n (f ;x, y) =

n∑
ν=0

m∑
µ=0

f
(ν
n
,
µ

m

)
pm,µ

n,ν (x, y)

wher pm,µ
n,ν (x, y) = pn,ν (x) pm,µ (y).

Let us consider the case n = m, the order of approximation for the bi-
variate Bernstein polynomials, does not exceed 1/n also. In fact a Voronowskaja
type result [12] holds

lim
n→∞

n [Bn
n(f ;x, y)− f(x, y)] =

x(1− x)
2

∂2f(x, y)
∂x2

+
y(1− y)

2
∂2f(x, y)
∂y2

(2.4)
and hence the convergence is very slow, but the existence of an asymptotic
expansion in terms of h = 1/n is proved in this case also.

With the same tools of the monodimensional case [7], we can prove the
following result of asymptotical expansion

Theorem 2.2 Let f ∈ C2k (D), n ≥ 1, then the following expansion holds

Bn
n(f ;x, y) = f(x, y) +

k∑
i=1

hiSi(f ;x, y) + hkEh(f, x) (2.5)

where h = 1/n, the coefficients Si(f, x), i = 1, . . . , k, are independent of h
and Eh(f, x) vanishes as h→ 0.

Sketch of proof. The proof is based on the remark that the bivariate Bern-
stein polynomials on the square are built in terms of the univariate ones.
If we set the polynomials

Tm
n,s (x, y) =

n∑
k=0

(k − nx)s pm,h
n,k (x, y) ,

Tm,p
n (x, y) =

p∑
h=0

(h−my)p pm,h
n,k (x, y) ,

Tm,p
n,s (x, y) =

n∑
k=0

n∑
h=0

(k − nx)s (h−my)p pm,h
n,k (x, y) = Tn,s (x)Tm,p (y) ,

where Tn,s (x)
n∑

k=0

(k − nx)s pn,k (x), the proof follows easily in a very simi-

lar way as the monodimensional case [7]. �
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In this case also, the existence of the asymptotic expansion allow us to
build some extrapolation schemes in order to have a superlinear convergence
to f .

2.3 The bivariate case: triangular domain

In the previous section, we have taken into account a tool to approximate
a function f over a rectangular domain in IR2, by means of Bernstein poly-
nomials. Such polynomials show good properties of approximation over
domains differently shaped also, for example over triangular domains.

Several authors studied about the existence of an asymptotic expansion
for bivariate, and more generally for multivariate, Bernstein operators over
a simplex ([1], [11], [15], [24], [25]). Someone obtained the looked-for re-
sults by using a different system of coordinates: the so-called barycentric
coordinates [24].

For our aims, it seems to be more useful to give an expression of the
expansion in terms of the classical system of cartesian coordinates.

Let us define the Bernstein operators for a bivariate function defined
over a triangular domain. Let

∆ =
{
(x, y) ∈ IR2 | 0 ≤ x, y ≤ 1, x+ y ≤ 1

}
be a simplex in IR2, the Bernstein polynomials approximating f over ∆ is
defined as

B∆
n (f ;x, y) =

∑
0≤i,j≤n
i+j≤n

f

(
i

n
,
j

n

)
Bn,(i,j) (x, y)

where

Bn,(i,j) (x, y) =
(

n
i, j

)
xiyj (1− x− y)n−i−j ,

and
(

n
i, j

)
=
(
n
i

)(
n− i
j

)
.

For such polynomials we can give the expression for an asymptotic ex-
pansion formula

Theorem 2.3 [1] If f ∈ C2k (∆), k > 0, then the following expansion
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holds

B∆
n (f ;x, y) = f(x, y) +

∑
|i|≤k

i1∑
µ=0

µ+i2∑
ν=µ

hνSν(f ;x, y)+

+O

[
ρ(1− ρ)
nk

(
ρ(1− ρ) +

1
n

)k−1

ω

(
f (2k),

√
ρ(1− ρ)

n
+

1
n

)]
(2.6)

where h = 1/n, ω(f, δ) is the modulus of continuity of f , the coefficients
Sν(f ;x, y) are independent of h for all ν and ρ = ρ(x, y) =

√
x2 + y2.

In (2.6) we set i = (i1, i2) and |i| = i1 + i2.

For details on the proof of the previous theorem [1], [11], [15], [25].
Even in this case we can apply some extrapolation algorithms which

lead to convergent schemes.

3 Quadrature and cubature formulas based on
Bernstein polynomials

The aim of this section is to use the previous results to obtain some con-
vergent non interpolatory quadrature and cubature formulas by means of
the Bernstein approximation.

3.1 The univariate case

The quadrature formula based on the integration of the Bernstein polyno-
mials Bn(f, x), is well known [10]∫ 1

0
f(x)dx ≈

∫ 1

0
Bn(f, x) =

1
n+ 1

n∑
ν=0

f
(ν
n

)
.

It has equal weights and it is exact for f (x) = 1, x. By putting

Tn(f) =
∫ 1

0
Bn(f, x), T (f) =

∫ 1

0
f(x)dx, (3.1)

we can formulate the following theorem

Theorem 3.1 [10] Lef f ∈ C[0, 1], then

lim
n→∞

Tn(f) = T (f), (3.2)
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and, if f ∈ C2k[0, 1], k ≥ 1, then

Tn(f) = T (f) +
k∑

i=1

hiγi(f) + hkψ(h), (3.3)

where h = 1/n, the coefficients γi(f) are independent of n and ψ(h) is a
bounded function.

Proof. (3.2) follows on the convergence of Bn(f, x) to f , while we can be
deduce (3.3) by integrating (2.3). �

3.2 The bivariate case: squared domains

For the integration of bivariate functions, some cubature formulas by means
of Bernstein approximation, can be derived also. In fact the integration of
Bernstein polynomials onD ≡ [0, 1]×[0, 1] leads to the following convergent
cubature rule∫∫

D
f (x, y) dxdy ≈

∫∫
D
Bn

n (f ;x, y) dxdy =
1

(n+ 1)2

n∑
ν,µ=0

f
(ν
n
,
µ

n

)
,

(3.4)
which has equal weights and is exact for f (x, y) = 1, x, y. By putting

TD
n (f) =

∫∫
D
Bn

n (f ;x, y) dxdy, TD(f) =
∫∫

D
f (x, y) dxdy, (3.5)

then the following theorem holds

Theorem 3.2 If f ∈ C (D), then

lim
n→∞

TD
n (f) = TD(f). (3.6)

Furthermore, if f ∈ C2k (D), k ≥ 1 and h = 1/n, we can find coefficients
θi(f) independent of n and a bounded function Ψ(h) such that

TD
n (f) = TD(f) +

k∑
i=1

hiθi(f) + hkΨ(h). (3.7)

Proof. The proof is similar to the proof of theorem 3.1. In fact (3.6) follows
from the convergence of Bernstein polynomials trivially, then we can obtain
(3.7) by integrating (3.5). �
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3.3 The bivariate case: triangular domain

The Bernstein polynomials can be integrated and used to obtain a cubature
formula over the simplex also. In fact, by integrating B∆

n (f ;x, y), we obtain∫∫
∆
f (x, y) dx dy ≈

∫∫
∆
B∆

n (f ;x, y) dx dy =∑
0≤i,j≤n
i+j≤n

n−i−j∑
p=0

n−i+1∑
q=0

cp,q
n,i,j

(−1)2n−2i−j−p−q+1

(n− i− p+ 1)(n− q + 2)
f

(
i

n
,
j

n

)
(3.8)

with cp,q
n,i,j =

(
n
i, j

)(
n− i− j

p

)(
n− i+ 1

q

)
.

By setting

T∆
n (f) =

∫∫
∆
B∆

n (f ;x, y) dx dy, T∆ (f) =
∫∫

∆
f (x, y) dx dy,

we can formulate a theorem on the convergence of quadrature formula (3.8)
and the related asymptotic expansion, in similar way as in theorem 3.1 and
3.2.

Theorem 3.3 If f ∈ C (∆), then

lim
n→∞

T∆
n (f) = T∆(f). (3.9)

If f ∈ C2k (∆), k > 0, h = 1/n then we can find coefficients ζi(f) indepen-
dent of n and a bounded function Z(h) such that

T∆
n (f) = T∆ (f) +

k∑
i=1

hiζi(f) + hkZ(h). (3.10)

Proof. The proof comes along in a similar way as in the previous cases. �

4 A new non interpolatory automatic quadrature
scheme

Now we are ready to use the previous results to obtain some non inter-
polatory procedures for the numerical computation of a defined integral,
with a satisfying order of approximation. The expansions (3.3), (3.7)
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and (3.10), proved in the former section, about the quadrature and cu-
bature Bernstein formulas, allows us to apply the Richardson extrapola-
tion: if f ∈ C2k[0, 1], we chose an increasing sequence of positive integers
{n0 = n < n1 < n2 < · · · } and we set hi = n−1

i ; now we can define a
sequence of formulas {X(i)

q }q∈N in the following way

 X
(i)
0 := X

(i)
0 (f, x)

X
(i)
q := X

(i)
q (f, x)) =

hi+qX
(i)
q−1−hiX

(i+1)
q−1

hi+q−hi
, q = 1, 2, . . . , k − 1.

(4.1)
where

X
(i)
0 (f) :=


Tni (f) for univariate functions;

TD
ni

(f) for bivariate functions, squared domain;

T∆
ni

(f) for bivariate functions, triangular domain.

The terms X(i)
q are usually arranged in a triangular scheme as follows

X
(0)
0 X

(0)
1 X

(0)
2 · · · · · · X

(0)
k−1

X
(1)
0 X

(1)
1

...
...

...

X
(2)
0 X

(2)
1

...
...

...
...

...
... X

(k−2)
1

X
(k−1)
0

The properties of convergence to the exact solution, along the columns and
the diagonals, under suitable conditions on the sequence ni, are well known
[4]. The general theorem on the extrapolation processes assures the the
previous scheme is convergent under the hypothesis hi

hi−1 < 1 and gives an
explicit representation of the error

X(i)
q − Γ (f) = hihi+1 . . . hq (−1) (σq+1(f) +O (hi)) ,

where Γ (f) = T (f) , TD (f) , T∆ (f) and σq+1(f) = γq+1(f), θq+1(f),
ζq+1(f), if we have a monovariate, a bivariate on a square or a bivariate on
a triangle function respectively.

In the following in particular, for the sequence ni, we consider the clas-
sical Romberg sequence ni = ρi, with ρ ≥ 2 positive integer.
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5 The algorithm and some numerical results

In order to obtain an efficient algorithm, we need an auxiliary routine,
CalcPol(ni, f), to generate the first column of the triangular scheme. This
routine is able to calculate the integral on the interval [0, 1], on the square
[0, 1]× [0, 1] or on the simplex ∆, depending on the problem to be resolved.

Now we propose a possible procedure: it is totally automatic and give
the approximate value of the integral with a tolerance given in input.

Let us set hi = 1/ni and let us choose an upper limit nmax for the
dimension of the scheme: this limit determine the condition of numerical
non-convergence.

init
eps, nmax, f, hi i = 0, . . . , nmax, (input)
i = 0
Xi,0 = CalcPol(ni, f)
err = 2 ∗ eps;

while i< nmax and err> eps
i = i+ 1
Xi,0 = CalcPol(ni, f)
for k = 1, i

j = i− k + 1
t(j, k) = hj+kXj,k−1−hjXj+1,k−1

hj+k−hj

end for
err = |t(1, i)− t(2, i− 1)| ;

end while

The previous procedure has been performed on a large set of numerical
tests, with the option ni = ρi, ρ = 2 for the sequence ni, that is the
Romberg sequence.

The numerical results prove that the showed formulas work as fine as
the classical ones obtained by applying the extrapolation procedures to the
trapezoidal formula. In some cases the new formulas work better than the
classical ones.

In the following tables we report the test functions performed and the
number of function evaluations necessary to obtain the requested tolerance
for extrapolated Bernstein formula (NB) and extrapolated trapezoidal for-
mula (NT ). We used a tolerance ε = 10−5.
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Univariate case
f(x) NB NT

x11/2 5 6
e−t2 5 5
et

2
6 6

cosπ t2

2 6 6
cos t2 5 6
sinπ t2

2 6 6
sin(t2) 5 6
J0(x) 4 5
I0(x) 4 4

Bivariate case

[0, 1]× [0, 1] ∆
f(x, y) NB NT NB NT

2x− 5y + 4 2 2 2 2
x2 + y 3 4 3 4
ex + ey 5 5 5 6
x+ y 2 2 2 2
sin y2 5 6 5 5
x+ 1 2 2 2 2
x 2 2 2 2

y2

1+x2+y2 5 6 4 6
1 + x2 + y2 3 4 3 4
y2 3 4 3 4
xy 2 2 3 4
2x2 + 3y 3 4 3 4
x− 2y 2 2 2 2
x+ y 2 2 2 2
x+ 2y 2 2 2 2
x sin

∣∣x2 − y
∣∣ 7 7 5 7

x2 3 4 3 4
sinx+ cos y 5 5 5 5
sinx cos y 5 5 4 5
x2 + y2 3 4 3 4√
x2 + y2 6 5 5 6√
64−81((x−0.5)2+(y−0.5)2)

9 − 0.5 5 5 5 5
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Modified Bernstein Polynomials and

Jacobi Polynomials in q-Calculus

Marie-Madeleine Derriennic

Abstract. We introduce here a generalization of the modified Bern-
stein polynomials for Jacobi weights using the q-Bernstein basis pro-
posed by G.M. Phillips to generalize classical Bernstein polynomials.
The function is evaluated at points which are in geometric progres-
sion in ]0, 1[. Numerous properties of the modified Bernstein polyno-
mials are extended to their q-analogues: simultaneous approxima-
tion, pointwise convergence even for unbounded functions, shape-
preserving property, Voronovskaya theorem, self-adjointness. Some
properties of the eigenvectors, which are q-extensions of Jacobi poly-
nomials, are given.

Mathematical Subject Classification (2000). 41A10, 41A25,
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1 Introduction

G.M.Phillips has proposed a generalization of Bernstein polynomials based
on the q-integers (cf. [9]). We introduce here a q-analogue of the operators
which are often called Bernstein-Durrmeyer polynomials and denoted Mα,β

n,1

(cf. [3],[2]).
Throughout the paper, we shall assume that q ∈]0, 1[ and, part 5 ex-

cepted, α, β > −1.

This paper is in final form and no version of it will be submitted for publication
elsewhere.



270 q-Bernstein polynomials

For any n ∈ N, and a function f defined on ]0, 1[ we set

Mα,β
n,q f(x) =

n∑
k=0

fα,β
n,k,q bn,k,q(x) (1.1)

where each fα,β
n,k,q is a mean of f defined by Jackson integrals.

The polynomials bn,k,q(x) are q-analogues of the Bernstein basis poly-
nomials and are defined by

bn,k,q(x) =
[n
k

]
q
xk(1− x)n−k

q , with
[n
k

]
q

=
[n]q!

[k]q! [n−k]q!
(q-binomial coef-

ficients), k = 0, . . . , n. They verify
∑n

k=0 bn,k,q(x) = 1, (cf. [9]).

We follow the definitions and notations of ([7], p. 10,47,79). For any
real a and x, [a]q = (1−qa)/(1−q), (1−x)a

q =
∏∞

j=0(1−qjx)
/
(1− qj+ax) ,

Γq(a+1) = (1− q)a
q/(1− q)a, consequently (1− x)a+b

q = (1− x)a
q(1− qax)b

q

holds for any b. For the integer a ≥ 1, the q-integer is [a]q = 1+q+ · · ·+qa−1,
Γq(a+ 1) = ([a]q)! and (1− x)a

q =
∏a−1

j=0(1− qjx).

The q-derivative of a function f is Dqf(x) =
f(qx)−f(x)

(q−1)x
for any x 6= 0.

It is extended by continuity at x = 0 when it is possible. For example, if
f ′(0) exists, then Dqf(0) = f ′(0).
So, for any real p , Dqx

p = [p]q x
p−1 when x 6= 0 and [Dqx

p]x=0 = 0 if
p > 1, (respectively = 1 if p = 1)).

The notations will be simplified as much as possible, the superscripts
α, β and the index q when q is fixed, will be suppressed in some proofs.

We introduce the positive bilinear form :

〈f, g〉α,β
q = q(α+1)(β+1)(1−q)

∞∑
i=0

qiqiα(1−qi+1)β
q f(qi+β+1)g(qi+β+1), (1.2)

whenever it is defined. It can be written under the form of two definite
q-integrals

〈f, g〉α,β
q =

∫ qβ+1

0
tα(1− q−βt)β

q f(t)g(t)dqt

and 〈f, g〉α,β
q = q(α+1)(β+1)

∫ 1

0
tα(1− qt)β

q f(qβ+1t)g(qβ+1t)dqt.

(the definite q-integral of a function f is
∫ a
0 f(x)dqx = a(1−q)

∑∞
i=0 q

if(qia)
(cf. [7], p. 69))
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Definition 1.1 We set in formula (1.1) :

fα,β
n,k,q =

〈bn,k,q, f〉α,β
q

〈bn,k,q, 1〉α,β
q

=

∫ 1
0 t

k+α (1− qt)n−k+β
q f(qβ+1t) dqt∫ 1

0 t
k+α (1− qt)n−k+β

q dqt
, k = 0, ..., n,

(1.3)
to define

Mα,β
n,q f(x) =

n∑
k=0

〈bn,k,q, f〉α,β
q

〈bn,k,q, 1〉α,β
q

bn,k,q(x). (1.4)

We see that the polynomial Mα,β
n,q f is well defined if there exists γ ≥ 0

such that Uγ
f defined by Uγ

f (x) = xγf(x) is bounded on ]0, A] for some
A ∈]0, 1[ and α > γ−1. Indeed, under this assumption, Uγ

f is q-integrable

with respect to the weight wα,β
q (x) = xα(1 − qx)β

q . We will say, in this
case, that f satisfies the condition C(α). Also 〈f, g〉α,β

q is well defined if the
product fg satisfies C(α), particularly if f2 and g2 do it.

In many cases, the limit of Mα,β
n,q f(x) when q tends to 1 is

Mα,β
n,1 f(x) =

n∑
k=0

∫ 1
0 t

k+α (1− t)n−k+β f(t) dt∫ 1
0 t

k+α (1− t)n−k+β dt
bn,k(x)

with bn,k(x) =
(

n
k

)
xk(1− x)n−k.

Numerous properties of the operator Mα,β
n,1 (cf. [2],[4]) will be extended

to Mα,β
n,q in this paper.

2 First properties

For any n ∈ N, the operator Mα,β
n,q has the following properties.

- It is linear, positive and it preserves the constants so it is non-
expansive (supx∈[0,1]

∣∣∣Mα,β
n,q f(x)

∣∣∣ ≤ supx∈]0,1[ |f(x)|).

- It is self-adjoint: 〈Mα,β
n,q f, g〉α,β

q = 〈f,Mα,β
n,q g〉α,β

q .
- It preserves the degrees of the polynomials of degree ≤ n.
The first two properties are consequences of the definition. The last one

follows after the following proposition.

Proposition 2.1 If f verifies the condition C(α), we have, for any n ≥ 1,
and x ∈ [0, 1] :

DqM
α,β
n,q f(x) =

[n]q
[n+α+ β+2]q

qα+β+2Mα+1,β+1
n−1,q

(
Dqf

(
·
q

))
(qx). (2.1)
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Proof. We compute Dbn,0(x) = − [n] bn−1,0(qx), if 1 ≤ k ≤ n−1,
Dbn,k(x) = [n] (bn−1,k−1(qx)/qk−1 − bn−1,k(qx)/qk) and
Dbn,n(x) = [n] bn−1,n−1(qx)/qn−1 to get

DMα,β
n f(x) = [n]

n−1∑
k=0

bn−1,k(qx)(f
α,β
n,k+1 − fα,β

n,k )/qk.

We denote ψα,β
n,k (t) = tk+α(1− qt)n−k+β

q , k = 0, . . . , n.

Recall that the q-Beta functions are Bq(u, v) =
∫ 1
0 t

u−1(1− qt)v−1
q dqt =

Γq(u)Γq(v) /Γq(u+v) (cf. [7], p. 78). The rule for the q-derivative of g1g2
is (Dq(g1g2))(t) = (Dqg1)(t)g2(qt)+ g1(t) (Dqg2)(t). So, if g1g2 is defined on
[0, 1] and continuous at t = 0 and if the series defining the two following
q-integrals converge, we have the q-integration by parts∫ 1
0 (Dqg1)(t)g2(qt)dqt = [(g1g2)(t)]

1
0 −

∫ 1
0 g1(t) (Dqg2)(t)dqt.

The function t 7−→ ψα+1,β+1
n−1,k ( t

q )f(qβ+1t), t ∈]0, 1[, extended by 0 in 0
is continuous at 0. Since f verifies the condition C(α), the function Dqf
verifies the condition C(α+1). Hence we may use a q-integration by parts
to write, for k = 0, . . . , n−1 :
Bq(k+α+2, n−k+β+1) [n+α+β+2] (fα,β

n,k+1 − fα,β
n,k )

= −qk+α
∫ 1
0 (Dψα+1,β+1

n−1,k )( t
q )f(qβ+1t)dqt

=
∫ 1
0 q

k+α+β+2ψα+1,β+1
n−1,k (t)(Df)(qβ+1t)dqt−

[
ψα+1,β+1

n−1,k ( t
q )f(qβ+1t)

]1

0
.

Hence

(fα,β
n,k+1−f

α,β
n,k ) =

qα+β+2+k

[n+α+β+2]

∫ 1
0 t

k+α+1(1− qt)n−k+β(Df)(qβ+1t)dqt

Bq(k+α+2, n−k+β+1)
and

DMα,β
n f(x) =

[n] qα+β+2

[n+α+β+2]

n−1∑
k=0

〈bn−1,k, Df( ·q )〉α+1,β+1
q

Bq(k+α+2, n−k+β+1)
bn−1,k(x). �

Remark 2.2 When f is derivable on ]0, 1[ and f ′ has an extension con-
tinuous on [0, 1], the limit of formula (2.1) is, when q tends to 1,(
Mα,β

n,1 f
)′

(x) = n (n+α+β+2)−1Mα+1,β+1
n−1,1 (f ′) (x) (cf. [4]).
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Theorem 2.3 The following equality holds for any function f such that
Mα,β

n,q f exists and any x ∈ [0, 1] :

Mα,β
n,q f(x) =

∞∑
j=0

Φα,β
j,n,q(x)f(qj+β+1), where, (2.2)

Φα,β
j,n,q(x) = uj

n∑
k=0

vkbn,k,q(qj+β+1)bn,k,q(x),

uj = (1− q)qj(α+1)(1− qj+1)β
q , j ∈ N,

v−1
k = qk(β+1)

[n
k

]
q
Bq(k+α+1, n−k+β+1), k = 0, . . . , n.

Moreover, for any r ∈ N, the sequence Φα,β
r,n,q,Φ

α,β
r−1,n,q, . . . ,Φ

α,β
0,n,q is totally

positive on [0, 1], that is to say, for any family (xi), 0 ≤ x1 < . . . < xm ≤ 1,
the collocation matrix

(
Φα,β

r−j,n,q(xi)
)

i=1,...,m,j=0,...,r
is totally positive .

Proof. We set Φj = Φα,β
j,n,q, bn,k,q = bk, c = qβ+1. The formula (2.2) comes

by writing the definite q-integrals 〈bk, f〉α,β
q as discrete sums in (1.4) and

from 〈bk, 1〉α,β
q = q(k+α+1)(β+1)

[n
k

]
q
Bq(k+α+1, n−k+β+1), k = 0, . . . , n,.

To obtain the total positivity of the Φj , we have to prove that, for any
m ∈ N and any two families (xi)i=1,...,m, (jl)l=1,...,m, with 0 ≤ x1 ≤ . . . ≤
xm ≤ 1, 0 ≤ jm ≤ . . . ≤ j1, the determinant det(Φjl

(xi))J , where J =
{(i, j) | i = 1, . . . ,m, l = 1, . . . ,m}, is non negative. From the multilinearity
of the determinants, there is a basic composition formula for the discrete
sums (cf. [8], p. 17). We have det(Φjl

(xi))J =
∏m

l=1 ujl
E and

E = det(
∑n

k=0 vkbk(cqjl)bk(xi))J

=
∑n

k1=0 . . .
∑n

km=0 vk1 . . . vkm det(bki
(cqjl)bki

(xi))J

=
∑n

k1=0 . . .
∑n

km=0 vk1 . . . vkmbk1(x1) . . . bkm(xm) det(bki
(cqjl))J

=
∑

0≤k1≤...≤km≤n vk1 . . . vkm det(bkl
(xi))J det(bki

(cqjl))J .

We know that the q-Bernstein basis is totally positive (cf. [6]). Hence we
have det(bkl

(xi))J ≥ 0 and also det(bki
(cqjl))J ≥ 0 , since cqj1 ≤ cqj2 ≤

. . . ≤ cqjm . So E is non negative and the result follows. �

Corollary 2.4 The number of sign changes of the polynomial Mα,β
n,q f on

[0, 1] is not greater than the number of sign changes of the function f .

Proof. For any r ∈ N, the sequence Φr,Φr−1, . . . ,Φ0 is totally positive. We

deduce that the number of sign changes of the polynomial
r∑

j=0
Φj(x)f(qj+β+1)



274 q-Bernstein polynomials

is not greater than the number of sign changes of the sequence f(qj+β+1),
j = 0, . . . , r, hence not greater than the number of sign changes of the
function f in ]0, 1[ (cf. [5]). When r tends to infinity this property is
preserved hence is true for Mnf. �

Corollary 2.5 Let f be a function satisfying the condition C(α).

1. If f is increasing (respectively decreasing), then the function Mα,β
n,q f is

increasing (respectively decreasing).

2. If f is convex, then the function Mα,β
n,q f is convex.

Proof. 1) If f is monotone, for any s ∈ R the function f − s has at
most one sign change. Hence Mα,β

n (f − s) = Mα,β
n f − s has at most one

sign change and Mα,β
n f is monotone. If f is increasing, Df( ·q ) is positive

on ]0, q[. Since the operators Mα,β
n are positive, we obtain for x ∈ [0, 1],

Mα+1,β+1
n−1

(
Df

(
·
q

))
(qx) ≥ 0 if n ≥ 1 and, using (2.1), DMα,β

n f(x) ≥ 0.

So the function Mα,β
n f is increasing if n ≥ 1.

2) Let suppose the function f is convex. Since Mα,β
n preserves the

degree of the polynomials, for any real numbers γ1, γ2 there exist δ1, δ2 and
a function g such that g(x) = f(x)− δ1x− δ2 and Mα,β

n f(x)− γ1x− γ2 =
Mα,β

n g(x). The number of sign changes of g being at most two, it is the
same for Mα,β

n g. Hence Mα,β
n f is convex or concave.

Moreover, if a function ϕ is convex (respectively concave),
D2ϕ(x) = q3

(q−1)2x2 (ϕ(q2x)− [2]ϕ(qx)+qϕ(x)) is ≥ 0 (respectively ≤ 0).

Hence, if n ≥ 2, Mα+2,β+2
n−2

(
D2f

(
·
q

))
(q2x) ≥ 0. Using (2.1) two times we

obtain D2Mα,β
n f(x) ≥ 0 and Mα,β

n f is convex, if n ≥ 2. �

3 Convergence properties

Theorem 3.1 If f is continuous on ]0, 1[ and has a limit on the right at 0
denoted f(0) and a limit on the left at 1 denoted f(1), we have for n ≥ 1 :

∥∥∥Mα,β
n,q f − f

∥∥∥
∞
≤ Cα,β ω

f, 1√
[n]q

 ,

where ‖f‖∞ is the uniform norm of f on [0, 1] and ω(f, .) is the usual
modulus of continuity of f, the constant Cα,β being independent of n, q, f.
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Proof. As Mα,β
n is positive, O. Shisha and B. Mond theorem can be applied.

It is sufficient to prove that the order of approximation of f by Mα,β
n f is

O( 1
[n]) for the functions fi(x) = xi, i = 0, 1, 2. We compute the polynomials

Mα,β
n fi , i = 1 for n ≥ 1 and i = 2 for n ≥ 2 with the help of (2.1) by

q-integrations (and directly for n = 0 and 1) to obtain :

[n+α+β+2] (Mα,β
n f1(x)−x) = qβ+1 [α+1]−x [α+β+2] and

[n+α+β+2] [n+α+β+3] (Mα,β
n f2(x)−x2) = q2β+2 [α+2] [α+1]

+[n] [2]x(qα+2β+3 [α+2]−qα+β+2 [α+β+3]x)−[α+β+3] [α+β+2]x2.
The result follows since 0 < q < 1 and 0 ≤ [a] ≤ max(a, 1) if a ≥ 0. �

Remark 3.2 In order to have uniform convergence for all continuous func-
tions on [0, 1] , it is sufficient to have lim

n→∞
Mα,β

n,q fi = fi for i = 1, 2, hence

lim
n→∞

1/ [n]q = 0. This is realized if and only if q = qn and lim
n→∞

qn = 1.

Indeed, for every n ∈ N, in both cases qn < 1/2 and qn ≥ 1/2, we have
1 − q < 1/ [n]q ≤ 2 max(1 − q, ln 2/n). To maximize the order of approxi-
mation by the operator Mα,β

n,qn we are interested to have [n]qn
of the same

order as n, that is to say to have ρn < [n]qn
≤ n, for some ρ > 0 and, since

[n]qn
≤ n holds in any cases, this is equivalent with the following property

S for (qn).

Definition 3.3 The sequence (qn)n∈N has the property S if and only if
there exists N ∈ N and c > 0 such that, for any n > N, 1− qn < c/n.

Lemma 3.4
The property S holds if and only if the property P1 (respectively P2)

holds where :
P1 is:
”There exist N1 ∈ N and c1 > 0 such that, for any n > N1, [n]qn

≥ c1n”,
P2 is:
”There exist N2 ∈ N and c2 > 0 such that, for any n > N2, q

n
n ≥ c2”.

Proof. For any n ∈ N, the function ξ(x) = (1 − xn)/(1 − x) is increasing
on [0, 1[. If S holds, we have, for any n > N1 = N, [n]qn

= ξ(qn) ≥
ξ(1 − c/n) ≥ n(1 − e−c)/c and P1 follows. If P1 holds, we have, for any
n > N = N1, 1/(1 − qn) ≥ [n]qn

≥ c1n and S follows. If P2 holds, we
have, for any n > N = N2, n(1 − qn) ≤ −n ln qn < − ln c2 and S follows.
If S holds, there exists N2 > N such that, if n > N2, 1 − qn < 1/2 hence
qn
n > e−2n(1−qn) > e−2c and P2 follows. �
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Theorem 3.5 If the function f is continuous at the point x ∈]0, 1[, then,

lim
n→∞

Mα,β
n,qn

f(x) = f(x) (3.1)

in the two following cases :

1. f is bounded on ]0, 1[ and the sequence (qn) is such that lim
n→∞

qn = 1,

2. the function Uα′,β′

f defined by Uα′,β′

f (x) = xα′(1−x)β′f(x) is bounded on
]0, 1[ for some real numbers α′, β′ ≥ 0 such that α′ < α+1, β′ < β+1
and the sequence (qn) has the property S.

Theorem 3.6 If the function f admits a second derivative at the point x ∈
]0, 1[, then, in the cases 1 and 2 of Theorem 3.5, we have the Voronovskaya-
type limit :

lim
n→∞

[n]qn
(Mα,β

n,qn
f(x)− f(x)) =

d

dx

(
xα+1(1− x)β+1f ′(x)

) /
xα(1− x)β .

(3.2)

(The limit operator is the Jacobi differential operator for the weight
xα(1− x)β)

Remark 3.7 1) We see that the best order of approximation in (3.2) is in
1/ [n]qn

. If 1 − qn = 1/nγ with 0 < γ < 1, then lim
n→∞

[n]qn
/nγ = 1, hence

[n]qn
can be replaced by nγ in (3.2). If 1 − qn = 1/n log n or 1/nγ with

γ > 1, then lim
n→∞

[n]qn
/n = 1, [n]qn

can be replaced by n and we refound

exactly the Voronovskaya-limit property of Mα,β
n,1 (x).

2) In the case 2, the Theorems 3.5 and 3.6 are valid for Mα,β
n,1 , if wf

is Lebesgue integrable on [0, 1], and this result is new. (In the proof the
Jackson integrals have to be replaced by Lebesgue integrals)

3) As example, for the function f(x) = x−1/2, we have, for qn = 1−1/n,
lim

n→∞
M0,0

n,qnf(x) = x−1/2 and lim
n→∞

n(M0,0
n,qnf(x)−x−1/2) = cx−1/2(1−3x)

for any x ∈]0, 1], where c ∼ 0.4.
4) If f is extendable by continuity at the point x = 0 (respectively x = 1)

the Theorems 3.5 and 3.6 are still valid at the point x = 0 (respectively
x = 1) in the case 1 and in the case 2 which becomes : U0,β′

f is bounded on

]0, 1[ and β′ < β+1 (respectively Uα′,0
f is bounded on ]0, 1[ and α′ < α+1).

For the proofs of Theorems 3.5 and 3.6 we need some preparation.
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Proposition 3.8 We set, for any n,m ∈ N and x ∈ [0, 1], q ∈ [1/2, 1[,

Tn,m,q(x) =
n∑

k=0

bn,k,q(x)

∫ 1

0
tk+α (1− qt)n−k+β

q (x− t)mdqt∫ 1

0
tk+α (1− qt)n−k+β

q dqt

. (3.3)

For any m, there exists a constant Km > 0, independent of n and q, such
that :

sup
x∈[0,1]

|Tn,m,q(x)| ≤


Km/ [n]m/2

q if m is even,

Km/ [n](m+1)/2
q if m is odd.

To prove this proposition we consider the Lemmas 3.9 and 3.10.

Lemma 3.9 We set, for any n,m ∈ N and x ∈ [0, 1],

T 1
n,m,q(x) =

n∑
k=0

bn,k,q(x)

∫ 1
0 t

k+α (1− qt)n−k+β
q (x− t)m

q dqt∫ 1
0 t

k+α (1− qt)n−k+β
q dqt

.

The following recursion formula holds for any q ∈ [1/2, 1[ and m ≥ 2 :

[n+m+α+β+2]q q
−α−2m−1T 1

n,m+1,q(x) = −x(1− x)DqT
1
n,m,q(x)

+T 1
n,m,q(x)

[
p1,m(x) + x(1− q) [n+α+β]q [m+1]q q

1−α−m
]

+T 1
n,m−1,q(x)p2,m(x) + T 1

n,m−2,q(x)p3,m(x)(1− q),

where the polynomials pi,m(x), i = 1, 2 and 3 are uniformly bounded with
regard to n and q.

Proof. 1) We set T 1
n,m,q = T 1

m and, for k = 0, . . . , n,

ψk(t) = tk+α(1− qt)n−k+β
q , lk(x) = bn,k(x)

/∫ 1
0 ψk(t)dqt .

We compute
x(1− x)DqT

1
m(x) = x(1− x) [m]

∑n
k=0 lk(x)

∫ 1
0 ψk(t)(x− t)m−1

q dqt

+
∑n

k=0 lk(x)
∫ 1
0 ψk(t)(qx− t)m

q ([k]− [n]x)dqt = A+B.

We have A = x(1− x) [m]T 1
m−1(x). We write, for k = 0, . . . , n,

[k]− [n]x = [−α] + q−α([k+α]− qt [n+α+β])

−q1−m−α [n+α+β] (qx− qmt) + x(q2−m−α [n+α+β]− [n]), and

t(1− qt) (Dqψk) (t) = tk+α(1− qt)n−k+β([k+α]− qt [n+α+β])
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to obtain
B = q−α

∑n
k=0 lk(x)

∫ 1
0 (Dqψk) (t) t(1− qt)(qx− t)m

q dqt

−q1−α−m [n+α+β]
∑n

k=0 lk(x)
∫ 1
0 ψk(t)(qx− t)m+1

q dqt

+(x([n+α+β] q2−α−m − [n]) + [−α])
∑n

k=0 lk(x)
∫ 1
0 ψk(t)(qx− t)m

q dqt

= B1 +B2 +B3.

We q-integrate by parts, setting σ(t) = t
q (1− t)

(
qx− t

q

)m

q
.

The q-integrals in B1 become∫ 1
0 Dqψk(t) t(1− qt)(qx− t)m

q dqt

= [ψk(t)σ(t)]10 −
∫ 1
0 ψk(t)(Dqσ)(t)dqt for each k = 0, . . . , n.

We expand
σ(t) = −q−2m(x− t

q )m+2
q + q−2m

{
([3]− qm+2)x− qm

}
(x− t

q )m+1
q

+q−2m+1x
{
qm−1 + [m] (1− q)qm − x(1 + [2] q(1− q) [m]

}
(x− t

q )m
q

−q−2m+3x2 [m] (1− q)(qm−2 − x)(x− t
q )m−1

q .
We obtain

B1 = −q−α−2m−1
{
[m+2]T 1

m+1(x)− [m+1] ([3]x− qm+2x− qm)
}
T 1

m(x)
−q−α−2m [m]x

{
qm−1 + (1− q) [m] qm − x(1 + q(1− q) [2] [m]

}
T 1

m−1(x)
+q−α+2−2m [m−1] [m]x2(qm−2−x)(1−q)T 1

m−2(x).
Moreover, we have

B2 = −q1−α−m [n+α+β] (T 1
m+1(x)− (1− q) [m+1]xT 1

m(x)),
B3 = {x(qn [β−m+2]− [2−α−m])+[−α]}

[
T 1

m(x)−(1−q) [m]xT 1
m−1(x)

]
.
�

Lemma 3.10 For any m ∈ N, q ∈ [1/2, 1[, x ∈ [0, 1], the expansion of
(x− t)m on the Newton basis at the points x/qi, i = 0, . . . ,m−1 is:

(x− t)m =
m∑

k=1

dm,k(1− q)m−k(x− t)k
q , (3.4)

where the coefficients dm,k, verify |dm,k| ≤ dm, k = 1, . . . ,m, and dm does
not depend on x, t,q.

Proof. For m = 1, it is obvious. If for some m ≥ 1, the relation (3.4) holds,
we write x−t = q−k((x−qkt)−(1−q) [k]x) for k = 1, . . . ,m and we obtain

(x− t)m+1 =
∑m+1

k=1
dm+1,k(1− q)m+1−k(x− t)k

q

with dm+1,k = q−k(qdm,k−1 − [k]xdm,k) if k = 2, . . . ,m
and dm+1,1 = −q−1dm,1x, dm+1,m+1 = q−mdm,m. Since |dm,k| ≤ dm we have
|dm+1,k| ≤ dm+1 = 2m(m+1)dm, k = 1, . . . ,m+1. �
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Proof of Proposition 3.8.
At first we prove that, for any x,

∣∣T 1
m(x)

∣∣ ≤ Hm/ [n]m/2 if m is even
(respectively ≤ Hm/ [n](m+1)/2 if m is odd), where Hm does not depend
on n, q, x. We have T 1

0 (x) = 1 and the formulae for Mα,β
n fi, i = 1, 2, es-

tablished in the proof of Theorem 3.1, give the result for m = 1 and 2.
The product [n+α+β] (1 − q) = 1 − qn+α+β is positive and bounded by
max(1,

∣∣1− 2−(α+β)
∣∣) and (1 − q) < 1/ [n] . If the result is true for some

p ≥ 2, p odd (respectively even) and any m ≤ p, the result for p+1 follows
from the recursion formula of Lemma 3.9.

Then, we write, for any n,m ∈ N and x ∈ [0, 1], using Lemma 3.10,
|Tn,m,q(x)| ≤ dm

∑m
k=1(1− q)m−k

∣∣T 1
k (x)

∣∣
≤ dm(

∣∣T 1
m(x)

∣∣ +
∑m−1

k=1 [n]−m+k Hk [n]−k/2)

≤ dm

∣∣T 1
m(x)

∣∣ +
∑m−1

k=1 Hk [n]−(m+1)/2) and the result follows. �

Now the following Lemma is the key.

Lemma 3.11 Let (qn) be a sequence possessing the property S. Let α, β, α′,
β′ be real numbers such that α′, β′ ≥ 0, α′ < α+1, β′ < β+1. We set
ϕ(t) = t−α′(1 − t)−β′ , t ∈]0, 1[ and Ix,δ(t) = 1 if |t− x| > δ, Ix,δ(t) = 0
elsewhere. We define the sequence

En(x, δ) =
n∑

k=0

bn,k,qn(x)

∫ 1

0
tk+α(1− qnt)

n−k+β
qn ϕ(qβ+1

n t)Ix,δ(t)dqnt∫ 1

0
tk+α(1− qnt)

n−k+β
qn dqnt

.

It verifies lim
n→∞

nEn(x, δ) = 0 for any x and δ such that 0 < δ < x < 1− δ.

Proof. Let α (respectively β) be the smallest integer such that α ≥ α
(respectively β ≥ β) and τ (respectively τ ′) be a real number such that

τ >
α+β+2
α−α′+1

(respectively τ ′ >
α+β+2
β−β′+1

).

We set I−x,δ(t) = 1 if 0 < t < x − δ and I+
x,δ(t) = 1 if x + δ < t < 1,

I−x,δ(t) = I+
x,δ(t) = 0 elsewhere.

We split the interval (0, 1) introducing en = 1/nτ , e′n = 1−1/nτ ′ , n ∈ N,
and we define, using again ψα,β

n,k,q(t) = tk+α(1 − qt)n−k+β
q and ln,k,q(x) =

bn,k,q(x)
/∫ 1

0 ψ
α,β
n,k,q(t)dqt ,

A1
n =

∑n
k=0 ln,k,qn(x)

∫ en

0 tk+α−α′(1− qnt)
n−k+β
qn dqnt,

A2
n =

∑n
k=0 ln,k,qn(x)

∫ 1
en
tk+α−α′(1− qnt)

n−k+β
qn I−x,δ(t)dqnt,



280 q-Bernstein polynomials

A3
n =

∑n
k=0 ln,k,qn(x)

∫ e′n
0 tk+α(1− qnt)

n−k+β
qn

/
(1− qβ+1

n t)β′ I+
x,δ(t)dqnt,

A4
n =

∑n
k=0 ln,k,qn(x)

∫ 1
e′n
tk+α(1− qnt)

n−k+β
qn

/
(1− qβ+1

n t)β′ dqnt.

If t > x, (respectively if t < x) then t−α′ < x−α′ (respectively (1− qβ+1
n t)β′

> (1− qβ+1
n x)β′ ≥ (1− x)β′).

Hence, we have, if qn ≥ 1/2,

En(x, δ) ≤ (1/2)−(β+1)α′((1− x)−β′(A1
n +A2

n) + x−α′(A3
n +A4

n))
and it is sufficient to prove that lim

n→∞
nAi

n = 0 for i = 1, 2, 3, 4.

If qn
n ≥ c and en < 1/2, we have

[
n
k

]
qn

∫ en

0 tk+α−α′(1− qnt)
n−k+β
qn dqnt =

q
−k(β+1)
n

∫ en

0 bn,k,q(q
β+1
n t)tα−α′(1−qnt)β

qndqnt ≤ γ1e
α−α′+1
n , for k = 0, . . . , n,

where γ1 does not depend on k, n, x, since q(β+1)k
n ≥ cβ+1, 0 ≤ bn,k,qn(qβ+1

n t)
≤ 1, and, (1− qnt)

β
qn ≤ 1 if β ≥ 0 and t ∈ [0, 1], (respectively (1− qnt)

β
qn

≤ (1− en)−1 ≤ 2 if β < 0 and t ∈ [0, en]).
Moreover, for any k = 0, . . . , n, we have∫ 1

0 t
k+α(1− qt)n−k+β

q dqt ≥
∫ 1
0 t

k+α(1− qt)n−k+β
q dqt =

[k+α]![n−k+β]!
[n+α+β+1]!

≥
[
n
k

]−1(n+α+β+1)−(α+β+1)).
Hence, we have A1

n ≤ γ1(n+α+β+1)α+β+1n−τ(α−α′+1). The choice of τ
and the property S on (qn) give lim

n→∞
nA1

n = 0.

We choose m ∈ N such that m > τα′+1 and we write
A2

n ≤ nτα′δ−2m ∑n
k=0 ln,k,qn(x)

∫ 1
en
tk+α(1− qnt)

n−k+β
qn (x− t)2mdqnt

≤ nτα′δ−2mTn,2m,qn(x) ≤ K2mδ
−2mnτα′−m,

hence lim
n→∞

nA2
n = 0 by the choice of m.

Now we have, if t < e′n, (1− qβ+1
n t)β′ > (1− e′n)β′ = n−τ ′β′ , hence

A3
n ≤ nτ ′β′

∑n
k=0 ln,k,qn(x)

∫ e′n
0 tk+α(1− qnt)

n−k+β
qn I+

x,δ(t)dqnt. We choose
m′ ∈ N such that m′ > τ ′β′+1 to have
A3

n ≤ nτ ′β′δ−2m′ ∑n
k=0 ln,k,qn(x)

∫ 1
0 t

k+α(1− qnt)
n−k+β
qn (x− t)2m′

dqnt

≤ nτ ′β′δ−2m′
Tn,2m′,qn ≤ K2m′δ−2m′

nτ ′β′−m′
,

hence lim
n→∞

nA3
n = 0 by the choice of m′.

To finish, we need to prove that (1 − q−β′
n u)β′

qn ≤ (1 − u)β′ for any
u ∈ [0, qβ+1].

If β′ ∈ N− {0}, we have (1−q−β′u)β′ =
∏β′−1

j=0 (1−q−β′+ju) ≤ (1−u)β′ .

If 0 < β′ < 1, we use the q-binomial Theorem (cf. [1],p. 488) to write
(1− q−β′u)β′

qn =
∑∞

k=0(1− q−β′)k
qn

/
(1− q)k

qn
uk

= 1 +
∑∞

k=1

∏k
j=1

[
−β′+j−1

]
qn

/
[j]qn

uk.
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Then the inequalities
[
−β′

]
qn
≤ −β′ < 0 and

[
−β′+j−1

]
qn
/ [j]qn

≥(
−β′+j−1

)
/j > 0 for any integer j ≥ 2 give the result.

In the other cases, if l is the integer such that l ≤ β′ < l+1, we use the
rules of product of q-binomials to write
(1 − q−β′u)β′

qn = (1 − q−β′
n u)l

qn
(1 − q−β′+l

n t)β′−l
qn and the result follows from

the two first cases.
Then, with the same rules, for any k = 0, . . . , n and t ∈ [0, 1], setting

qβ+1
n t = u, we write

(1− qnt)
n−k+β
qn = (1− qnt)

β−β′
qn (1− qβ−β′+1

n t)β′
qn(1− qβ+1

n t)n−k
qn

≤ (1− qβ+1
n t)β′(1− qnt)

β−β′
qn (1− qβ+1

n t)n−k
qn

.
We deduce if qn

n ≥ c and e′n > 1/2,
A4

n ≤
∑n

k=0 q
−(β+1)k
n

[
n
k

]−1

qn
ln,k,qn(x)

∫ 1
e′n
tα(1− qnt)

β−β′
qn bn,k,qn(qβ+1

n t)dqnt

≤ γ2(n+α+β+1)α+β+1(1 − e′n)β−β′+1 where γ2 does not depend on
k, n, x. The choice of e′n and τ ′ gives lim

n→∞
nA4

n = 0. �

Proof of Theorem 3.5.
Suppose f is continuous at x ∈]0, 1[. Let ε > 0 be an arbitrary real

number. There exists δ′ > 0 such that |f(x)− f(t)| < ε for any t ∈]0, 1[
such that |x− t| < δ′. Let δ = δ′/2 and N ′ ∈ N such that (1− qβ+1

n )x < δ
for n > N ′. Then we have, if |x− t| < δ and n > N ′, the inequali-
ties −δ < −qβ+1

n δ < x − qβ+1
n t = qβ+1

n (x − t) + (1 − qβ+1
n )x < 2δ and∣∣∣f(x)− f(qβ+1

n t)
∣∣∣ < ε.

Hence, we have, for any t ∈]0, 1],
if |f | is bounded by κ,

∣∣∣f(x)− f(qβ+1
n t)

∣∣∣ < ε+ 2κIx,δ(t)

and, in the case 2, if
∣∣∣Uα′,β′

f

∣∣∣ is bounded by κ′,∣∣∣f(x)− f(qβ+1
n t)

∣∣∣ < ε+ (|f(x)|+ κ′(qβ+1
n t)−α′(1− qβ+1

n t)−β′)Ix,δ(t).

We apply the operator Mα,β
n,qn at the function hx(t) = f(t)− f(x).

We have
∣∣∣Mα,β

n,qnf(x)− f(x)
∣∣∣ =

∣∣∣Mα,β
n,qnhx(x)

∣∣∣ ≤ (
Mα,β

n,qn |hx|
)

(x)

≤
{
ε+ 2κTn,2,qn(x)/δ2, in the case 1,
ε+ |f(x)|Tn,2,qn(x)/δ2 + κ′En(x, δ), in the case 2.

The second terms of the right hand side vanish when [n]qn
tends to

infinity hence when n tends to infinity in both cases (remark 1). The result
follows from Lemma 3.11. �
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Proof of Theorem 3.6.
We write Taylor formula at the point x,

f(t) = f(x) + (t− x)f ′(x) + (t− x)2f ′′(x)/2 + (t− x)2ε(t− x)
where lim

u→0
ε(u) = 0.

We apply the operator Mα,β
n,qn at the function f of the variable t to obtain

Mα,β
n,qnf(x)− f(x) = −f ′(x)Tn,1,qn(x) +

f ′′(x)
2

Tn,2,qn(x) +Rn(x) where

Rn(x) = Mα,β
n,qnζx(x) with ζx(t) = (t− x)2ε(t− x). We use lim

q→1
[a]q = a for

any a ∈ R and we verify, with the help of the formulae established in the
proof of Theorem 3.1, that lim

n→∞
[n]qn

Tn,1,qn(x) = (α+β+2)x− α− 1 and

lim
n→∞

[n]qn
Tn,2,qn(x) = 2x(1− x). So, to obtain the result, we have to prove

that lim
n→∞

[n]qn
Rn(x) = 0. We proceed in the same manner as in the proof

of Theorem 3.5. For any arbitrary η > 0, we can find δ > 0 such that, for
n large enough, |ε(x− t)| < η if

∣∣∣x− qβ+1
n t

∣∣∣ < δ.

We obtain the inequality |ζx(t)| ≤ η(x− t)2 +(ρx + |f(t)|)Ix,δ(q−(β+1)t)
for any t ∈]0, 1[, where ρx is independent of t and δ. We deduce

[n]qn
|Rn(x)| ≤


[n]qn

(ηTn,2,qn(x) + (ρx + κ)Tn,4,qn(x)/δ4), in the case 1,
[n]qn

(ηTn,2,qn(x) + ρxTn,4,qn(x)/δ4) + κ′nEn(x, δ),
in the case 2.

The right hand side tends to 2ηx(1− x) when n (hence [n]qn
) tends to

infinity and is as small as wanted. �

Theorem 3.12 If the function f has a derivative f ′ continuous on ]0, 1[
which is extendable by continuity at 0 and 1, we have, for q > 1/2 and
n ≥ 2 :∥∥∥Dq(Mα,β

n,q f)− f ′
∥∥∥
∞

≤ C ′
α,β

ω
f ′, 1√

[n]q

 + ω
(
f ′, 1− q

) +
[α+β+2]q

[n]q

∥∥f ′∥∥∞ ,

where C ′
α,β is a constant independent of n, q, f.

Hence, if lim
n→∞

qn = 1, then lim
n→∞

Dqn(Mα,β
n,qnf) = f ′ uniformly on [0, 1] .

Proof. We write, using (2.1), for any x ∈ [0, 1],
DMα,β

n f(x)− f ′(x)
= [n]

[n+α+β+2]q
α+β+2

(
Mα+1,β+1

n−1

(
Df

(
·
q

))
(qx)−Df(x) +Df(x)− f ′(x)

)
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+
(

[n]
[n+α+β+2]q

α+β+2 − 1
)
f ′(x).

Since 0 < [n]
[n+α+β+2]q

α+β+2 < 1, we have∣∣∣D(Mα,β
n f(x))− f ′(x)

∣∣∣
≤

∣∣∣Mα+1,β+1
n−1

(
Df

(
·
q

))
(qx)−Df(x)

∣∣∣ + |Df(x)− f ′(x)|+ [α+β+2]
[n] |f ′(x)| .

The Theorem (3.1) for the function Df
(
·
q

)
gives∣∣∣Mα+1,β+1

n−1

(
Df

(
·
q

))
(qx)−Df( ·q )(qx)

∣∣∣ ≤ Cα+1,β+1ω

(
Df( ·q ), 1√

[n−1]

)
.

Moreover |Df(x)− f ′(x)| = |f ′(y)− f ′(x)| for some y with qx ≤ y ≤ x
hence |y − x| ≤ 1 − q and |Df(x)− f ′(x)| ≤ ω(f ′, 1 − q). The modulus of
continuity of Df

(
·
q

)
is linked with the modulus of continuity of f ′. Indeed,

for any yi ∈ [0, 1] and i = 1, 2, there exists zi, such that , yi ≤ zi ≤ yi/q
and Df( ·q )(yi) = f ′(zi).

As |z1 − z2| ≤ |y1 − y2| /q + (1− q)/q we get

ω
(
Df( ·q ), t

)
= sup|y1−y2|≤t

∣∣∣Df( ·q )(y1)−Df( ·q )(y2)
∣∣∣

≤ sup|y1−y2|≤t(|f ′(z1)− f ′(z2)| ≤ 2(ω(f ′, t) + ω(f ′, 1− q))

and the result follows. �

Corollary 3.13 Under the hypothesis of Theorem 3.12, we have, if 1−qn =
o(1/n4) :

lim
n→∞

(
Mα,β

n,qn
f
)′

(x) = f ′(x) uniformly on [0, 1].

Proof. For any x ∈ [0, 1], there exists u ∈ (qnx, x) such that
Dqn(Mα,β

n,qnf)(x) = (Mα,β
n,qnf)′(u) and (x− u) ≤ 1− qn. Hence∣∣∣Dqn(Mα,β

n,qnf)(x)− (Mα,β
n,qnf)′(x)

∣∣∣ ≤ (1− qn)
∣∣∣(Mα,β

n,qnf)′′(v)
∣∣∣ for some v and∥∥∥Dqn(Mα,β

n,qnf)− (Mα,β
n,qnf)′

∥∥∥
∞
≤ n4(1− qn)

∥∥∥Mα,β
n,qnf

∥∥∥
∞
≤ n4(1− qn) ‖f‖∞ ,

via Markov inequality. �

4 Self-adjointness properties

In this part q ∈]0, 1[ is independent of n.
On the space of polynomials 〈., .〉α,β

q is an inner product. Let
(
Pα,β

r,q

)
r∈N

be the sequence of the orthogonal polynomials for 〈., .〉α,β
q such that degree
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of Pα,β
r,q = r and Pα,β

r,q (0) =
[
α+r
r

]
q

=
[α+r]q . . . [α+1]q

[r]q!
.

We set νr =
(
〈Pα,β

r,q , P
α,β
r,q 〉α,β

q

)1/2
.

We define Uα,β
q which is a q-analogue of the Jacobi differential operator

by:

Uα,β
q f(x) = Dq

(
xα+1(1− q−β−1x)β+1

q Dqf(
x

q
)
) /

xα(1− q−βx)β
q . (4.1)

Proposition 4.1 The operator Uα,β
q is self-adjoint with respect to 〈., .〉α,β

q .
It preserves the space of polynomials of degree ≤ r, r ∈ N. Consequently,
for any r ∈ N, Pα,β

r,q is eigenvector of Uα,β
q for the eigenvalue

µα,β
r = −q−β−r [r]q [r+α+β+1]q .

Proof. Uα,β is a q-differential operator of order 2. We compute with q-
binomial relations,
Uα,βf(x)={
−qα−β [β+1]x+ [α+1] (1− q−β−1x

}
Df(x) + x(1− q−β−1x)/qD2f(x

q ),
hence the operator U preserves the degree of polynomials. If f and g are

polynomials 〈Uf, g〉 is well defined. We write, since the q-integration by
parts is valid,

〈Uα,βf, g〉 =
[
tα+1(1− q−β−1t)β+1

q Df( t
q )g(t)

]qβ+1

0

−
∫ qβ+1

0
(qt)α+1(1− q−βt)β+1

q Df(t)Dg(t)dqt

and the first term vanishes.
We compute Uα,βf(x) for f(x) = xr to obtain

Uα,βf(x) = q1−r [r] ([α+r]xr−1(1 − x) − q−β−1 [β+1]xr where the coeffi-
cient of xr is the eigenvalue µα,β

r if r ≥ 1. �

Proposition 4.2 The eigenvectors of the operators Mα,β
n,q , n ∈ N, are the

polynomials Pα,β
r,q , r ∈ N and, if f satisfies C(α), we have

Mα,β
n,q f =

n∑
r=0

λα,β
n,r 〈f, P

α,β
r,q 〉α,β

q Pα,β
r,q /ν

2
r with the eigenvalues

λα,β
n,r = qr(r+α+β+1)

[n]q!
[n− r]q!

Γq(n+α+β+2)
Γq(n+r+α+β+2)

if r ≤ n,

λα,β
n,r = 0 otherwise.
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Proof. Since Mn is self adjoint and preserve the degree of polynomials,
the orthogonal polynomials Pr are eigenvectors. The eigenvalue λα,β

n,r is
obtained by computing DrMnf(x) for f(x) = xr. We use (2.1) r times to

get DrMnf(x) =
qr(α+β+r+1) [r]! [n] . . . [n−r+1]

[n+α+β+2] . . . [n+r+α+β+1]
= λα,β

n,r [r]!. �

Corollary 4.3 1. For any n,m ∈ N, the operators Mα,β
n,q and Mα,β

m,q com-
mute on the space of functions satisfying C(α).

2. For any n ∈ N, the operators Mα,β
n,q and Uα,β

q commute on the space
of functions f such that f ′ is defined in a neighbourhood of 0 and is
extendable by continuity at the point 0.

Proof. 2) For any r ∈ N the q-integrals 〈f, UPr〉 and 〈Uf, Pr〉 are well de-
fined if f ′ is defined in a neighbourhood of 0 and is extendable by continuity
at the point 0. We go from one to the other by two q-integrations by parts
which are valid because lim

x→0
Df(x

q ) = f ′(0). Then we write

UMnf =
n∑

r=0
λn,r〈f, Pr〉µrPr/ν

2
r =

n∑
r=0

λn,r〈Uf, Pr〉Pr/ν
2
r = MnUf. �

Remark 4.4 This proposition and its corollary open a field to study
lim

n→∞
Mα,β

n,q f for q fixed. Formally we have

lim
n→∞

Mα,β
n,q f = Sα,β

q f =
∞∑

r=0
qr(r+α+β+1)〈f, Pα,β

r,q 〉α,β
q Pα,β

r,q /ν
2
r

and, if Q is a polynomial,

lim
n→∞

Mα,β
n,q Q =

deg Q∑
r=0

qr(r+α+β+1)〈Q,Pα,β
r,q 〉α,β

q Pα,β
r,q (x)/ν2

r.

So lim
n→∞

Mα,β
n,q f = f, if and only if f is a constant.

Moreover, λα,β
n−1,r − λα,β

n,r =
qn+βλα,β

n,r µ
α,β
r

[n]q [n+α+β+1]q
, r ∈ N, hence

Mα,β
n−1f −Mα,β

n f =
qn+β

[n]q [n+α+β+1]q
Uα,βMα,β

n f and it is easy to prove

(cf. [2]) that, if f ′ is defined in a neighbourhood of 0 and is extendable by
continuity at the point 0,∥∥∥Mα,β

n,q f − Sα,β
q f

∥∥∥
∞
≤ γn supx∈]0,qβ+2]

∣∣∣Uα,β
q f(x)

∣∣∣ ,
where γn =

∞∑
k=n+1

qk+β

[k]q [k+α+β+1]q
∼
qn+β+1

[n]q
.
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Proposition 4.5 The polynomials Pα,β
r,q are q-extensions of Jacobi poly-

nomials with respect to the weight xα(1 − x)β denoted Pα,β
r , r ∈ N. They

have the following properties which are the q-analogues of the well-known
properties of Jacobi polynomials.

1. For any r ∈ N, lim
q→1

Pα,β
r,q = Pα,β

r ,

2. For any r ∈ N, the polynomial Pα,β
r,q is a q-hypergeometric function

(cf. [7], p. 43) :

Pα,β
r,q (x) =

[
α+r

r

]
q 2Φ1

[
q−r, qr+α+β+1

qα+1 ; q , q−βx

]
So we have Pα,β

r,q (x) =
[

α+r
r

]
q
pr(q−β−1x; qα, qβ : q),

where pr(x;u, v : q) is the shifted little q-Jacobi polynomial of degree r
(cf. [1], p. 592).

3. They verify a q-analogue of Rodrigues formula :

Pα,β
r,q (x) =

1
[r]q!

Dr
q

(
xα+r(1− q−β−rx)β+r

q

)
xα(1− q−βx)β

q

.

4. We have the relation for the q-derivative r ≥ 1 :

DqP
α,β
r,q

(
·
q

)
= −q−β−r [r+α+β+1]q P

α+1,β+1
r−1,q .

Proof.
2) We look for the analytic solutions of the equation
Uα,β

q f − µα,β
r,q f = 0.

We write f(x) =
∞∑

k=0

akx
k, so

Uα,β
q f(x)− µα,β

r,q f(x) = [α+1] a1 − µα,β
r,q a0

+
∞∑

k=1

(
[k+1] [k+α+1] qβak+1−([k] [k+α+β+1]−µα,β

r,q qk+β)ak

)
q−k−βxk.

We obtain
ak+1

ak
= −q−r−β ([r]− [k]) [k+r+α+β+1]

[k+1] [k+α+1]
= q−βR(qk), for any

k ∈ N, with R(t) =
(q−r − t−1)(qr+α+β+1 − t−1)

(q − t−1)(qα+1 − t−1)
and the result follows.

3) For any polynomial Q of degree < r, we verify, with the help of

q-integrations by parts that 〈
Dr

q

(
xα+1(1−q−β−rx)β+r

q

)
xα(1−q−βx)β

q
, Q〉α,β

q = 0.
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We compute Pα,β
r,q (0) by using a q-extension of Leibniz formula:

(Dr
q(g1g2))(x) =

r∑
k=0

[
r
k

]
(Dk

q g1)(q
r−kx)(Dr−k

q g2)(x).

We write Dr
q

(
xα+r(1− q−β−rx)β+r

q

)
=

r∑
k=0

[ r
k

] Γq(α+r+1)Γq(β+r+1)
Γq(α+k+1)Γq(β+r−k+1)

xα+k(1− q−βx)β+r−k
q qck , where

ck = k(k+α−β−r+(k−1)/2) and
A(x) = Dr

q

(
xα+1(1− q−β−rx)β+r

q

) /
xα(1− q−βx)β

q

=
r∑

k=0

[
r
k

] Γq(α+r+1)Γq(β+r+1)
Γq(α+k+1)Γq(β+r−k+1)

xk(1−q−β−r+kx)r−k
q qck .

We obtain A(0) = Γq(α+r+1) /Γq(α+1) = [r]!
[

r+α
r

]
hence

Pα,β
r,q (x) = A(x)/ [r]!.

1) We take lim
q→1

A(x) =
r∑

k=0

( r
k

) Γ(α+r+1)Γ(β+r+1)
Γ(α+k+1)Γ(β+r−k+1)

xk(1−x)r−k.

It is r!Pα,β
r (x) (Rodrigues formula).

4) We use (2.1) to prove that DqP
α,β
r,q ( ·q ) is eigenvector of Mα+1,β+1

r−1,q .

Hence, it is equal to Pα+1,β+1
r−1,q up to a constant.

We compute DqP
α,β
r,q (0) = a1 = µα,β

r,q a0, hence

a1 = −
[

r+α
r

]
q−β−r [r] [r+α+β+1] / [α+1]

= −q−β−r [r+α+β+1]
[

r+α
r−1

]
and the result follows. �

5 The case α = β = −1

In this part, we study the operators M -1,-1
n,q , n ∈ N. They are built for

functions defined on the closed interval [0, 1] . They are obtained from the
operators M0,0

n−1,q as Kantorovich operators are obtained from Bernstein
operators with the help of Proposition 5.3, formula 5.1.

Definition 5.1
For any n ∈ N− {0} and a function f defined on [0, 1] the polynomial

M -1,-1
n,q is defined by replacing α = β by−1 in formula 1.1. It is :

M -1,-1
n,q f(x) =

n∑
k=0

f -1,-1
n,k,qbn,k,q(x)
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with f -1,-1
n,0,q = f(0), f -1,-1

n,n,q = f(1) and the coefficients f -1,-1
n,k,q , for k =

1, . . . , n−1, are given by (1.3) taking α = β =−1.

The bilinear form is 〈f, g〉-1,-1q =
∫ 1

0

f(t)g(t)
t(1− t)

dqt.

The polynomial M -1,-1
n,q f is well defined for any function f bounded in

a neighbourhood of 0 (condition C(-1)). It verifies M -1,-1
n,q f(0) = f(0) and

M -1,-1
n,q f(1) = f(1), hence it preserves the affine functions.

Proposition 5.2 If the function f is continuous on [0, 1] , then
lim

α→-1
Mα,α

n,q f(x) = M -1,-1
n,q f(x) for any x ∈ [0, 1] .

Proof. The q-binomial coefficients bn,k,q(x) are positive and form a partition
of the unity. Hence it is sufficient to prove that lim

α→−1
fα,α

n,k,q = f -1,-1
n,k,q for any

k. For k = 1, . . . , n−1, we compute
fα,α

n,k,q − f -1,-1
n,k,q

=
∫ 1
0 t

k+α (1− qt)n−k+α
q

(
f(qα+1t)− f(t)

)
dqt /Bq(k+α+1, n−k+α+1)

+
∫ 1
0 t

k+α (1− qt)n−k+α
q f(t)dqt /Bq(k+α+1, n−k+α+1)

−
∫ 1
0 t

k−1 (1− qt)n−k−1
q f(t)dqt /Bq(k, n−k)

= F1 + F2 + F3.

We consider Ik =

∫ 1
0 t

k+α (1− qt)n−k+α
q

(
f(qα+1t)− f̃k(t)

)
dqt

Bq(k+α+1, n−k+α+1)
, with

f̃0(t) = f(0), f̃n(t) = f(1) and f̃k(t) = f(t), k = 1, . . . , n− 1 and prove
that lim

α→−1
Ik = 0, for k = 0, . . . , n. We use the additivity of the modulus of

continuity of f, q-Beta integrals and we set δ = [α+1]
[n+2+2] .

We have
∣∣f(qα+1t)− f(0)

∣∣ ≤ ω(f, t) ≤ ω(f, δ)(1 + t/δ), hence

|I0| ≤ ω(f, δ)(1 + 1
δ

∫ 1
0 t

α+1 (1− qt)n+α
q dqt

/∫ 1
0 t

α (1− qt)n+α
q dqt)

≤ 2ω(f, [α+1]
[n+2α+2]).

For k = n, we have
∣∣f(qα+1t)− f(1)

∣∣ ≤ ω(f, 1− qα+1t), hence

|In| ≤ ω(f, δ)(1 +
∫ 1
0 t

α+n (1− qt)α+1
q dqt

/
(δ

∫ 1
0 t

α+n (1− qt)α
q dqt))

≤ 2ω(f, [α+1]
[n+2α+2]).

As fα,α
n,0,q−f(0) = I0 and fα,β

n,n,q−f(1) = In, the result follows for k = 0 and
n.

For k = 1, . . . , n− 1, we have
∣∣f(qα+1t)− f(t)

∣∣ ≤ ω(f, 1− qα+1) and
|Ik| ≤ ω(f, 1− qα+1). Hence, F1 = Ik vanishes when α tends to −1.
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In F2 the q-integral is (1− q)
∑n

j=0 q
j(k+α+1)(1− qj+1)n−k+αf(qj). This

series is uniformly convergent, hence its limit when α tends to −1 is the q-
integral of F3. At last the q-Beta function in F2 tends to the q-Beta function
in F3 because Γq is continuous. �

Numerous properties shown in the case α, β > −1 are still true if α =
β = −1. Some of them are given in the following.

Proposition 5.3 If the function f is continuous at the points 0 and 1, and
verifies the condition C(-1), we have :

DqM
-1,-1
n,q f(x) = M0,0

n−1,q

(
Dqf

(
·
q

))
(qx), x ∈ [0, 1]. (5.1)

Proof. The expressions for (fα,β
n,k+1−f

α,β
n,k ) established in the proof of Propo-

sition (2.1) hold if α = β = −1 and k = 1, . . . , n− 2.
For the two other terms we have

(f -1,-1
n,1 − f(0)) = −

[
(1− t)n−1

q (f(t)− f(0))
]1

0
+

∫ 1
0 (1− qt)n−1

q Dqf(t)dqt and

(f(1)− f -1,-1
n,n−1) = −

[
tn−1(f(t)− f(1))

]1

0
+

∫ 1
0 (qt)n−1Dqf(t)dqt.

The first terms vanish since f is continuous at 0 and 1. �

Theorem 5.4

1. If f is continuous on [0, 1], then
∥∥∥M -1,-1

n,q f − f
∥∥∥
∞
≤ Cte ω

(
f, 1√

[n]q

)
,

(Theorem 3.1).

2. If lim
n→∞

qn = 1 and if the function f is bounded on [0, 1], then

(a) lim
n→∞

M -1,-1
n,qn f(x) = f(x) if f is continuous at the point x ∈ [0, 1],

(Theorem 3.5).
(b) lim

n→∞
[n]qn

(M -1,-1
n,qn f(x) − f(x)) = x(1 − x)f ′′(x) if the function f

admits a second derivative at the point x ∈ [0, 1], (Theorem 3.6).
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Overconvergence of Some

Next-to-Interpolatory Polynomials
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Abstract. The next-to-interpolatory polynomial of an analytic func-
tion f(z) is the unique solution of the following problem:

given n + 1 distinct complex numbers z0, z1, . . . , zn (nodes), given
an integer p ≥ 1, find a polynomial P (f ; z) of degree at most
p(n + 1)− 2 with

P (i)(f ; zk) = f (i)(zk), 0 ≤ k ≤ n, 0 ≤ i ≤ p− 2, (a)

and that, at the same time, minimizes

max
0≤k≤n

∣∣∣P (p−1)(f ; zk)− f (p−1)(zk)
∣∣∣ . (b)

For p = 1 only condition (b) is imposed, condition (a) has to be
omitted.
In this paper the solution will be given explicitly for the nodes given
by the zeros of the polynomial

w(z) = (z + α)n+1 − rn+1(1 + αz)n+1, 0 ≤ α < 1, 0 < r ≤ 1.

It will be proved that this solution converges geometrically and uni-
formly to f(z) on compact subsets of its domain of analyticity.

Moreover, overconvergence for n → ∞ of the difference of two
next-to-interpolatory polynomials will be shown in the case that f(z)
has a singularity on the boundary of its domain of analyticity.
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1 Introduction

The concept of Hermite interpolation (see [3]) is well known and some facts
will be given here without proof.

Given n + 1 pairwise distinct points, z0, z1, . . . , zn in the complex plane
(the nodes) and an integer p ≥ 1, the Hermite interpolation problem con-
sists of finding a polynomial P (z) of degree at most p(n + 1) − 1 that
satisfies

P (i)(zk) = ci
k, 0 ≤ k ≤ n, 0 ≤ i ≤ p− 1, (1.1)

where the complex data ci
k are arbitrary.

This problem has a unique solution for any set of data, i.e. it is regular,
and the so-called fundamental polynomials (ci

k = δi,k, Kronecker’s delta)
can be given explicitly.

In the case that the data are derived from a function that is (p − 1)
times differentiable at the nodes, i.e.

ci
k = f (i)(zk), 0 ≤ k ≤ n, 0 ≤ i ≤ p− 1, (1.2)

the unique solution of (1.1) is called the interpolating polynomial of f .
It is a matter of simple linear algebra that the restriction of the degree

of P (z) to be at most p(n + 1) − 2 leads to a problem that does not have
a solution for all sets of data! This was addressed in [4] by modification of
the interpolation problem in the following way.

Given data ci
k, find a polynomial P (z) of degree at most p(n + 1) − 2

that satisfies

P (i)(f ; zk) = ci
k, 0 ≤ k ≤ n, 0 ≤ i ≤ p− 2, (1.3)

(this condition has to be omitted for p = 1) and that, at the same time,
minimizes

max
0≤k≤n

∣∣∣P (p−1)(f ; zk)− cp−1
k

∣∣∣ . (1.4)

In [4], Theorem 3, the solution is proved to exist, to be unique and is
exhibited explicitly as a weighted sum of the solutions of Hermite problems
that omit one of the nodes in the conditions for the (p− 1)th derivative:

P (z) =
n∑

k=0

gkqk(z), gk =
|w′(zk)|−p∑n

j=0 |w′(zj)|−p
, (1.5)

where

w(z) =
n∏

k=0

(z − zk)
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and qk(z) is the unique solution of q
(i)
k (zj) = ci

j , 0 ≤ j ≤ n, 0 ≤ i ≤ p− 2,

q
(p−1)
k (zj) = cp−1

j , 0 ≤ j ≤ n, j 6= k.
(1.6)

In the next section the interpolation nodes will be taken at the zeros of the
polynomial indicated in the abstract and the next-to-interpolatory poly-
nomial will be given explicitly with the aid of Cauchy’s integral formula.
Moreover, it will be shown that this polynomial converges to the function
f(z) on its domain of analyticity for n →∞ in the case that ci

k = f (i)(zk).
In the study of different interpolation processes, the notion of equi-

convergence or overconvergence appears, going back to [6]; it has been
studied in different settings, see a.o. [1], [2], [7].

In [6] the author considered a function

f(z) =
∞∑

k=0

akz
k,

analytic on |z| < ρ, not on |z| ≤ ρ, ρ > 1. If Pn(z) is the Lagrange
interpolating polynomial to f(z) on the roots of unity (the zeros of zn+1−1)
and if

Sn(z) =
n∑

k=0

akz
k

are the partial sums of f(z), Walsh showed that

lim
n→∞

(Pn(z)− Sn(z)) = 0 on |z| < ρ2,

locally uniformly and geometrically.
In [5] Sharma and Ziegler combined the two concepts next-to-interpo-

latory and overconvergence, using as nodes the Möbius transforms of the
(n + 1)th roots of unity in the case that p = 1 and they stated in a remark

Motzkin and Sharma [4] have also defined next-to-interpolatory
polynomials on sets with multiplicities.
Cavaretta et al. [2] have proved an equiconvergence theorem on
roots of unity when the multiplicity is 2.
It would be interesting to obtain its analogue on the perturbed
roots of unity.
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The layout of the paper is now as follows: in section 2 the next-to-
interpolatory polynomials will be given in integral form for p ≥ 1, it will
be stated that these polynomials converge for n → ∞ to the function
they were derived from on the domain of analyticity (locally uniformly and
geometrically). Furthermore two interpolation processes will be compared
and an over-convergence result for the difference will be stated. The results
reduce to those in [5] on taking p = 1.

Section 3 contains the proofs of the results and the paper concludes
with a short list of references.

2 New results

Let R, r, α ∈ R be real numbers satisfying

R > 1, 0 ≤ α < 1, 0 < r ≤ 1, (2.1)

and let the function f(z), analytic on |z + α| < R + α but not on |z + α| ≤
R + α, be given by

f(z) =
∞∑

j=0

aj(z + α)j , lim sup
j→∞

|aj |1/j =
1
R

. (2.2)

For an arbitrary integer p, with p ≥ 1, and α, r as in (2.1), the interpolation
nodes are given by the zeros of the polynomial of degree n + 1, n ≥ 0:

w(z) = wn,α,r(z) =
(z + α)n+1 − rn+1(1 + αz)n+1

1− rn+1αn+1
. (2.3)

In the sequel, the dependence on α, r and n will not be indicated explicitly
for w(z).

Theorem 2.1 The next-to-interpolatory polynomial Pn(f ; z) of degree at
most p(n + 1)− 2, satisfying

P (i)
n (f ; zk) = f (i)(zk), 0 ≤ k ≤ n, 0 ≤ i ≤ p− 2 (2.4)

and at the same time minimizing

max
0≤k≤n

∣∣∣P (p−1)
n (f ; zk)− f (p−1)(zk)

∣∣∣ , (2.5)
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where the zk (0 ≤ k ≤ n) are the zeros of w(z) from (2.3), are given
explicitly by

Pn(f ; z) =
1

2πi

∫
Γ

f(t)
t− z

w(t)p − w(z)p

w(t)p
dt− λp

n∑
k=0

gk
w(z)p

z − zk
, (2.6)

with

λp =
1

2πi

∫
Γ

f(t)
w(t)p

dt and gk =
|1− rαωk|p(n−1)∑n

`=0 |1− rαω`|p(n−1)
(0 ≤ k ≤ n). (2.7)

Here ω is a primitive (n + 1)th root of unity and Γ is a closed, positively
oriented smooth curve that has z and all the zeros zk of w(z) in its interior:
|t + α| = ρ + α for a certain ρ with 1 < ρ < R.

Remark 2.2 From (2.6), we see that the next-to-interpolatory polynomial
of order p is just the Hermite interpolation polynomial (cf. [3]), with a
correction given using (2.7). If now f(z) = Qm(z) is a polynomial of degree
m ≤ p(n+1)−2, then the ‘full’ Hermite interpolation problem (use in (2.4)
0 ≤ i ≤ p− 1) has as solution Qm itself. Indeed: the interpolation problem
has a unique solution of degree at most p(n + 1)− 1, so the ‘candidate’ Qm

is recovered (although the degree is lower).
That formula (2.6) leads to the same result follows from the fact that

the integral representation for λp in (2.7) now has as integrand a rational
function with numerator of degree at most p(n + 1) − 2 and denominator
degree p(n + 1). Thus the integral, actually −Res[Qm(t)/w(t)p, t = ∞], is
equal to zero.

Remark 2.3 The error made in (2.5) for the solution, turns out to be
independent of k: for each k with 0 ≤ k ≤ n we have∣∣∣P (p−1)

n (f ; zk)− f (p−1)(zk)
∣∣∣ = max

0≤j≤n

∣∣∣P (p−1)
n (f ; zj)− f (p−1)(zj)

∣∣∣ .

For the proof, the reader is referred to section 3.

Just as in the case of Hermite interpolation, the interpolation process “re-
covers” f(z) when n →∞:

Theorem 2.4 Let p, α, r, f(z) and Pn(f ; z) be as before, then

lim
n→∞

Pn(f ; z) = f(z) on |z + α| < R + α, (2.8)

geometrically and locally uniformly.
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Introduce now a sort of ‘shifted’ coefficient gk:

εk = gk −
1

n + 1
, 0 ≤ k ≤ n. (2.9)

This allows us to rewrite (2.6) as

Pn(f ; z) = P ∗
n(f ; z) + Rn(f ; z) (2.10)

with

P ∗
n(f ; z) =

1
2πi

∫
Γ

f(t)
t− z

w(t)p − w(z)p − t−z
n+1w′(z)w(z)p−1

w(t)p
dt (2.11a)

Rn(f ; z) =− 1
2πi

∫
Γ

f(t)
w(t)p

dt ·
n∑

k=0

εk
w(z)p

z − zk
. (2.11b)

Remark 2.5 From the explicit form of gk in (2.7), it follows that εk = 0
for all k when α = 0. In that case the interpolation nodes are rωk (0 ≤
k ≤ n, ω a primitive (n+1)th root of unity, and the “error term” Rn(f ; z)
in (2.10), (2.11) is identically zero.

In the sequel we need an expression for P ∗
n(f ; z) in (2.11) in terms of the

coefficients of the power series for f(z), this will be done in the following
theorem, after the introduction of some abbreviations.

Put

w∗(z) = (1− rn+1αn+1)w(z) = (z + α)n+1 − (1 + αz)n+1, (2.12)

K1(t, z) := (t + α)nw∗(t)p−1 − (z + α)nw∗(z)p−1, (2.13)

K2(t, z) := (1 + αt)nw∗(t)p−1 − (1 + αz)nw∗(z)p−1, (2.14)

and for arbitrary m,N with 0 ≤ m ≤ N ≤ ∞

SN
m(t) =

N∑
j=m

(
p + j − 1

j

) (
r
1 + αt

t + α

)j(n+1)

, (2.15)

then we have

Theorem 2.6 P ∗
n(f ; z) can be rewritten as

P ∗
n(f ; z) =

1
2πi

∫
Γ

f(t)
t− z

K1(t, z)
(t + α)p(n+1)

(t + α)S∞0 (t)dt

− 1
2πi

∫
Γ

f(t)
t− z

K2(t, z)
(t + α)p(n+1)

rn+1(1 + αt)S∞0 (t)dt (2.16)
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Remark 2.7 Note that K1(z, z) = K2(z, z) = 0, showing that the inte-
grand is analytic at t = z.

In order to compare two different interpolation processes, in the vein of
‘comparing data from a full function’ with ‘data from a part of the function’,
we introduce a cut-off parameter ` that is used to define a cutoff of (2.16)

Definition 2.8 Let ` ≥ 1 be an arbitrary natural number, write

S∗,`n (f ; z) =
1

2πi

∫
Γ

f(t)
t− z

K1(t, z)
(t + α)p(n+1)

(t + α)S`−1
0 (t)dt

− 1
2πi

∫
Γ

f(t)
t− z

K2(t, z)
(t + α)p(n+1)

rn+1(1 + αt)S`−2
0 (t)dt (2.17)

(for ` = 1 the second integral has to be omitted).
Introduce with Rn(f ; z) from (2.11b)

S`
n(f ; z) = S∗,`n (f ; z) + Rn(f ; z). (2.18)

Remark 2.9 To keep the expose within moderate length, we just state the
effect of the introduction of `:

working out the integral in (2.16) explicitly, one sees that all coefficients
aj of f(z) appear in P ∗

n(f ; z),
using the cut-off as in (2.17) leads to the same range for the index j of

the aj that appear in the explicit form of both integrals; the use of `− 1 in
the first and `− 2 in the second integral is fundamental here.

Now we can formulate the overconvergence result:

Theorem 2.10 Introduce the difference

∆(f ; z) := Pn(f ; z)− S`
n(f ; z) = P ∗

n(f ; z)− S∗,`n (f ; z), (2.19)

then the limit
lim

n→∞
∆(f ; z) = 0, (2.20)

holds geometrically and locally uniformly on

|z + α| < (R + α)
(

1
r

R + α

1 + αR

)`/p

. (2.21)
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3 Proofs

First we prove two lemmas that will be used in the sequel.

Lemma 3.1 Let k with 0 ≤ k ≤ n be fixed and define

πk(z) =
n∏

j=0,j 6=k

z − zj

zk − zj
=

w(z)
w′(zk)(z − zk)

. (3.1)

Then:

πk(zm) = δk,m =

{
0, k 6= m,

1, k = m,
(3.2)

and

π
(i)
k (zk) =

1
i + 1

w(i+1)(zk)
w′(zk)

, i ≥ 1. (3.3)

Proof. Follows by applying induction and l’Hospital’s rule. �

Lemma 3.2 Let x ∈ R, |x| < 1, then for any integer ` ≥ 1:
∞∑

j=0

(
p + j + `− 1

j + `

)
xj+` =

x`

1− x

p−1∑
j=0

(
p + `− 1

j + `

) (
x

1− x

)j

. (3.4)

Proof. For real x with |x| < 1 and D = d
dx we have

∞∑
j=0

(
p + j + `− 1

j + `

)
xj+` =

=
1

(p− 1)!

∞∑
j=0

(p + j + `− 1)(p + j + `− 2) · · · (j + ` + 1)xj+`

=
1

(p− 1)!
Dp−1

∞∑
j=0

xp+j+`−1 =
1

(p− 1)!
Dp−1

(
xp+`−1

1− x

)

=
1

(p− 1)!

p−1∑
j=0

(
p− 1

j

)
Dp−1−j(xp+`−1)Dj

(
1

1− x

)

=
1

(p− 1)!

p−1∑
j=0

(
p− 1

j

)
(p + `− 1)(p + `− 2) · · · (j + ` + 1)

j!xj+`

(1− x)j+1

=
x`

1− x

p−1∑
j=0

(
p + `− 1

j + `

) (
x

1− x

)j

.

�
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Now we turn to the explicit form of the next-to-interpolatory polynomial
and prove Theorem 2.1:

Proof. According to [4], Theorem 3, the polynomial Pn(f ; z) is given by
(1.5), (1.6) in the following form

Pn(f ; z) =
n∑

k=0

gkqk(z) (3.5)

with  q
(i)
k (zj) = f

(i)
j , 0 ≤ j ≤ n, 0 ≤ i ≤ p− 2,

q
(p−1)
k (zj) = f

(p−1)
j , 0 ≤ j ≤ n, j 6= k,

(3.6)

and

gk =
|w′(zk)|−p∑n

j=0 |w′(zj)|−p
, (3.7)

where w(z) is defined in (2.3).
Note that we could use w∗ from (2.12) instead of w in the form (3.7) as

the factors (1− rn+1αn+1) cancel.
The construction of qk(z) is done in two steps. First we write

qk(z) = ϕ(z) + w(z)p−1uk(z), ϕ ∈ Πp(n+1)−2, uk ∈ Πn−1, (3.8)

with a fixed polynomial ϕ(z) to be determined later.
Because

Di
(
w(z)p−1uk(z)

)∣∣
z=zj

= 0, 0 ≤ j ≤ n, 0 ≤ i ≤ p− 2, (3.9)

we thus have to construct ϕ ∈ Πp(n+1)−2 satisfying

ϕ(i)(zj) = f (i)(zj), 0 ≤ j ≤ n, 0 ≤ i ≤ p− 2. (3.10)

As we have (p − 1)(n + 1) conditions only, this leaves a total degree of
freedom n.

In the second step we determine uk ∈ Πn−1 in such a way that

q
(p−1)
k (zj) = f (p−1)(zj), 0 ≤ j ≤ n, j 6= k. (3.11)

Thus

f (p−1)(zj) = ϕ(p−1)(zj) +Dp−1
(
w(z)p−1uk(z)

)
|z=zj

= ϕ(p−1)(zj) + (p− 1)!w′(zj)p−1uk(zj), 0 ≤ j ≤ n, j 6= k,
(3.12)
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which implies, using w′(zj) 6= 0 since the zeros of w(z) are simple, that

uk(zj) =
f (p−1)(zj)− ϕ(p−1)(zj)

(p− 1)!w′(zj)p−1
, 0 ≤ j ≤ n, j 6= k. (3.13)

We see that for a fixed j (0 ≤ j ≤ n), the quantities {uk(zj) : 0 ≤ k ≤
n, k 6= j} do not depend on k. This will be exploited later on.

The explicit formula for uk(z) then follows using standard Lagrange
interpolation on the zeros of πk(z) as introduced in (3.1), using the values
from (3.13):

uk(z) =
n∑

j=0,j 6=k

uk(zj)
π
′
k(zj)

πk(z)
z − zj

. (3.14)

Rearranging this formula for fixed k with the aid of Lemma 3.1, we find

uk(z) =
n∑

j=0,j 6=k

uk(zj)
w′(zj)

w(z)(zj − zk)
(z − zj)(z − zk)

=
n∑

j=0,j 6=k

uk(zj)
w′(zj)

w(z)
z − zj

− w(z)
z − zk

n∑
j=0,j 6=k

uk(zj)
w′(zj)

(3.15)

Taking into account that the weights gk sum to 1, this shows

Pn(f ; z) =
n∑

k=0

gk

(
ϕ(z) + w(z)p−1uk(z)

)
= ϕ(z) +

n∑
k=0

 n∑
j=0,j 6=k

gkλk,j
w(z)p

z − zj
−

n∑
j=0,j 6=k

λk,jgk
w(z)p

z − zk


= ϕ(z) +

n∑
k=0

 n∑
j=0

gkλk,j
w(z)p

z − zj
−

n∑
j=0

λk,jgk
w(z)p

z − zk


(3.16)

with

λk,j =


uk(zj)
w′(zj)

= f (p−1)(zj)−ϕ(p−1)(zj)
(p−1)!w′(zj)p for j 6= k,

f (p−1)(zk)−ϕ(p−1)(zk)
(p−1)!w′(zk)p for j = k

(3.17)

This, for the moment rather arbitrary looking definition of λk,k, is allowed
because the terms with j = k in the inner sum of (3.16) cancel (this can
also be seen from the first line of (3.15) for uk).
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Take r (0 ≤ r ≤ n) fixed and let Γr be a small circle centered at zr,
traversed once in counterclockwise direction, then

1
2πi

∫
Γr

f(t)− ϕ(t)
w(t)p

dt =
1

2πi

∫
Γr

f(t)− ϕ(t)
πr(t)p

dt

w′(zr)p(t− zr)p

=
1

(p− 1)!w′(zr)p
Dp−1

(
f − ϕ

πp
r

)∣∣∣∣
t=zr

=
1

(p− 1)!w′(zr)p

p−1∑
j=0

(
p− 1

j

) (
f (j)(zr)− ϕ(j)(zr)

)
Dp−1−j

(
π−p

r

)∣∣∣∣∣∣
t=zr

.

(3.18)
Because of the way ϕ(z) is constructed, we see that only the term with
j = p− 1 is different from zero and therefore

1
2πi

∫
Γr

f(t)− ϕ(t)
w(t)p

dt =
f (p−1)(zr)− ϕ(p−1)(zr)

(p− 1)!w′(zr)p
= λk,r. (3.19)

This calculation shows the reason of the form for λk,k introduced in
(3.17).

Now apply the residue theorem to find for λp from formula (2.7)

λp =
n∑

r=0

λk,r =
n∑

r=0

1
2πi

∫
Γr

f(t)− ϕ(t)
w(t)p

dt

=
1

2πi

∫
Γ

f(t)− ϕ(t)
w(t)p

dt

=
1

2πi

∫
Γ

f(t)
w(t)p

dt− 1
2πi

∫
Γ

ϕ(t)
w(t)p

dt

=
1

2πi

∫
Γ

f(t)
w(t)p

dt,

(3.20)

since the integral with ϕ(t) in the numerator vanishes as ϕ is a poly-
nomial of degree at most p(n + 1)− 2 and the value of the integral is just
−Res [ϕ(t)/w(t)p; t = ∞] = 0.

Moreover, we now see explicitly that the sum of the λk,r over r does
not depend on the value of k as a result of the adequate definition of λk,k

from (3.17).
We can now rewrite formula (3.16) as
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Pn(f ; z) = ϕ(z) +
n∑

j=0

[
n∑

k=0

gkλk,j

]
w(z)p

z − zj
−

n∑
k=0

 n∑
j=0

λk,j

 gk
w(z)p

z − zk
.

(3.21)
Now (3.20) implies that the coefficient between brackets in the second

sum is equal to λp and does not depend on k. Also the sum between
brackets in the first sum can be written

n∑
k=0

gkλk,j =
∑

k=0,k 6=j

gkλk,j + gjλj,j

=

 ∑
k=0,k 6=j

gk

 f (p−1)(zj)− ϕ(p−1)(zj)
(p− 1)!w′(zj)p

+ gjλj,j

= (1− gj)λj,j + gjλj,j

= λj,j .

(3.22)

With (3.21) and (3.22) the formula (3.16) for Pn(f ; z) finally turns into

Pn(f ; z) = ϕ(z) +
n∑

j=0

λj,j
w(z)p

z − zj
− λp

n∑
k=0

gk
w(z)p

z − zk
. (3.23)

In view of Remark 2.2, formula (2.6) now follows if we prove

Di

ϕ(z) +
n∑

j=0

λj,j
w(z)p

z − zj

∣∣∣∣∣∣
z=zm

= f (i)(zm), 0 ≤ m ≤ n, 0 ≤ i ≤ p− 1,

as these are the conditions for the full Hermite interpolation polynomial.

This follows immediately from (3.10), (3.17) and (3.24) below:

Di

 n∑
j=0

λj,j
w(z)p

z − zj

∣∣∣∣∣∣
z=zm

=

{
0, 0 ≤ i ≤ p− 2,

λm,m(p− 1)!w′(zm)p, i = p− 1,

(3.24)
Indeed, this gives for 0 ≤ m ≤ n, 0 ≤ i ≤ p− 2

Di

ϕ(z) +
n∑

j=0

λj,j
w(z)p

z − zj

∣∣∣∣∣∣
z=zm

= ϕ(i)(zm) = f (i)(zm),
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and for 0 ≤ m ≤ n, i = p− 1

Dp−1

ϕ(z) +
n∑

j=0

λj,j
w(z)p

z − zj

∣∣∣∣∣∣
z=zm

=

= ϕ(p−1)(zm) + (p− 1)!w′(zm)pλk,m = f (p−1)(zm).

Finally, the form of gk in (2.7) follows from (1.5). The zk satisfy

(zk + α)n+1 − rn+1(1 + αzk)n+1 = 0,

and can be written as

zk =
rωk − α

1− rαωk
, ω a primitive (n + 1)th root of unity. (3.25)

Insert

(w∗)′(zk) =
n∏

`=0,` 6=k

(zk − z`) =
(

r
1− α2

1− rαωk

)n n∏
`=0,` 6=k

ωk − ω`

1− rαω`

into (1.5):

gk =
|(w∗)′(zk))|−p∑n
`=0 |(w∗)′(z`)|−p

=
|1− rαωk|pn

∏n
`=0,` 6=k

|1−rαω`|p
|ωk−ω`|p∑n

j=0 |1− rαωj |pn
∏n

`=0,` 6=j
|1−rαω`|p
|ωj−ω`|p

=
|1− rαωk|pn

∏n
`=0,` 6=k |1− rαω`|p

∏n
`=0,` 6=k |ωk − ω`|−p∑n

j=0 |1− rαωj |pn
∏n

`=0,` 6=j |1− rαω`|p
∏n

`=0,` 6=j |ωj − ω`|−p

=
|1− rαωk|pn

∏n
`=0,` 6=k |1− rαω`|p∑n

j=0 |1− rαωj |pn
∏n

`=0,` 6=j |1− rαω`|p
=

|1− rαωk|p(n−1)∑n
j=0 |1− rαωj |p(n−1)

,

(3.26)
while the product over differences of powers of roots of unity does not
depend on k

n∏
`=0,` 6=k

|ωk − ω`|−p =
n∏

`=0,` 6=k

|ωk|−p|1− ω`−k|−p =
n∏

`=1

|1− ω`|−p.

The final form of (3.26) is just the value of gk from (2.7). �
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We now turn to the proof of Remark 2.3.
Proof. Introduce

εk(Pn) :=
∣∣∣P (p−1)

n (f ; zk)− f (p−1)(zk)
∣∣∣ , 0 ≤ k ≤ n, (3.27)

where Pn(f ; z) is the next-to-interpolatory polynomial from Theorem 2.1
and let

ε = max
0≤k≤n

εk(Pn). (3.28)

Assume that for a certain value ` with 0 ≤ ` ≤ n

ε`(Pn) < ε.

Now define
Qn(f ; z) = Pn(f ; z)− δξ(z),

with ξ(z) the unique polynomial of degree at most p(n + 1)− 2 satisfying{
ξ(i)(zk) = 0, 0 ≤ k ≤ n, 0 ≤ i ≤ p− 2,

ξ(p−1)(zk) = P
(p−1)
n (f ; zk)− f (p−1)(zk), 0 ≤ k ≤ n, k 6= `,

and δ ∈ (0, 1) satisfying

δ|ξ(p−1)(z`)| < ε− ε`(Pn).

Then
εk(Qn) =

∣∣∣Q(p−1)
n (f ; zk)− f (p−1)(zk)

∣∣∣
= (1− δ)

∣∣∣P (p−1)
n (f ; zk)− f (p−1)(zk)

∣∣∣
= (1− δ)εk(Pn) < ε

for 0 ≤ k ≤ n, k 6= `, while

ε`(Qn) =
∣∣∣Q(p−1)

n (f ; z`)− f (p−1)(z`)
∣∣∣

≤
∣∣∣P (p−1)

n (f ; z`)− f (p−1)(z`)
∣∣∣ + δ

∣∣∣ξ(p−1)(z`)
∣∣∣

< ε`(Pn) + (ε− ε`(Pn)) = ε.

Thus
max

0≤k≤n
εk(Qn) < ε,

in contradiction with the fact that the next-to-interpolatory polynomial Pn

is the solution of the mini-max problem (2.4), (2.5). �
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The proof of Theorem 2.4 runs as follows.
Proof. Let z, fixed, belong to |z + α| < R + α, then there exists a ρ with
1 < ρ < R such that Γ = {t | |t + α| = ρ + α} encircles z.

Introducing δ2, 0 < δ2 < 1, by

δ2 =
1

ρ + α

(
ρ + 1

2
+ α

)
, (3.29)

we see that the fixed z belongs to D defined by

D := {z | |z + α| ≤ δ2(ρ + α)}, (3.30)

and, moreover, we have that Γ lies inside the boundary of D

∂D = {z | |z + α| = ρ + 1
2

+ α}. (3.31)

Now (3.30) implies that

z ∈ D ⇒ |1 + αz| ≤ δ3(1 + αρ), 0 < δ3 < 1. (3.32)

After these preliminaries, we use (2.6) and

f(z) =
1

2πi

∫
Γ

f(t)
t− z

dt =
1

2πi

∫
Γ

f(t)
t− z

w(t)p

w(t)p
dt,

to find

f(z)− Pn(f ; z) =
1

2πi

∫
Γ

f(t)
t− z

w(z)p

w(t)p
dt + λp

n∑
k=0

gk
w(z)p

z − zk
. (3.33)

Equation (2.7) implies
|gk| ≤ 1, 0 ≤ k ≤ n. (3.34)

Using
|t + α| = ρ + α ⇒ |1 + αt| ≤ 1 + ρα,

it easily follows that for t on Γ∣∣∣∣r1 + αt

t + α

∣∣∣∣ ≤ ∣∣∣∣r1 + ρα

ρ + α

∣∣∣∣ ≤ ∣∣∣∣1 + ρα

ρ + α

∣∣∣∣ =: δ1 < 1. (3.35)

Therefore we have from

|w(t)| = |t + α|n+1

1− rn+1αn+1

∣∣∣∣∣1−
(

r
1 + αt

t + α

)n+1
∣∣∣∣∣
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the bounds

(1− δn+1
1 )(ρ + α)n+1 ≤ |w(t)| ≤ 2

1− αr
(ρ + α)n+1, t ∈ Γ. (3.36)

Then (3.20) gives, together with the fact that f(t) is bounded on |t + α| ≤
ρ + α, the inequality

|λp| ≤
M1

(ρ + α)p(n+1)
, M1 > 0. (3.37)

Combining (3.30), (3.32), (3.35) and (3.36), it follows that for t ∈ Γ∣∣∣∣w(z)
w(t)

∣∣∣∣ ≤
∣∣∣ z+α

t+α

∣∣∣n+1
+ rn+1

∣∣∣1+αz
t+α

∣∣∣n+1

1− rn+1
(

1+ρα
ρ+α

)n+1

≤

(
δ2(ρ+α)

ρ+α

)n+1
+

(
δ3(1+ρα)

ρ+α

)n+1

1− δn+1
1

≤ δn+1
2 + δn+1

1 δn+1
3

1− δn+1
1

≤ M2δ
n+1
4 , M2 > 0, 0 < δ4 < 1.

(3.38)

Again using that f(t) is bounded, we can now estimate the integral in the
difference (3.33):∣∣∣∣ 1

2πi

∫
Γ

f(t)
t− z

w(z)p

w(t)p
dt

∣∣∣∣ ≤ M3 ·Mp
2 δ

p(n+1)
4 = M4δ

p(n+1)
4 , n ≥ n0. (3.39)

Then we can find a δ5, 0 < δ5 < 1, such that the sum in (3.33) can be
estimated by∣∣∣∣∣

n∑
k=0

gk
w(z)p

z − zk

∣∣∣∣∣ ≤
n∑

k=0

{
[δ2(ρ + α)]n+1 + [rδ3(1 + ρα)]n+1

}p−1
∣∣∣∣ w(z)
z − zk

∣∣∣∣
≤ (n + 1)M5δ

p(n+1)
5 (ρ + α)p(n+1), M5 > 0, 0 < δ5 < 1.

(3.40)
Here we used δ5 = max (δ2, δ3), (3.30), (3.32), (3.34), (3.35) and the fact
that w(z)/(z− zk) is an analytic function and the maximum of its absolute
value over z with (3.30) is assumed on the boundary i.e. according to (3.31)
and (3.36) ∣∣∣∣ w(z)

z − zk

∣∣∣∣ ≤ max
z∈∂D

∣∣∣∣ w(z)
z − zk

∣∣∣∣
≤ max

z∈∂D
|w(z)|/ min

z∈∂D
|z − zk|,
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and

max
z∈∂D

|w(z)| ≤ [δ2(ρ + α)]n+1 + [rδ3(1 + ρα)]n+1 ≤ 2δ5(ρ + α)n+1,

min
z∈∂D

|z − zk| ≥ min
z∈∂D

||z + α| − |zk + α|| ≥ ρ + 1
2

+ α− 1 ≥ ρ− 1
2

.

In this lower bound we used for the zero zk the estimate

zk + α = reiϕ(1 + αzk) ⇒ |zk|2 =
r2 − 2αr cos ϕ + α2

1− 2αr cos ϕ + α2r2
≤ 1 ⇒ |zk| ≤ 1.

The inequalities (3.39) and (3.40) imply (2.8). �

Next we have the proof of Theorem 2.6.
Proof. Start with (2.11) and put a star on each occurrence of the polynomial
w(·) (see (2.12) for w∗):

P ∗
n(f ; z) =

1
2πi

∫
Γ

f(t)
t− z

w∗(t)p − w∗(z)p − t−z
n+1w∗(z)′w∗(z)p−1

w∗(t)p
dt (3.41)

and rewrite the numerator as follows

w∗(t)p − w∗(z)p − t− z

n + 1
w∗(z)′w∗(z)p−1 =

= w∗(t)p − w∗(z)p − (t− z)
{
(z + α)n − αrn+1(1 + αz)n

}
w∗(z)p−1

= w∗(t)p − w∗(z)p − (t− z)(z + α)nw∗(z)p−1+

+ αrn+1(t− z)(1 + αz)nw∗(z)p−1

= w∗(t)p − w∗(z)p − {(t + α)− (z + α)} (z + α)nw∗(z)p−1+

+ rn+1 {(1 + αt)− (1 + αz)} (1 + αz)nw∗(z)p−1

= w∗(t)p − (t + α)(z + α)nw∗(z)p−1 + rn+1(1 + αt)(1 + αz)nw∗(z)p−1.
(3.42)

Since

w∗(t)p = (t + α)(t + α)nw∗(t)p−1 − rn+1(1 + αt)(1 + αt)nw∗(t)p−1,

(3.42) can be written as

(t + α)
{
(t + α)nw∗(t)p−1 − (z + α)nw∗(z)p−1

}
+

− rn+1(1 + αt)
{
(1 + αt)nw∗(t)p−1 − (1 + αz)nw∗(z)p−1

}
. (3.43)
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The binomial series leads with∣∣∣∣r1 + αt

t + α

∣∣∣∣ ≤ 1 + αρ

ρ + α
< 1

to the expansion

w(t)−p = (t + α)−p(n+1)

{
1−

(
r
1 + αt

t + α

)n+1
}−p

= (t + α)−p(n+1)
∞∑

j=0

(
−p
j

) (
r
1 + αt

t + α

)j(n+1)

= (t + α)−p(n+1)
∞∑

j=0

(
p + j − 1

j

) (
r
1 + αt

t + α

)j(n+1)

.

(3.44)

Formulae (3.41), (3.43) and (3.44) imply (2.16). �

Finally we prove Theorem 2.10.
Proof. Using (2.16), (2.15), (2.17) and (2.18), the difference in (2.19) can
be written as

∆(f ; z) =
1

2πi

∫
Γ

f(t)
t− z

K1(t, z)
(t + α)p(n+1)

(t + α)S∞` (t)dt

− 1
2πi

∫
Γ

f(t)
t− z

K2(t, z)
(t + α)p(n+1)

rn+1(1 + αt)S∞`−1(t)dt. (3.45)

In view of Remark 2.7, the location of z is now arbitrary.
Introduce for integer m ≥ 1 the series

T (m; t) :=
∞∑

j=0

(
p + j + m− 1

j + m

) (
r
1 + αt

t + α

)(j+`)(n+1)

(3.46)

and shift the summations in (3.45) to find

∆(f ; z) =
1

2πi

∫
Γ

f(t)
t− z

K1(t, z)
(t + α)p(n+1)

(t + α)T (`; t)dt

− 1
2πi

∫
Γ

f(t)
t− z

K2(t, z)
(t + α)p(n+1)

rn+1(1 + αt)T (`− 1; t)dt. (3.47)

Because ∣∣∣∣r1 + αt

t + α

∣∣∣∣ ≤ 1 + αρ

ρ + α
< 1


